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I ſeemed meet to me, when I was about to 
ſet forth the Elements of the Mathematicks 
d premiſe a few Things concerning the Riſe 
4 50 Excellency of this Science, that its Candi- 
8 may underſtand what a Kind of Science 
Þ# 1s, to which they are about to dedicate them 
1 Wives; and that it may be made manifeſt againſt 
'F Poſe, who ſlight thoſe Things, whereof they 
L Fc ignorant of how great Value and Dignity 
3 is Knowledge is, which the wiſeſt Men of 
Jl! Ages have, with incredible Study, labour'd 
attain unto, and become poſſeſs'd of. More- 
Per, | muſt own that Peter Ramus's Labours 
| 1 ave been of great Service to me in the com- 
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piling of this Account, who in the whole Firſt } 


Book of his Inſtitution, which is not a little 
one, hath out of Proclus, Laertins, Gellins, 
Polybius. 7 ze!zes, and others, compoſed a Ma- 
thematical Hiſtory both accurately and copiouſſy. 

The Mathematical Sciences were the firſt of 
all other araongt Men, if we may believe Jo 
Fe] Hus. He . 90 ]. Chap 3 writcth, Tha at the 
Poſterity of e, obſerved the Order of the Hea- 
vers, and che Courſcs of ihe Stars. And leſt 
thee inventions ſhould ſlip out of the Know- 
ledge of Men, Adam having predicted a two-fold 
Deſtraction of the Earth, one by a Deluge, the 


other by Fire, they raiſed two Columns, one of 


Bricks, of Stone the other: and ieren their 
} 9 


Inventions upon them, that if the Brick one 
ſhould happen to be detroyed by the Deluge 


that of Stone, which woald remain, might afford 


Men an eee of being inſtructed, and 
preſent to their View the 'Ti ings which it had 
inſcribed on it. They ſay alſo, that that Stone 
Pill Har, which even in our Days ig ſeen in Syria, 
was dedicated by them. I his 4 fays; 
whom I leave to vouch tor the Story. 

That the AfJyrians and Chaldeans were the 
firſt of Mortals, after the Flood, who applied 
themſelves to the My bemati: A, is delivered by 
the fame Yerhus; as alſo by Pliny, Dis dorus 
and Cicero. But the Mathematick Arts which 
Eſt rſt ſprang among Fe ( Haldeaus, amongſt whom 
they flouriſhed, were afterwards transferred out 
of Chaldea and 40 1714 unto the Egyptians, by 
Abraham. For, when, at the Command of 
Go p, he went forth from his native Soil into 
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Paleſtine, and from thence into Egypt, and per- 


ceivd the Egyptians to be taken with the Study 
of good Arts, and to be of a very notable Wit 
and Capacity for Learning, (as Feſephus teill- 
hes, Book I. Chap. 9.) he communicated to them 
Arithmetick and Aſtronomy; and conſequently 
go before 
Aſtronomy. In which Studies afterwards the 
Igyf tians fo flouriſhed, that Ariſtolle, 1 Metaph. 


Chap. 1. doth affirm, that the Mathematich Arts 


were firſt found out in Egypt, by their Pricſts ; 
who, by their Employ ments, were at leiſure for 
theſe 1 hings | 

Then theſe Arts croſſing the Sca out of Egypt, 
came to the Philoſophers of Greece: For 7 hates 
the Milefiun, who fourithed 584. Years before 
Chriſt, was the firſt of the Greeks, who coming 
into Epypr, transferred Geometry from thence 
into Greece, He it was indeed, who, befides 
other Things, found out the 5th, 15th and 26th 
Propoſitions of the Firſt Book. To the fame 
are alſo owing the 2d, zd, 4th, 5th, of the 
Fourth Bock. The ſame Perton began to ob- 
ſerve the Equinoxes and Solftices, as / aerirrs 
teſtifies ; and he was the firit who foretold an 
Eclipſe of the Sun, as Hippias and Ariftoile do 
write; and 7 zet2es faith, That he alſo foreſtew'd 
an Eclipſe of the Noon to King Cyrus, For 
which Thing's ſake he is to be looked on as the 
firſt Founder and Author of the Mathematical 
Sciences in Greece. | 

After him was Pythagoras of Samos: Which 
moſt antient Phi! oſopher, exceedingly improved 
and adorned the Mathematick Sciences. And 
he ſo gave himſclf to Arithmetick in particular, 
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that almoſt his whole Method of Philoſophizing 


was taken from Numbers. And he firit of all, 


as Laeriuus relates, abſtracted Geometry from | 
Matter; in which elevation of the Mind, he 
found out the 32d, 44th, 47th and 48th Pro- 
poſitions of the firſt Book. But he is eſpeci- 


ally celebrated for the Invention of Prop, 32, 


and 47. of that Book; and he conceived ſo great | 
Joy upon this Invention, that, as Apoliodowus | 


witneſſes in Laertius, on that Account he ſacri- 4 ö 


ficed an Hecatomb. The fame Perſon firſt laid 


open the Matter of incommentſurable Magni- 


tudes, and the Five regular Bogies. The fame 
Perſon did both moſt diiizently teach and exer- 
ciſe the Art of Aſtrology and Muſic: For he 
did not only acutely and ſubtiily find out many] 
"Things himſelf, but he alte Alt opened a School, 
in which Youth might learn theſe honourable 2 


and noble Arts. 
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 Fythagoras was. followed by Anaxagoras of | 
Clazomenæ, and Cenopides of Chios, of whom | 


1 » makes mention in his Dialogue, The L- 


dess, Where young Men are brought in con- 
tending about Anatagoras and Ocnopides in their 


a certain Treatiſe of Geometry was written by 


Deſcriptions of C ircles. Ariſtosle reports, that | 


Aiaxagoras; and we have it from Laertins, that | 
it was ſhewed by him that the Sun is greater | 
than Peloponieſus (a notable Inſtance of the In- 
fancy of Aſtronoray at that Time) and that he 


made ſome Conjectures concerning Habitations 
in the Moon. As for Oenopides, to him Prc— 
clus aſcribes the 12th and 13th, L. I. Theſe 
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were followed by Br/o, Autipho, and Hippocra- 


tes of Chios, all of them, for attempting the Qua- 
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drature of the Circle, reprehended by Ariſtotle, 
and at the ſame Time celebrated, But amongſt 
them, Hippocrates was by far the moſt Famous; 
that celebrated Perſon, who, of a Merchant, 
growing to be a Philoſypher, and a Geometrician, 
beſides the Quadrature of the Circle, alſo firſt 
attempted the Doubling of the Cube, by two 
mean rroportionals, which, as being an excel- 
lent, and indeed the only Way, all thai have 
followed him to this Lime have embraced it. 
"Tis alſo his peculiar and great Commendation, 
that he, as Proclus teſtifies, firſt wrote Elements, 
and digeſted into Order the Diſcoveries made 
by ochers. 

Democritus was Aide not in Philoſophy 
only, but alſo in the Mathema ticks. His Phy- 
fical Monuments, and, 
are wholly loſt, 
through the Envy (as ſome report) of Ariſtotle, 
who deſired to have no other Writings read, but 
The Philoſophy of Democritus hath 
been reſtored by Feier Gaſſendus, in a moſt 
Learned Work lately put forth. Theodornus Cy- 
reneus, although none of his Mathematical In- 


ventions are extant, yet is great upon this ac- 


count, if there were no other, chat he is reported 
to have been the Maſter of Plal o. 

Unto Hat therefore we are come at length, 
than whom no one brought greater Luſtre to 
the Mathematical Sciences. Hie ampliſied Gea- 
metry with great and notable Additions, be- 
ſtowing incredible Study pan it. And above 
all, the Art Analytic, or of Keſolutton, Was 


found out by num," the moſt certain Way of In- 


Vent { 10 


if ſuch there were, <A 
Mathematical Works alin, 
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[Cx] 
vention and Reaſoning. He ſet off and illuſ- 
trated his Books of Philoſophy in a Mathemati- 
cal Way, and encouraged whatſoever was admi- 
rabie in Mathematical Philoſophy. Upon the 
Poor of his Academy was read this Inſcription: 
I ayeoptriuls sigi: Let no one ignorant of 
Geometry enter here; an illuſtrious Inſtance to 
demonſtrate, how the jviathematicks are not fo- 

10 dn, but proper, not uav{ctul, or unbecom- 
„but honourable and pre fitable to ſound and 
e Philoſophy. In a Word, how great both 
Admirer and Maſter of the Mathematicks Plato 
was, that Man will of himſelf eafily underſtand, 
who ſhall read his Monuments through. 
Out of Plato's Academy, almoſt innumerable 
Mathematicians come forth. "Thirteen of Pla- 


70's familiar Acquaintance are commemorated by 


Preclus, as Men by whoſe Studies the Mazhe- 
maticks were improv'd. From hence were Leo- 
damus the T hafian, Archytas the Tarentine, Thea- 
tetus the Athenian, by whom the Mathematichs 


were notably enlarged. Leodamus practiſed the 


Analyſis received from Plato, and is ſaid by La- 
ertius to have found out many things by the 
Help of it. As for Theetains, both his own 
Inventions, amongſt which are the Elements 


written by him, and tne Infcription of regular 


Pcdics ; and Plasꝰ's Encomiums, who alſo in- 
ſcribed a Dialogue to his Name, do make him 

famous. 
 Archytas alſo wrote Elements hin nſelf; and 
his e of the Cube is mentioned by Eu- 
bci ; Whole ſngular Commendation it like- 
wile was, that he was almoſt the Firſt that 
brought 


2. 


[xi ] 
brought down the Mathematics to Human Uſes; 
by whole Contrivance alſo a wooden Pidgeon 
was made to fly, as Cellius reporis ; he being 
preceded by D-datus, and tollowed by other 
Artificers, yielded Matter for the Fables of the 
Ports. Moreover, Archytas was both a Mathe- 
matician and General of an Army: He five 
times commanded the Forces of his own Citi» 
zens, in the Wars of his Country, and five times 
overcame their Enemies. The meer Name of 
Necclides is only famous, he being more illuſ- 
trious for his Scholar Leon perhaps, than for his 
own Inventions, Leon certainly wrote Elements 
of all the Mathematicks, improved them, and 
made them more fit for Uſe. Wheretore he is 
dcſervedly to be reckoned amongſt the chief 
Compilers of Elements, 
Er of Cnidos was not inferior to Loew: 
A Man great in Arithmetick, and to him, (if 
we may believe the Greeꝶ Scholiaſt) we owe the 
whole Fifth Book. He likewiſe wrote Elements, 
and made them more general, and encreaſed the | 
Sections begun by Plato; over and above this 
he was the firſt Framer of Aſtronomical Hypo- 
theſes, and derived down the Springs of Geo- 
metry, as Frchyta; had done before, to echa- 
nicks. Amycla; the Heracleot, and Mens "PIUS, 
and his Brother Dingftratus, Helicon of Cyzium, 
Theudius, Hermetimus the Colophriian, Phrlip- 
pus the Medmæan, all Platoniſts rendered Gco- 


od , merry much more perfect. Merachnus alſo 
zu- found out the Con Seëtons, and by the help 
e- of them, two mean Proportionals; - whoſe Inven- 
nat ion in this Cafe is preferred by tec before 
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any other. Theudius and Hermotimus made the 
Elements more univerſal and full, And all 


theſe, who were of Plato's Academy, brought 


Mathematick Philoſophy to Perfection, as Pro- 
clus faith. Aenocrates alſo, one of Plato? s Au- 
ditors, and Maſter of Ariſtotle, as well as Ariſto- 
tle himſelf, were famous for the Knowledge of 
the Mathematicks. When a certain Perſon, 
who knew nothing of Geometry, was minded 
to be his Auditor, Go thy Way, faith he, for 


thou wanteſt the very Haiidles of Philoſophy 


But of Ar:;oile, what can I fay ; All his Books 
arc filled with Mathematical Arguments, out of 


a Collection of which Blaucane hath made a Book. 


Two of Ariſtotle's School are eſpecially celebra- 
ted, Eudemus and Theophraſtus : This latter 
wrote two Books of Numbers, four of Geome- 


try, and one of indiviſible Lines: The other, 


compoſed a Mathematical Hiſtory ; and from 
him Proclus, and others have borrowed theirs. 
To Ariſteus, Ifidore, Hipficles, moſt ſubtil Geo- 
metricians, we are eſpecially indebted for the 
Books of Solids. Laſtly, Euclid gathered to- 


gether the Inventions of others, diſpoſed them 


into Order, improved them, and demonſtrated 
them more accurately, and left to us thoſe Hle- 


ments, by which Youth is every where inſtructed 
in the Mathematicks. He died in the Year be- 
fore Chriſt, 284. There followed Euclid almoft 


an 100 Years afierwards Eratofthenes and Ar- 
chimedes. The Name of Fratothenes was very 
famous, but his Writings are loſt. Many Re- 
mains we have of Archimedes, and many we 


have loſt, | 
But 
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my Mind the very Top 
] and the Perfection of the whole Mathematical 


xiii 
But when I name Archimedes, I conceive in 
of Human Subtilty, 


Sciences. His wonderful Inventions have been 


delivered to us by Polybius, Plutarch, Tzetzes 


and others. Conon was Contemporary to Arc hi- 
medes, one who was both a Geometrician and 
an Aſtronomer, whoſe Death Archimedes la- 


ments in his Book of the Quadrature of the 


Parabola. There followed Archimedes and Co- 
nan, and that at no great Diſtance, Apollonius 
of Perga, another Prince in Geometry, who 
was called by way of high Encomium, The 
Great Geometrician. There are extant Four 
[now Seven | moſt ſubti] Books of his Conrc's. 
'To the ſame Perſon are aſcribed the Fourteenth 
and Fifteenth Books of Euclid, which were con- 
tracted by Hypſicles. Hipparchus and Menelaus 
wrote, this latter, Six, the other, Twelve Books 
of Subtenſes in a Circle.; for which Invention 
ſo very profitable and neceſſary, great Com- 
mendations and Thanks are due to both. There 
are alſo extant three Books of Menelaus con- 
cerning Spherical Triangles. Three moſt uſe- 
ful Books of Spherics of Theodoſius the Tr:ipc- 
lite are alſo in the Hands of all. And theſe in- 
deed, if you except Menelaus, lived all of them 
before Chriſt. e . 

In the Year after Chriſt, 70, there appeared 
in the World, Claudius Plolomæus, the Prince 
of Aſtronomers, a Man certainly wonderful, and 


| (as Pliny ſaith) above the Nature of Mortals. 


But he was not only moſt ſkilful in Aſtronomy, 
but in Geometry alſo; which, as many other 
15 | Things 


D xiv J | 
Things written by him do witneſs, ſo eſpecially i 
do the Books of Subtenſes : Thoſe of Meneians, | 
which were Six, and the Iwelve of Hipparchns, | 
all contiacted by him into five Theorems. As 
for Plutarch, a moſt tamed Philofopher, there 
are extant his Mathematical Problems. And all | 
know of the learned Commentaries of Eutiocins | 


the Ajcalznite upon Archimedes. By him are 
recited the Inventions of Philo, Dieclec, Nicc- 


medes, Sphorus, Heron, as of fo many excellent 
Maſters in the Mathematicks, concerning Dou- 
bling the Cube. Heron's Genius certainly was 
excellent, as well for Mechanicks as Geometry. 
The Doubling the Cube delivered by him, is 
commended by Fappus, Book III. Prop. 7. be- 
fore all other. The admirable Works of Cre/- 


bius the A:exXandrian, to whom we owe our 


Pumps, are celebrated by Vitruvius, Proclus, 
Piiny and Aiheneus. The Name alſo of Gemz- 
4 is not in the loweſt Place amongſt Mathema- 
ticians, whom Proclus has preferred in many 
Things before Euc/id himſelf, 
Dicphantus, and he alſo an Alexaudrian, was 
as great in Arithmetick, as Archimedes, Apolic- 


nius or Euclid in Geometry ; he was certainly a 
Maſter of all Subtilty relating to Numbers: By 


him was found out that admirable Art, which 
we call Algebra; which in theſe Times has been 
rendered more perfect and univerſal by Francis 
Vieta, and Renatus Curteſius. There are others 


who are celebrated amongſt the Antients alſo; 
as Nicomachus, famous for Arithmetical, Geo- 


metrical and Muſical Monuments; Serenys well 
known to Geometricians for his two Books, 
3 concerning 


[ xv ] 


ill g oncerning the Section of a Cylinder; Proclus, 


Alle; WF 19945, Theon. How great a Mathematician 


bus, EP oc/:15 was, is manifeſt from his learned Com- 
As nentaries on Euclid, and other Writings. And 
here nis is he, 1 ſuppoſe, who, as Zonarus reports, 
dall Und from him Ramus and Baronius, about the 
cins Near of Chriſt 514, with Optic Artifice, and 
are Ihe Glaſſes which he uſed, burnt the Fleet of 
Viccs italian, who was beſieging Conſtantinople. The 
lens Praiſes of Theon, which truly are deſervedly 
You- reat, Peter Ramus wonderfully exaggerates ; 


was Inſomuch, that even the Books which hitherto 


try. il have aſcribed to Euclid, ought, as he thinks, 
1, is {Mo be attributed to Theon. But Ramus, who 
be- every where is ready to detract from Euclid, 
7 nd this without grounding himſelf upon any 
our Wold Foundation, is not to be hearkened to 
Ins, Herre. To come at length to a Concluſion, let 
ni. Pappus bring up the Rear, the laſt in Time 
ma. amongſt the Antients, as being one who lived 
about the Year 400; but in Reputation, and 
all Mathematical Commendation, to be reckoned 
was Wnongſt the firſt. Alexandria, that City fo 
oec. Itruitful of great Men, which before had brought 
ly a forth Hypficles, Crefabius and Dioplantus, pro- 
By | duced him alſo, to the great Advantage of the 
hich Mathematicks. He wrote Seven Books of Ma- 

Ickematical Collections, of which the Two firſt 
are loſt. The Five other do abound with ſo 


any 


been 
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1%; in almoſt all Parts of the Mathematicks, that 


Teo. Irhey are eſteemed amongſt the chief Monuments 


well i of the Antients which are extant. 5 
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ning | 


hers many, and ſuch various moſt noble Inventions 
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Ad" thus wu have a ſhort Hiſtory of the | 


Origin and Progreſs of the Mathematicks. 
From which appears the Antiquity, Excellency 
and Dignity of this Science. Certainly the 
ſame eminent Perſons in the Commonwealth of 
Learning, who diſcovered Philoſophy, diſcovered 
alſo the Matnematicks, like two Siſters born at 
one Birth; whom, if any one would violently 
ſeparate from each other, he certainly attempts 
to break of their Native Concord, with moſt 
notable Injury, and as it were Cruclty to both; 
ſeeing, as it is wont to fall out in the Caſe of 
Twins, where they are removed from one ano- 
ther, in Place or by Death, ſo it will be like to 


happen here, that Mathematicks being plucked 


away from her, . muſt needs languiſh 
and "Pans away. 


N. B. Q E. D. or V. V. D. is, waich was to be de- 
monſtrated. 

.Q E. F. which was to be done. 

Q. E. I. which was to be found. 


THE 


f the | 
ticks, | 


lency 
the 
th of 
vered 
rn at 
ently 
mpts 
moſt 
both; 
ſe of 
ano- 
Ike to 
acked 
1guiſh 


be de- 


THE 


Doctor Barrow's Words prefix'd 
before his Apollonius. 
60D always acts Geometrically. 


OW great a Geometrician art thou, O 


Bound; while there is for ever Room for the 
Diſcovery of new Theorems, even by Human 
Faculties, Thou art acquainted with them all 
at one View, without any T. rain of Conſequences, 
without any weariſome Application of Demon= 
tration: In other Arts and Sciences our Un- 


derſtanding is able to do almoſt nothing; and 
like the Imagination of Brutes, ſeems only to dreant 


of ſome uncertain Propoſitions; Whence it is, 
that in ſo many Men are almoſt ſo many Minds - 
But in theſe Geometrical Theorems all Men are 
agreed : In theſe the Human Faculties appear to 


have ſome real Abilities, and thoſe Great, Won- 
derful and Amazing. For thoſe Faculties which 


feem of almoſt no Foree in other Matters, in this 
Scrence appear to be Efficacious, Powerful and 
Succeſsful, Sc. Thee therefore do J take hence 
Vccafion to Love, and Rejoice in, and Admire; 


and to pant after that Day, .with the Earneſt 


Breathings of my Soul, when thou ſhalt be pleaſed, 


Ol 


Lord! For, while this Science has no 
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Dr. BARROW. 


out : of thy Bounty, out of thy Immenſe ind 84 
cred Benignity, to grant me the Favour to per- 
cerve, and that with a pure Mind, and clear 
Viſion, not only theſe Truths, but 2 alſo, which 
are more numerous, and more important; and 
all this without that continual and painful Ap: 
plication of the Imagination, which we diſcover 
theſe withal, &c. 


Mathematical Wotes, or Abbreviations. 


|= The Note for Equality. So a =3 6 ignifies that « 


and b are equal. 


+ The Note for Addition. 80 4 + 5 ſignifies the Sum 
of à and 6 together. 

— The Note for Subtraction. 80 4 — 6 f ignifies the 
Difference between à and b. 

X The Note for Multiplication. So 4 X <, or 4 b ſigni- 


| lies a multiplied by 5. 


: The Note for Equality of Proportion. So 4: B: 
a: E) ſignifies that A bears the ſame Proportion to B, chat "4 
a bears to 6. ants 
= The Note of continued Proportion. So 4 BC = Wuced 
ſignifies tint A bears the lame Proportion to B, that B bears 3. 


1 4. 


7 The Note for a Square, SoC By f gnifies the Square erm 


3 of the Line C B. Or, 


c The Note for a Cube. 80 C Be ſ vie the Cube Mehich 
of the Line C B. Gr 
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— Elements of EUCLID. 
that a B 3 
e Sum „„ JIEFINI TION $- 
es the 1 Point is a Mark in Magnitude, which is [ſuppoſed 
WA tobe] indivifble. 5 5 
ſigni- That is, which cannot be divided ſo much as in 
| Whought. A Point is the Beginning, as it were, of all 
B:: Magnitude, as Unity is of Number. 3 
„that W 2. A Line is a Magnitude which hath Length only, and 
ants all Breadth ; foraſmuch as it is underſtood to be pro- 
2 C == Foced from the flowing of a Point. Fig. 1. 
bears 3. Points are the Terms of a Line. | Table 1. 
WE. 4. A right Line is that which lies evenly betwixt its 
2Juare erms. ED | | | 
Or, as Archimedes; a right Line is the leaſt of all thoſe 
Cube Which have the ſame Terms; or, is the ſhorteſt of all thoſe 
hich can be drawn betwixt two Points. 
Or, as Plato hath it; a right Line is that whoſe Extremes 
de all the reft: [That is, when the Eye is placed in a 
Continuation of the Line.] © 5 3 
Ihe Senſe is the ſame in all. The Inſtrument whereby 
ight Lines are deſcribed, is [called] a Rule; which, whe- 
her it be ftrait or not, you may know by this Tryal. 
| Deſcribe a Line, according to the Rule; then, turning 
Hk Fihe Rule ſo that, that which was before the Right-hand 


End may now become the Left-hand End, apply it again 
Vat tae B 2 - to 


— — — 
— —— —äĩä. —ñ—ä— 


Tig. 2. 4. Therefore the two Lines A B, C A touching one another 


Euclip's Elements. IIb. II Lib. 


to tlie Line before deſeribed; if it doth now entirely fall i 12. 
with the Line, the Rule is ſtrait; if not, the Rule is no Side: 
ſtrait. The Reaſon hereof depends on Axiom 1 3, the G 

5. A Surface is a Magnitnde which hath only Lengilfiff is gre 
and Breadth. Uo An 
It hath two Dimenſions therefore: And is underftoollffG or Ar 
to be produced by the flowing of a Line. 13. 
6. Lines are the Extremes of a Surface. tute; 

7. A Plane, or a plain Surface, is that which lies even chat v 
betwixt its extreme Lines. | Dp I 4. 
Or, as Hero, that, to all the Parts whereof a right Lin one [ 
may be accommodated. l 7 | Angle 

Por it is produced from the Motion of a right Line. equal 
Or, a plain Surface is that whoſe Extremes any of the C A 
hide all the Reſt, [the Eye being placed in a ContinuationW Line, 
of the Surface. 2 A1 


Or, it is the leaſt of all Surfaces, which have the ſanfW® A: 
Terms. The Senfe is the fame in all. FE Side? 
Euclid hath not here defined a Body or Solid, becauſe H forth 
was not yet about to treat concerning it. But leſt any on Tu 
ſhould want the Definition thereof, take it here thus: an In 
Body is a Magnitnde, long, broad and deep. A Body the I: 
therefore, hath three Dimenſions; a Surface two; a Lin great 
one; a Point none. | ee Meaſt 
8. A plain Angle is the mutual Inclination to each otheW almot 

of two Lines, which touch one another in a Plain, and 6 
as not to make one Line. 


in A, but ſo as not to make one Line, conſtitute an Angle 
9. The Sides, or Legs of an Angle are the Lines which 
make the Angle. er | 14h 

10. The Vertex or Top of an Angle is the Point (A) u 15. 
which the Legs do meet, and touch one another. ene F 

Note, That a fingle Angle is deſigned by one Letter puta 16. 
the Top: When there are more at one Point, they are deſign d gle (F 
by three Letters, the middlemoſt of which denotes the I 17. 
of the Angle; and many Times alſo by one Letter inter Side 
pos d betwixt the Sides near the Top. So in Hg. 5. iff 1s. 
Angle made by the Lines B A, C A is deſigned either M Comp 


agree: 
18 true 


8 three Letters B A C, or by one enly O. Line: 


11. Angles are called equal, if when the Tops of then point, 
are laid upon one another, the Sides of one agree with il 19. 
Sides of the other. But unto this it is not required that be 20. 
Sides ſhould be of an equal Length. MS de C 
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12. They are called Unequal, when, the Top and one 

side agreeing, the other doth not agree and that is called 

the Greater, whoſe Side falls without. So the AngleB A E 

is greater than the Angle BA C. „ 


An Angle is not diminiſh'd or increas'd by the Diminution 
or Augmentation of the Sides that include it. | 
13. A right lin'd Angle is that which right Lines conſti- Fig. 2. 4+ 
tate; a curvi-lineal, which crooked Lines; a mixt one, 

that which a right Line and a crooked one make. 

14. When the right Line [C AJ ſtanding upon the right Fig. 6 
one B FI leans unto neither Part, and therefore makes the 
Angles on both Sides equal, CAB CAF both of the 
equ: " Angles are called Right ones: But the right Line 
C A which ftands upon the other, is called a perpendicular 
or barely a Perpendicular. 

A right Angle may alto be defined thus. 

A right Angle is that, that (B A C) when on the other 
Side an x equal one ariſeth [(C A F) if you produce or draw 
forth a Side, as (B A) 

Two Rules ſo joined as to contain à right Angle, make 
an Inftrament, which is called a Square. Pythagoras was 
the Inventor of it, as Vitruvius affirmeth c. 2 J. 9. S0 
great is the Uſe and Force of a right Angle in Framing, 
Meaſuring and Strengthening all T hings, that nothing 
almott can be done without it. The Proof of a Square is 
made thus: Apply the Side of it, A E, to the right Line 
A F, and deſcribe the right Line C A along the other Side, 

Then turning the Square towards B, if on both Sides it 
agrees to the right Line C A, A B, you may know that it 
is true and exact. The Reaſon hereof appears from the 
14h D Aniticn ineir, 

15. The Angle B A C, which is greater than the right Fig. 7. 
ene F A C, is called an obtuſe Angle. 

16. The Angle ( (L A ©) which is leſs than the right An- Fg. 8. 
gle (F A Ch) is called an Acute one. 

17. A plain Figure is a plain Surface, bounded on every 
side with one or more Lines. 

18. A Circle is a plain Sur ace, citaitied within the Fig. 
Compais of one Line. called the Circumference ; irom which 
Line all the right Lines that can be drawn unto one certain 
toint, within the contained Space LA] are equal. 

19. That Point is called the Center. 

20. The Diameter is a right Line [B A] drawn thro' Fis. 
the Center, ang on both ſides ended at the Cireumference; 

B 3 and 


Fig. 6. 
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10,11 30. An Acute angled Triangle, i is that which hath Three 
14,15 
15. 


16. 
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and conſequently it divides the Circle into two equal Parts, 
(Asis abundantly maniteft from the exact Agreement of two 
Semi-circles when laid upon one another.) 

21. The Semi-diameter, or Radius, is the right Line 


A F, drawn from the Center to the Circumference. 


22. The Semi-circle is a Figure (B L C) which is con- 


tained by the Diameter BC, and half the circumference 


(BLC) 

Mathematicians are wont to divide the Sum e 
into 360 equal Parts (which they call Degrees) the Semi- 
circumference into 180, the Quadrant, or Quarter, into go. 


23. A Right-lin'd Figure, is a plain Surface bounded on 
every ſide with right Lines. 


24. A Triangle is a plain Surface contained by Three 


right Lines. 
This is the firſt and moſt ſimple of all Right- lin d Figures 
_ and'that into which they are all reſolved. | 


25. An Equilateral Triangle, is that which hath all the 
Sides equal. 

26. An Iſeſceles, or Equicrural Triangle, is that which 
hath only two Sides equal. 


27. A Scalenum, is that which hath Three unequal 


Sides, 
28. A Right angled Triangle, is that which hath one 


Angle right, 
I2, 


29. An Obtuſe-angled Triangle, is 5 that which hath One 
obtuſe Angle. 


acute Angles, 

31. Amongſt Quadrilateral Fignres, the Rectangle i is 
that which hath four right, and contequently equal Angles; 
whether the ſides be equal or not. 

32. A Square, is that which hath equal ſides, and is 


 Right-angled, and conſequently Equi-angled. 


Every Square is a Rectangle ; ; but every Rectangle! is not 
a ſquare. 

33- A Rhombus isa Qpadrilateral, or ſour-fided Figure, 
which is Equilateral, but not Equi-angled. | 

34. A Rhomboides, is that which hath the oppoſite 


ſides and Angles equal, but is neither Equilateral, nor Equi- 


angled. 


Fig. 14,15, 35. A Parallelogram, is a Quadrilateral Figure, whick 
16, „A. 


aan each Two of its * ſides A B, FC and BF, AC) 


parallel 
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Lib. I. EvcLiD's Elements. 23 
parallel to each other. Now what parallel Lines are, will 
be ſhewed in the following Definition. 

Every Rectangle and Square is a Parallelogram ; but 
every Parallelogram is not a Rectangle or a Square. 
36. Right Lines are parallel, or equi-diftant, which being Fg. 18. 
in the ſame plane, and drawn out on both ſides infinitely, ' 
are diſtant from one another by equal Intervals. 

The Intervals are ſaid to be equal; in reſpe& of the Per- 
pendiculars. Wherefore if all the perpendiculars (QL) 
unto one of the two Parallels (A B) ſhall be equal, the 


right Lines (A B, C F) are ſaid to be parallel. 


Parallels are produced, if the right Line (L Q) which 
is perpendicular to the right Line (A B) be moved along 
(A B) always perpendicularly; for then its Extremities L 
deſcribes the Parallel C F. | ue | 

37. The Diameter, or Diagonal of a Parallelogram, Fig. 17. 
and every Quadrilateral, is a right Line CA F) drawn 
through the oppoſite Angles. „ 

38. Plain Figures contained by more ſides than Four, 


are called Many-fided, or Many-angled, and by a Greet 


Word, Polygons. . 

39. The external Angle of a Right-lin'd Figure, is that Fig. 19. 
which ariſeth without the Figure, when the Side 1s pro- 7 
duced. Such are FBC, G CA, HA B. Every Figure 
therefore hath ſo many external Angles as it hath Sides, 

and internal Angles. „ my oe auf re og 


Pyſtulates. 


Poſtulate is that which is manifeſt in itſelf, that it 
7A may eafily be done, or conceived to be done. It 
is required therefore to be granted that we may, | | 
1. From any Point given draw a right Line unto any | 
other Point given. = 85 
2. Draw forth a finite right Line in Length ſtill farther. 

2. From any Center at any Interval deſcribe a Cirele. 
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Axtoms. 


N Axiom is a Truth manifeſt of itſelf. | 
\. 1. Thoſe Things which are equal to the ſame thing, 
are equal alſo amongſt themſelves. And that which is 
greater or leſs than one of the Equals, is alſo greater 
or leſs than the other of them. 


2. If to Equals you add Equals, the Wholes will be 


equal. 


3. If from Equals you take away Equals, the Remain- 
ders will be equal. 


4. If to Unequals you add Equals, the Wholes will be 
unequal, 


5. If from Uncquals you take away Equals, the Re- 
mainders will be nnequal. 


6. What Things are each of them half of the ſame 


Quantity, are equal amongft themſelves; ; and what things 


are double or treble, or quadruple of the fame, are equal 


amongſt themſelves. 


7. What things do mutually agree with one another are 


| _ 


If right Lines be equal, they will mutually agree with 
one CE and the fame thing is true of Angles. 
9. The Whole is greater than Irs Part. 
10. All right Angles are equal amongſt themſelves. 
11. Parallel Lines have a common Pc pendicular : That 
is, the right Line which is per pendicular to one of them, 
is perpendicular al'o to the other. 


12. The two perpendicular Lines (L O, ah intercept | 


equal Parts of the Parallels, L I. O Q. 
13. Two right Lines do not comprehend a Space; ſor 
unto this there are required Three at the leaft, 

14. Two right Lines cannot have one common Segment; ; 
for that they cut one another only in a Point. 

Ot Propoſitions ſome propoſe ſomething to be done, and 
are called Problems; in others we proceed no further than 
bare Contemplation, which therefore arc named - beorems. 
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”/ PROPOSITIONS. 


HE requiſite Citations are found in the Margin. 
When Propoſitions are cited, the firſt Number deſigus 
the Propoſition; the Letter J, with the Number follow- 
ing, ſignifies the Book. As when you meet with (per 5. J. 
3.) you muſt read it thus, (By the Fifth Propoſition of the 
Third Book.) The Figure is always to be ſought amongſt 
the Figures of that Book in which we are then converſant. 
The reſt of the Citations are eaſy to be underſtood. 
The primary Affections of Triangles and Parallelograms 
are delivered in this Book. The more famous Propoſitions 


are, 32, 35, 37, 41, 44, 45, 47. 
PROPOSITION I. Problem. 


LEY a given right Line (AB) to make Fg. 23. 
an Equilateral Triangle. 


From the Center A, with the Interval (A B) (a) deſeribe (4) Per po- 
the Circle FCB; and from the Center B with the tame . 
Interval B A deſcribe the Circle A C L, cutting the former | 
in the Point C, from which Point draw the right Lines 
CA, CH 

I fay, that the Triangle A C B now made, is Equilateral. 5 
For the right Line A C is equal to the right (5) Line A B, (b) Per 
ſceing they are Semi- diameters of the fame Circle FC B. D. 18. 
And again, the right Line B C is equal to the ſame right 


Line B A, ſeeing they are both Semi- diameters of the Cirele 


LCA. Therefore, A C, B Care (e) equal betwixt them-(<) Per 
ſelves. And therefore all the Sides of the Triangle are c- Axim 1. 


qual. Therefore the Triangle (4) AC B is both Equilate-Cd) Per 


ral, and made upon the given Line A B; which was the Pf 25. 

thing to be done. Q. EZ. F % cone” 
Corollary. Hence we may meaſure an inacceſſible Eg. 77. 

* Line, as AB. For ſuppoſe an Equilateral Triangle 

* whatſoever B D E applied to the Point B, along the Line 

* BA. Looking from the Point B, along the Line B E, 

* mark as many Points as you conveniently can in the Line 

B C. Then remove the Triangle B D E along the Line 

B ©, from one place to another of that Line, until, by 
CCC e | * taking 


26 


Fig. 24 


Fig. 25. 
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*« taking aim along the Side of the Triangle E D or CF, 
you ſee the inacceſſible point A in a continuation of that 
« Line. Thus the Triangle B A C is as well Equilateral 
e as B D E. If therefore you ſhall now meaſure the ac- 


e ceſſible Line B C, you have the meaſure of the inaccelli- 
ble A B. 2. E. F. | 


'P RO P. II. Problem. 


Fig 4 P ROM a given Point A, to draw a right 


Line equal to one given, E F 


Take with a pair of compaſſes the Interval E F, and 
transfer it from A to D, the right Line A D will be equal, 
to the given E F. 


PROP. II I. Problem. 


F unequal right Lines being given, from 
the greater of 1 them G H to cut 1 off G 1 equal 
to the leſs E V. 


Take with a pair of Compaſſes the Interval of the leſs 
gs: Line E F, and transfer it unto the greatet from G to I. 


P R O P. IV. Theorem. 


JT” in two Triangles (A, Z) one f de of the 
one (B A) be equal to one fide (FL) of the 
other, and another fide (CA) of the one equal 


to another fide (IL) of the other, and the 


| Angles (A and L) made by thoſe ides be alſo 


2: then the Baſes ( BC FT) are likewiſe. 
equal, as alſo the Angles at the Baſes (B F and 


C 1) which are oppoſite to equal ſides, and conſe- 


. quently the whole Triangles are equal. 
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For if we ſuppoſe the Triangle Z to be laid upon the 
Triangle X, the ſides L F, L I will perfectly agree ard fall 
in together with the ſides that are equal to them, A B, 
A C, and this in ſuch fort (c) that the three Points (L. F. (c) Per 
I.) ſhall fall upon three Points, (A. B. C.) Therefore the Axiom 8 
whole Baſe F I will alſo fall upon the whole Eaſe B C. 
But then the Angles F, B, and likewiſe thoſe, I, C, and the 
whole Triangles will mutually (cangrvere) agree to each 
other. All therefore, by the 7th Axiom, are equal. 0. 
E. D. Which was the Thing to be demonftrated. | 


_ Corollary, (.) Hence we may alſo in another way 
« meaſure the Line AB, although otherwiſe impracticable 
% by reaſon of ſome Obftacle, as a River, &c. between 
« the Extremities thereof, For from any point whatſoe- 
« ever, as the Point C, let the Angle A C B be obſerved, 
« and then let the Lines A C, BC be meaſured ; and in 
« any acceſſible Plane let there be meaſured about the 
« Angle F, which is equal to the Angle C, two Lines FD 
«© and F E, which are equal to the Lines A C and BC 
+ reſpectively. And there will be the acceſſible Line D E 


Fig. 8. 


« equal to the inacceſſible A B. Q. E. J. 


Corollary. (z.) © Hence alſo thoſe who play at Bil- 
« liards with Ivory Ealls, may learn how by the Reflexion 
« of their own to hit and remove their Adverſary's Ball. 
« For let B be the Ball to be ſtricken, A that which is to 


Fig. 79. 


A ſtrike it, and C D the Rectilinear Plane. Let the Line 


« BE be perpendicular to the Line C D, and DE be 
« equal to DB. If the Ball A be ſtricken, and carried a- 


long the right ſide A F E unto the Point F, it will there 


* be ſo reflected, that after the Reflexion it will tend unto 
B. For in the Triangles B F D. E F D, the fide FD 
* js common to both, and the ſide B D is equal to the 
Side DE; and the Angles at D are equal, as being 
« right ones. The whole Triangles therefore are equal; 
and therefore the Angle BF D, which is equal to the 
« Angle DFE, is“ equal to AF C, the Angle AF C“ Per 15. 
being vertically oppoſite to D F E. Wherefore, ſeeing J. 1. 
„the Angle A F C is the Angle of Incidence, which in * 
ſuch Caſes is equal to the Angle of Reflexion, it is ma- 


| © nifeftthat B F D, which hath been proved equal to A F C, 


* is the Angle of the Reflexion of the Ball A, and ws 
* | Wy he 
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© the Ball tending towards E, is in the Point F ſo reflected, 
cc as to hit the Ball B. 2 E. D. 


Scholium or Obſervation. 


BY much the ſame Way of Reaſoning, whereby this 


4th Propoſition has been demonſtrated, the following 
Theorem, which we ſhall have occaſion to uſe by and by, 
may be demonſtrated alſo, 

If in two Triangles X, Z, the Sides B C and PF I ſhall 
be equal, and the Angles adjacent to theſe two Sides equal 
alſo, viz, Band C equal to Fand I; all the other Things, 
and the whole Triangles themielves will be equal. 


For the Side F I laid upon the Side B C will agree, or 


throughly coincide with it (a.) And then becauſe the 
"Angles Band Care equal to thoſe F and I, when the Side 
F 1 is laid upon the Side BC, F L (V) will fall exactly 
upon BA, and I L upon CA. Therefore the Point L 
will fall upon the Point A (for if it fall without A, the 
Sides F L, IL would not fall upon the Sides B A, C A. } 


Therefore all Things are e equal, by the 7th axiom. 


PRO p. v. Theorem. 


IN an Theceles, or e Triangle, the 
Angles at the Baſe (A, C) are equal. 


Let the Triangle A B C be underſtood to be twice put, 
but in an inverted poſture c þ a. Becauſe therefore, in the 
two Triangles ABC, c 6 &, the Side A B is by the Suppoſi- 
tion, equal to the Side &, and the Side C B to the Side à 6, 
and the Angle B to the Angle 5; the Angle A allo at the 
Baſe (c) will be equal to the Angle c. — 7 . D. For ay 
for the Anglcs + C and c they are the lame. 


Coroll ary. 


* HE RE F O R E an Equilateral Triangle i is alſo 
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they are the ſame. 


on, the Line AB will be exactly equal to the Line B C. 
Ihe Line BC therefore being found by meaſuring, there | | 
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PROP. VI. Theorem, 


F in a Triangle (ABC) two Angles (A and Fig, 6, 
C) be equal, the Sides alſo (AB, BC) which 
are oppoſite to thoſe Angles are equal alſo. 


I 


Let the Triangle AB C be ſuppoſed to be twice put but 
in an inverſe Situation, ea. Becauſe therefore in the Tri- 
angles A B C, c ba, one Side A C is equal to one Side (c a} 
and the Angle A is equal to the Angle c, and the Angle 
C equal to the Angle a, all the other Things ſhall be | 
likewiſe (a) equal, and conſequently A B ſhall be equal to (a) Pe- 
the Side cb. Q. E. D. For as for the Line C B and c bg, . 


Prop. 4. 


Corollary. 


FR HEREFORE an Equiangled Triangle, is allo 
| Equilateral, 


Corollary (2.) © Hence, by the means of the ſhadow of g, go. 
* the Sun, we may meaſure the height of a Tower, or © 
« any elevated Point. For when the Sun is elevated 45 
“ Degrees above the Horizon, the ſhadow which the 
“ Tower cafts towards the Horizon, will be exactly equal 
to its Height. For, by reaſon that the Angle A CB is 
„half a right Angle, the Angle BA C alſo * will be half per C 


« aright one; and ſo by the Force of the preſent Propoſiti- 5 


Prop. 32. 
« js found at the ſame time the Line A B, the Height of 
« the Tower above the Horizon. vo 
Corollary (3.) The ſame Thing alſo may be found 
« without the Sun by the means of an Aftronomical Qua- 
% drant. For where the Angle of Elevation is hali-right, 
* there the Height of the tower above the Obſerver's Eye 
“is equal to the diftance of the ſame Eye, from that part 
e of the Tower which is oppoſite to it. The diftance there- 
“fore of the Eye from the Tower being given by meatur- 
e ing. there is given at the ſame time the Height of the 
* Tower. 2. &. 4 Sa 
eee ie 


Lib: I, 


The Seventh Propoſition in Euclid is for the ſake of the 
Ei ighth, which without it will here be demonftrated, | 


PROP. VIII. Theorem. 


J. t Triangles (A, Z) have all their Sides 
equal amongſt themſelves reſpectlively (AC 
equal to EF; CB to FI; AB EI) they 
wil alſo have all the Angles which are oppoſite 
lo equal Sides, equal: (C N to V; A to E; 
B to J. ) 


For ſuppoſe the Side AB laid upon its Equal E I, if 
then the Point C falls upon F, 
W hole agree or coincide, and conſequently all the Angles 
will be equal But the Point C will fall upon the Point F. 
For, 

«© Prom the Center A let a Circle be deſcribed with the 
t gemi- diameter E F; and from the Center I, let another 
“ Circle be deſcribed with the Semi-diameter I F; the 
point C by reaſon of the Equality of the Sides of both 
2h Triangles, will be in the Cireumference of both Circles, 


EvcLid's Elements. 


ce and conſequently i in the Point E, the common [nterlec- | 


Q. E. D. 
IX. Problem. 


e tion of both thele Circumferences. 


PROP. 


O Bj ect or Divide into two equal Parts, 


a given right lin'd Angle, „ 


From the Sides of the Angle take with a pair of com- 
paſſes two equal Lines, AB, AC; then from the Centers 
B and C deſcribe two egual Circles cutting one ano: her in 
F; which done, draw the Line FA. This bilects the 
Angle. 

For draw the Line B F. Cp: the Triangles F A B, 
F AC are to each ether Equilateral ; for the Sides A B, 
A Care by the Conſtruction equal, as in like manner are 
the Sides B F, CF, they being Semi-diameters of equ al 
Circles ; and A F is common to both Triangles. 'Fherctore 
8. the Angles BA E, C AF (Cd) are equal Thereſcre the 
given Angle I A L is biſected. Q. E. F. 


the Triangles will in the 


Corollary 


Lib 
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Corollary. 


ENCE we may learn how 5 Angle may y be divided 


into all equal Angles, 4, , 15, Sc. wiz, by biſe&- 
ing each part again. — 


Scholium. 


O one hath hitherto taught the Way of dividing 
Angles into all equal Parts whatſoever with a pair 
vf Compaſſes and a Rule. 

Yet may you divide any given Angle Seehandel into 
any equal Parts whatſoever, if from the top of the Angle, 
as the Center, you deſcribe an Arch between the Legs of 
the Angle, and divide the Arch into as many equal parts 
as you require ; for right Lines let down from A, through 
the points of the Diviſion, will cut the Angle into ſo 
many equal parts. 


P R OP. X. Problem. 
: Biſect a finite given Line (A B. ) 


Fig. 50. 


Fe. 31. 


angle A G B, biſect its Angle G 5 with the right Line“. 3. 
GC. The fame ſhall biſect the given Line A B. eb) Per 
For in the Triangles X, Z, the Side C G is common; ræced. 
and by the Conſtruction G B, G A are equal and the 
Angles contained between them A G C, BG C, are like- 
viſe equal. Therefore the Bates A C, B C (c) are _ Per 4 
The given Line therefore A B is biſected. Q. E. F. l. 
But for practice, it is ſufficient, from the Centers A and 
B, to deſcribe two equal Circles cutting one another in G 
and L, and fo to draw the right Line G L. 


PROP. XI. Problem. 


EO a given Point (A) to raiſe a Per- Fig 32. 


pendicular in a given right Line L I.) 
With a pair of Compaſſes take the equal Lines A C, 
AF. * the Center C and F deſeribe two Circles, 

cutting 


Upon the given Line A B make an Equilateral (2) Tri- (a) Fart. 


" Pry 
„ 


> .. 


Lib. I. 
eutting one another in B. The Line which is drawn from 
B to A will be the Perpendicular required. 

For let the right Lines C B, F B be drawn, The Tri. 
angles X and Z are Equilateral to one another. Therefore 
(a) Per 8. the Angles C AB, F AB are equal (a). Therefore B A 

4. 1. is (5) perpendicular to the Line (L I.) 2. E. F. 
(b) Per In Practice this and the next are eaſily performed by the 
Def. 14. help of a Square. | 


PROP. XII. Problem. 


32 Evcilip's Elements, 


: 7 Fig. 33. P R 2 M a given Point (A) Which is With 


L out an infinite right Line ( as L ) to let 
fail a Perpendicular to that Line. 


| From the Center A deſcribe a Circle which may cut the 
(c)Per 10. given L Qin C and I. Biſect the right Line C I (c) with 


1 the right Line AB, This A B is the Perpendicular required, 


For let there be drawn AC, A I. Becauſe by the Con- 
ſtruction, the Triangles X and Z are Equilateral to one 


(d) Per 8. another. Therefore the Angles (4) CBA, IB A, are 


£3, equal. Therefore A B is (e) Perpendicular. 2. E. F. 


(e) Per | _ | 

Def. 14. PROP. XIII. Theorem. 

8 HE right Line (B A) ſtanding upon the 
i% 34. 


right Line (CF.) either makes two right 
Augles, or Angles equal to two right ones. 


For if B A ftand upon it perpendicnlarly, then by the 
14th D-finition,. the two Angles BAC, B AF will be 
right ones. And if BA ſtand obliquely, let there be raisd 
(f) Per (f) the Perpendicular AL. Where, becaufe the unequal 
11. J. 1, Angles CAB, FAB poſſeſs the fame place which the 
two right ones CAL, LA F do, and agree to them, they 

(g) Per are equal (g) to them. Q. E. D. | 1 
Axiom 7. E | 
_ Corollaries. 


1. IN the ſame manner it will be demonftrated if more 
[ right Lines than one ſtand upon the ſame right Line, 
that the Angl:s thereby made are equal to two right ones 
| 2. Tv 


ib. 


ib. I. ib. I. Evcl I 's Elements. 33 


1 from 2. Two right Lines cutting one another, BAC, FAL, Fig, 37. 
Snake the Angles equal to four right ones. 


je Tri- 3. All the Angles which are about one Point, make Fig. 36. 
-reſore Angles equal to four right ones. It appears from Corollary 
© B AF. tor they are four right ones, cut into more Parts. 


| 4. The Angle CA F being known, you at the ſame time Fig. 37. 
now its Complement unto two right Angles BA F. For 

xample, Let the Angle C A F be of 70 Degrees ; the 

angle BA F will be of 110 Degrees. For thoſe two 

{umbers added together make 180 Degrees, which is the 

caſure of two right Angles. 


PROP. XIV. Theorem. 


F tuo right Lines (XR, Z N) at the ſame Fig. 35. 
Point of a right Line (QR) make the Angles © 


by the 


with: 
to let 


cut the hn both Sides (A RO Z K Qi) equal to two 
(e) with io t Angles; the Lines (A R, Z N) make one 
ee Line 5 


to one 
A, are 
E. F. 


If you deny it, Let X R, BR make one right Line. (a) Per 13. 
herefore the Angles X RO, QR B (a) will make two J. 1. | i 
ight Angles. Which thing is (5) abſurd ; ſeeing by the (b)Conzra; | 

ypothelis X RQ. Z R Qdo make two right Angles. Axiom . 


on tel PROP. XV. Theorem, | 
o right F two right Lines (B C, FL) cut one another Fig. 37. | 
a in A, the Angles oppoſite at the top (A) are | 


u by le Ml, vis. LAB 10 CA E and BA Fro LAC. 


* will be For becauſe B A ſtands upon the right Line L F, the 

be raisdngles L AB, F A B are (e) equal to two right ones: And (e) Per 13. 

: unequal Wecauſe F A ſtands upon the right Line B C, the Angles “ 1. 1 

vhich the A C, F A Bare alſo equal (4) to two right ones. There- (d) By the 

em, they More the two Angles together (e) L AB, FAB are equal to ſame Prop. 

Po ſe two together CA F, FA B; by taking away F A B, E) Per 

ommon to both, LA B (F) remains equal to C A F. In Axiom 1. 

he fame manner B A F, L A C are ſnewed to be equal. . 2 Per 
X10 ED 


—  _  — — __—_—_— — 


1 if more 
ight Line, 
ight ones 

2. TVo i 


Corollary. © From theſe two Propoſitions we gather in 
Catoptrics, that a Ray of Light, as reflected in an Angle 
9 — >: « equal _ | 


—— 2 — BCAA. — 


| 34 
| | Fig. 82. 
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cc eg ual 8 the Angle of Incidence, taketh the ſhorteſt way 


ce Of all. e. go When the Angles BE D, A E F ar 
« equal; the Lines AE and E B taken together, att 
« ſhorter than any Lines whatſoever, as A F and F B take 
together. For from the Point B, let the perpendiculat 
Line B C be let down; and let B D and D C be equal: 
Let the Lines alio E C and F C be drawn. Now in th; 
« Triangle B E D and DE C, ſeeing the Side D E is com 
% mon to both, and the Side B D ana D C are equal b 


„ the Hypotheſis, as is allo in the like manner B D E equi 


« to the Angle C DE; the Triangles alſo ſhall be * equi 
in all other Things, and B E ſhall be equal to C E, and 
„ the Angle B E D to the Angle D EC; (where, becau{ 
* the Angle D E C is equal to [B E D, that is] A E F, the 
« Lines A E, EC are proved to make one right Line) 
« And in the ſame manner the Line B F will be prove 


* equal to FC. Seeing therefore the Lines B E and EA 


* taken together; are equal to the Line C A, and the Line 
« BF, FA taken together, are equal to the Lines C F, F 
« taken together; it is manifeſt that C A, which is ont 
* Side of the Triangle AC F“ is leſs than the two Side 
* CF, F A taken together. Q. E. D. I 


PRO P. XVI, XVI. 


THESE two Propoſitions are contained it 
Propoſition 32; and are not here made 1 
of till then. | | | 


PROP. XVIII. Theorem. 


NM every Triangle the Angle (A) which is of 


4 poſed to the greater Side (B O) 1s the greater, 


and (B) which is oppoſite to the leſſer Side (A0 
15 the leſſer Angle. PF 


(A) cannot be equal to (B) for then the oppoſite Sides 
BO, AO would be equal (a); which is contrary to tht 


Hypotheſis. Neither can A be leſs than B, for if it wer 
ſo, there might within the Angle B be made an Angle A BF 


by the right Line B F; which Angle ſhould be equal to 4. 
But then by the 6th of this Book B F, A F ſhall be equal | 


Lib. I, 


teft way 
E F are 
1er, ate 
B taken 
-ndiculat 
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WW in the 
2 is com. 
equal b 
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e * equi 
C E, and 
becauſt 
E F, the 
ht Line, 
e proved 
and EA 
the Line 
CF, F. 
ch is ont 
two Side 


ch 15 off 
greater 


de (A0 


oſite Sides 
ary to the 
if it were 
ngle ABI 
qual to A. 


| be equal 
and 
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nd if you add to both O F, then B F, F O ſhall be equal 
> AO. But A 0 by the Hypotheſis is leſs than B O. 
herefore BF, F O ſhall be leſs than BO, which contradicts 
he Definition of a right Line, which is the ſhorteſt of all 
etwixt two Points. Therefore the Angle A is neither leſs 
ban B, nor equal to it. Therefore it is greater. 2. E. P. 


PROP. XIX. Theorem. 


M the Triangle A O B the Side (B O) which 

1s oppoſed to the greater Angle (A) is theFig. 38. 
reater; And (AO) which is oppoſed to the 
ſer Angle B, is the leſſer. 


This Propoſition is the converſe of the former. B O is 
ot leſs than A O, for if it were, the Angle (A) by the 
8th would be leſs than B; which is contrary to the Hy- 
otheſis. Nor can B O be equal to A O, for in this caſe, 
y the 5th, the Angles A and B would be equal. But this 
quality of thoſe Angles is contrary to the Hypotheſis, 
herefore B O is greater than AO. 2, E. D. 


Corol. Hence we gather, that a Globe, or Ball per- x 


fectly poliſhed, but where dt toucheth the Earth. For 

let the Line A B be an horizontal Plane, C the Earth's 

Centre, C A the Semi-diameter of the Earth, perpen- 

dicular to the Tangent AB. The Globe placed at B, 

* becauſe of its Gravity, and the Declivity of the Plane, 
will deſcend towards A. For in the Triangle C A B, the 

* perpendicular Line C A, which is oppoſite to the acute 

* Angle A B C, is leſs than the Line B C, which is op- 

* poſed to the right Angle B AC; and ſo there is from B 

to A a perpetual Deſcent, in which the Globe cannot 

greſt. And in the like manner we prove the Deſcent of 

Fluids and their Conformation into a ſpherical Surface. 


PROP. XX. Theorem. 


| Many Triangle, any two Sides of it taken to- 
gether, are greater than the remaining Side. 


3 C 2 This 


fectly poliſhed, cannot reſt in an horizontal Plane per- . 336 


ͤU— — 
—— . —— 


Fig. 39. 


the Triangle, (as the Lines AO, B O) tbeſ 


(a) Per 20. A O untoF: AC, CF are (a) greater than AF. There 


£45 


G By the greater than AF, F B. Again, OF, F are greater (/ 


ſame. 


Fig. 40. 5 


uith the Interval of the third given Line L O, deſcribe an 


I from the Ends of one Side A B, two rigli tom 


of its Extremities being taken for the Center, with the Ie; 
terval of the other given Line B O, deſcribe an Arch. 


—— * * 


EvucLiD's Elements. Lib. LI Lib. 


This, with Archimedes, is, as it were an Axiom; foraſ. 
much as it is immediately manifeſt out of his Definition of 
a right Line; which ſee above amongſt the Definitions, 


PROP. XXI. Theorem. bi 7 


Lines be drawn, and joined together with beser 


are leſs than the Sides of the Triangle (AC, BC) 
but they comprehend a greater Angle (AO B.) 


For as for the firſt Part of the Propoſition, draw onto on: 
fore the common Line FB being added, A C, BC ar 
than OB. Therefore the common A O being added. A 


B F are greater than AO, BO. Therefore AC, C Ba for 
much greater than AO, OB. | \ngle 
The ſecond Part of this Propoſition will be demonftratelfſ The 
in the ſecond Corollary of the firſt Part of Propoſition 32s deſc 
And in the mean while we ſhall make no uſe of it. here 
| inte 

| PR | ontait 

| P R O P. | XXII, Problem, o be. 
6 5 5 ontait 
TO make a Triangle of three given right Line right 


(BO, LB, LO) of which any 1wo mil... 
be greater than the third. 5 


Let B L, one of the given Lines be taken, and B on mak 


Then the other Extremity L being taken for the Center qual lt 


Arch, cutting the former in O; which being done, and the 

right Lines B O, L O being drawn, I fay that that is done gig, 

which was to be done. y . | 
The Demonſtration is manifeſt from the Conſtruction. 


PR Of 


ib. I. Lib. I. EucLip's Elements. 37 
foraſ- | PR O P. XXIII. Problem. . 


ition of 
tions, A T a given Point in a right Line (as B) tg 
k. make an Angle equal to a given one (A.) 


Firft of all let CF be drawn at a venture, cutting the 
ies of the given Angle A. Then in the given right Line 
0 rig om B, take B L equal to AF. Then from the Center B 
Wil hill eſeribe a Circle with the Interval AC; afterwards another 
) thej from the Center L, with the Interval FC. which may cut 
5 BC the former in O, Then from O unto B, and L having 
1 drawn right Lines, the Angle L B O will be equal to the 
O B.) Nen one A. 5 | = 
For by the Conftru&ion, the Friangles are Equilateral 
draw ouiſſſo one another. Therefore by the 8th of this Book the 
Ther angles B and A are equal. | | 
 Bcal 5 
reater (0) 


| Scholium. 
ded. A 8 T ſeems meet for the ſake of Beginners to propound 
"Cy ſome things here which are neceſſary for Practice about 
Sou W N 12 


Fig. 40. 


hg 


jonftratel The Meaſure of an Angle is the Arch of a Circle, which  _ 
ſition z deſcribed from A, the Top of the Angle as the Center, Fg. 41. 
it. herefore look how many Degrees the Arch B C, which 
intercepted between the Legs of the Angle B A C ſhall 
ontain, of ſo many Degrees the Angle B A C ſhall be {aid 
obe. And ſo becauſe B F, a quarter of the Circumference, 
ontains 90 Degrees, and meaſures the right Angle B A F, 
ht Line night Angle ſhall be faid to be of 99 Degrees. In like 
anner, becauſe half the Circumference, which is divided 
Wa mio 180 Degrees, meaſures two right Angles, and the 
hole Circumference, which is divided into 360 Degrees, 
eaſures four right Angles ; two right Angles ſhall be ſaid 
and B on make 180 Degrees, and four 360 Degrees. Theſe Things 
/ith the In eing premiſed, the Practice about Angles is as follows. 
Arch. 1. At B a given Point in a right Line to make an Angle Fig. 42. 
he Center qual to the given one KK. | EO | 
deſcribe WF From A, the Top of the given Angle as the Center, 
ne, and UWcferibe betwixt the Sides of the Arch CP. Then from B, 
nat is don e given Point as the Center, deſcribe with the fame In- 


val the Arch L Z.; from which take off L O equal to 


ſtruction. WF. Through B and O draw a right Line; L B O ſhall 
PR Of 


equal to the given A, | 


Fig. 3. 


þ 1. 


the Angle PQ; and the Arch L O, which is intercepted 
| betwixt the Legs of the Fi An 


the Point A apd C. Then join CF. The Angle B CF. 


| ill | (a) Per 19 


EvucLID's Elements. Lib. I Li 


2. To examine the Degrees of the given Angle O PQ. 
This is done very eaſily through any Semi-circle or Pro- 
tractor, which is divided into 180 Degrees. For put the | 
Center of the Semi-circle upon P, the top of the Angle, 1 
and the Radius of the Semi-circle P L upon the Side of 


ngle, will ſhew of how many 
Degrees the given Angle is. 

3. To frame an Angle, containing a given Number olf 
Degrees, as 42. | | | 

Draw the right Line X Q. in which mark the Point]. 
Upon P put the Center ot a Semi-circle, and its Semi-dia- 
meter PL upon PO. From L number 42 Degrees, that is 
until you come to O. A right Line drawn from P throug) 


O, will give the Angle O P L of 42 Degrees, « 
| PL mi 
PROP. XXIV, XXV. Theorems. * 


F two Triangles (BAC, BA F,) ſhall hau 
two Sides (BA, A C,) equal to two (BA 
AF, ) one Side of one, to one Side of the other; 
and if one of the Triangles hath the Aug” 
(B A F) contained by thoſe Sides greater than th 


other (B A C,) it ſhall have the Baſe BN c 
greater than the Baſe (B C.) Fr 
He | in 

And again, if it bath the Baſe greater, i er 
foall have the Angle greater. . $ 
42”, 5 | LI 


; From the Center A, deſcribe a Circle which paſſet 
through C, it ſhall paſs alſo through F, becaute A C, A 
are ſuppoſed to be equal. Therefore B F ſhall fall betwi 


greater than the Angle AC F; that is, by the 5th of ti 
Book, than the Angle A F C, and conſequently much great: 
than the Angle B FC. Therefore in the Triangle BC 
(a) B F, which is oppoſite to the greater Angle B C F, 
greater than BC, which is oppoſite to the leſſer Angle B FC 

2. As for the ſecond Part of the Propoſition, this is mi 
nifeſt from the firft Part, and Propoſition 4. 


P R O 


Lib. J. Lib. I. EucLid's Elements. 


00 
> or Pro- 

put the 
e Angle, 

Side of 
ercepted 
ow Many 


PROP. XXVI. Theorem. 
F two Triangles (A and Z) have 100 Angles 


equal to two, one Angle of the one, equal to one 
Angle of the other (B to , and C to I,) and one 
Side of one Equal to one of the other, whether 
it be that which is betwixt the equal Angles 
(as BCS or a Side which is oppoſed to one 


umber of 
Point. 
Semi-dis. 
8, that i; 
> through 


Parts ſhall be equal. 


For in the Place, let the Sides (B C, FT which are be- 
twixt the equal Angles, be ſuppoſed equal: In this Caſe 
all the other Parts are equal: as hath been already demon- 


ems. ſtrated in the Scho/ium of the 4th Propoſition. 


39 


Fig. 25. 


of the equal Angles (as ACL I,) all the other 


Again, ſuppoſe the Sides A C, LI, which are oppoſed 


all hav, the equal Angles to be equal. Here, becauſe the Angles 
o (5 16, C) are by the Hypotheſis equal to (F, I) the other 
e other Wangles, alſo (A, L) ſhall be equal by Corollary . Propoſi- 
Augl ion 32. which Propoſition depends not upon this. There- 


than tht | 
fe e B 1 Corollary. © Hence alſo, following Thales, we may 
= * meaſure inacceſſible Diftances. e. g. Let A D bean 
* inaccetſible Line; to which at the Point A, let there be 
ater, i erected the Perpendicular A C. Let there be made the 
Angle (A CB) equal to the Angle (ACD) the acceſſible 
Line A B ſhall be equal to the inacceſſible A D. Q E. J. 


fore by the firſt Part of this, all the other Parts are equal. 


Fig. 8g. 


Fig. 45. 


= PROP. XXVII. Theorem. 

2 85 17 the right Line G O ſhall cut two right Lines 
«ch of thifh which are parallel (AB, CI,) 1. The alter- 
ch great nate Ang les (R L O, 9 0 L, likewiſe B L O, | 
gle BCIWC O L) ball be equal. 2. The external Angle 
Ae All GLB ſhall be equal to the internal one on the 
555 is mme Side (that is, to LO F) as likewiſe G LR 


qual to LOC, 3. The two internal ones on the 


P R O 


- ſame 
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ame Side (AL O, COL) as taken together 
ſhall be equal to two right ones, as likewi/e the 
two (B LO, F OL) equal to two right ones. 


The firſt Part is thus proved. From O and L draw the 
Perpendiculars O R, L Q. Theſe are perpendicular to the 
„ per, tuo Parallels AB, CF; and by Definition 36, equal be. 
Axiom 1 l. twixt themſelves, they ſhall therefore (a) intercept equal 
(a) Per Parts of the Parallels, and R L ſhall be equal to QO. 
Axiom 12. Therefore the Triangles X and Z are Equilateral to one 
(b) Per 8. another. Therefore (5) the alternate Angles RL ©, QOL, 

J. x, whichare oppoſite to the equal Sides RO, QL, are equal 
| W hich is the firſt Thing. From whence it is likewiſe ma. 
nifeft, that the Alternates B L O, C OL are equal. For 
becauſe, as well B LO, A L O, as COL, FOL are equal 
(c) Per 13. ( to two right ones; therefore B LO, AL O together, 
4. Is are equal to COL, FOL. Therefore taking away thi} 
Equals RL O, FOL, the remaining ones B LO, C OL 
ſhall be likewiſe equal. - | | 
Part ſecond. 'The Angle G LB is equal to that which 
(d) Per 15. is vertically oppoſite R LO (a). But R L O, by the fit 
4. 1. Part of this Propoſition, is equal to LO F. Therefor: 
G LB, the external Angle, is equal to the internal remot: 
one, which is on the ſame Side, LOF. 
| Part third, A LO, by the firſt Part, is equal to L OF. 
(Ow 13. But LO F, with COL, make (e) Angles equal to two right 
4. 1, ones. Therefore A LO, with COL, doth the fame. 


Fig. 46. 


Fig. 85. Corol. Hence in Imitation of Erato/henes, we learif 
. to meaſure the Compaſs of the Earth. For he obſerved, 

<* that on the Day of the Summer Solftice, the Sun wa: 

«« perpendicularly over Siene, a City of Egypt 3 and he 

found by the means of a Stile, perpendicularly erected, 
* that on the ſame Day the Sun was diftant from the ver 
tical Point of A exandria, a City of E yt, ſituate almot 
under the ſame Meridian with the other, ſeven Degree 
with one Fifth Part of a Degree; and he knew that 
theſe two Cities were about 5000 Furlongs diſtant from 


A 
A 


« each other. Frum theſe Things, by the help of thi 
Propoſition, he determin'd the Compaſs of the Earti. 
Let A be Siene, and B be Alexandria, where the Gnomo! 
5 C is erected perpendicelar to the Horizon, Let D! 
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PC) are parallel, 
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„ and E G be the Solar Ray's parallel to one another as to 
« Senſe, DA a Ray perpendicular to the Horizon of Si- 
« ene; and E G a Ray oblique to the Horizon of Alex- 
© andria, and which paſſing by the top of the Gnomon, 
« makes with it the Angle G C F, «hich is of 7+ Degrees, 
e Now ſeeing the Angle G C F, is equal to the alternate 
« one AFB, and the meaſure of it is the Arch A B of 
« %% Degrees; he found the Compaſs of the Earth by 
« this Analogy, as 74 Degrees are to 5000 Furlongs; ſo 
« the whole Circumference, which is of 360 Degrees, is 
« jn a groſs Number to 250000, the Compaſs of the Earth 
in the ſame meaſure. E. E. J. 


PROP; XXVIIL Theorem, 


] PF a right Line (G O) cutting two right Lines 
(AB,C#) makes the alternate Angles 
(ALO, LO) equal; 


Fig, 47 · 
the Lines (AB, 


If you deny it, let X L Z, paſſing through the Point 

L, be parallel to C F. Therefore X LO (a) is equal to la) By rhe 
the alternate FO L, which cannot be, ſeeing by the Hypo- foregoing. 
theſis A L O is equal to FO IL. | | 


PROP. XXIX. Theorem. 


F a right Line (& O) cutting two right Lines Fig.az gf. 
(AB, CF) ſhall make the external Angle 

(G LB) equal to the internal oppoſite one 

(LO F;) or ſhall make the two internal Angles on 

the ſame Side(A LO, COL) equal to two right 

Angles; (A B, C F) are parallel Lines. 


Hy the 15th of this Book, GL B is equal to A L O, 
which is vertically oppoſite to it. But by the Hypotheſis 
GL is equal to LOF. Therefore alſo AL O is equal to (b) By re 


its alternate one LO F. Therefore (5) AB, C F are parallel, foregeing. 
Again, COL with FOL make Angles equal to two 

right ones. But by the Hypotheſis C OL with A L O, 

make in all two right Angles alſo. Therefore A L O, 
— — e | modi F OL, 
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F OL, the alternate Angles are equal. Therefore again, 
(a) By the (a) AB, C F are parallel. | | 
foregoing, | | | To 
Corollary. © From the ſecond Part of this Propoſition 
© it appears that every Rectangle is a Parallelogram. 


PROP. XXX. Theorem. 
E. 45. FF ro right Lines (AB, CF) be parallel t 


the ſame right Line (D N) they are parallel 


betwixt themſelves. 


It is manifeft in itſelf, and ſrom the foregoing Propoſi- 
(o) Per 27. tions. For if all be cut by the right Line G O, the exter- 
1x. nal Angle GL B is equal (6) to the internal oppoſite one 
Y By the L DN. Now LDN is an external Angle in reſpect of 
fumes D OF, and therefore (c) equal to it. Therefore alſo G LB 
(d) By the is equal to LO F. Therefore A B, CF( a) are parallel, 


foregoing. PROP. XXXI. Problem. 


1 THROUGH a given Point (A) to draw a 
Fig. 48. : ; the” | | 
L Parallel to a given right Line (FC). 
From the Point A, let there be drawn at random A L, 
cutting the given FC. At the Point A, let there be made 
(e) Per 23.the Angle (e L A S equal to the Angle ALF. The Line 
1. A S will be parallel to C F; as is manifeſt from the 28th, 
the alternate Angles SA L, A L F being equal. | 
As for the Practice. Draw A L, and from the Center 
L deſcribe an Arch IQ; and from the Center A, with the 
ſame interval, deſcribe the Arch OX; from which, ha- 
ving taken off O B equal to I Q, the right line drawn 
through A and B will be the Parallel ſought. The Demon- 
ſtration depends upon the 29th, J. 1. „ | 
"I Or otherwiſe thus. From a certain Center P deſcribe a 
8. 49. Circle which may paſs through the given Point A, and 
| may cut the given Line CF in Qand O. Take the Arch 
O N equal to QA. The right Line A N ſhall be the Pa- 
rallel ſought. 3 | | 
The Demonſtration hereof depends upon the 29th, J. 3. 
and the 28th of this, 
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Theorem. 


PROF. XXX. 
„ 


by every Triangle any one of the external. 
Angles (as FBC) is equal 10 the internal. 
remote ones (A and C.) 


T hrough the Point B draw (a) BL parallel to A C: (a) Per 31. 
Becauſe FA cuts the two Parallels BL, A C, the external“. 1. 
Angle F BL ſhall be equal to the internal one A ( And (b) Per 27. 
becauſe the Line B C cuts the ſame Parallels (BL, AC. N. 1. 


the Angle LB C ſhall be (c) equal to its alternate one C. (c) By the 


Therefore the whole Angle F BC ſhall be equal to A and ame. 
C both together. V E. D. 


Corollaries. 


1 HE external Angle F B C is greater than either Fig. 51. 
of the internal oppoſite ones A or C. 

2. Of the Angles (C and A OB) having the lame Baſe, Fig. 309. 
AB which falls within, is the greater. 

For let A O be proquced unto F, A OB, by this Propo- Fig. 55. 
ſition, is greater than OF B; and likewiſe O bB is by this 
greater than C. Therefore O PB is much greater than C. 

If from one Point A there falls two right Lines upon 

B G5 one of them A O obliquely, the other A F perpen- 
dicularly; this laft ſhall fall on the Side of the acute Angle 
AO B. For let it fall, if it may be, on the Side of the 
obtuſe Angle AOC; as for inftance, in Q. In this Caſe, 
the acute Angle A O B ſhall be external in reſpect of A QB, 
and conſequently ſhall be greater than the right one, by 
Cerollar 1. which is abſurd. 


PROP. 
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PROP. XXXII. Theorem, 
„„ 


therefore make 180 Deg $4 LAG 
G's is | Draw forth one Side A B unto F. The external Angle 


firs Part FBO is equal (4) to the two internal oppoſite ones, A 


of this, and C. But FBC with ABC, make ( Angles equal 
(b)Per 13. to two right ones. Therefore the two, A and C, with the 
J. 1. © fameC BA, make Angles equal to two right ones. Q E. D. 
Fig. 53. Or thus. Draw the Line H M parallel to A C, the al- 
(e) Per 27. ternate Angles, as well O and A, as N and C, (c) are equal. 
. 1. But O, Q. N, make Angles (4) equal to two right ones. 


(d)Corol. i. Therefore alſo A, C, Care equal to two right ones. Q. E. D. 


Prop. 13. 1 
> Corollaries.. 


3. THE three Angles of any one Triangle taken toge- 

0 ther, are equal to the three Angles of any other 

Triangle taken together. : =o 

5. If in a Triangle one Angle be right (or obtuſe) the 

reſt are acute. | 1 3 

6. If in a Triangle one Angle be right, the two other 

Angles together make one right Angle. 8 

7. In every Triangle, the Angle which is right, is equal 

to the other two taken together. 

8. When you know of how many Degrees one Angle of 

a Triangle is, you know at the ſame time how many De- 

grees the two other Angles, as taken togetker, do make up. 

And ſo on the contrary, when you know how many De- 

grees two Angles of a Triangle taken together do make up, 

or what is the Sum of them. you know at the ſame Time 
of how many Degrees the third Angle is. | 

9. When two. Angles of one Triangle, either feyerally 

or together, are equal to two Angles of another Triangle; 


the third Angle of one 'Friangle is alſo equal to the third 


of the ather. 


10. When two Triangles have one equal Angle, the 
Sum alſo of the reſt of the Angles are equal. 
| 11. When 
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IN every Triangle the three Angles taken to- 
L gether, are equal to two right ones, and | 
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11. When in an Jſaſceler, the Angle contained by the 
equal Sides is a right one, the tuo other are, each of them, 
half-right Angles. And the Angles of an J/oſceles, which 
are at the Baſe, are always acnte. 

12. In an Equilateral Triangle, each Angle is two 
thirds of a right Angle. For it is one third of two right 
ones, therefore it is two thirds of one right one. 


13. Hence a right Angle (B A C) is eaſily divided into Fie. 84 | 


three equal parts; if upon A C be made the equilateral 
Triangle Z; for ſeeing FAC is two thirds of one right 
one, B A F ſhall be one third of a right one. 


14. The Perpendicular A F is the ſhorteſt of all Lines Fig. 55. 


which can be drawn from the Point (A) unto ſome right 
Line. For ſeeing the Angle F is a right one, A O F ſhall 


by the 5th Corollary, be an acute one. Therefore (a) A F(a) Per 19. 
1 


is ſhorter than any other, as AO. 1 
15. Only one Perpendicular can All from one Point unto 


one right Line. This is maniteft out of the foregoing Ce. 


rollary. = 


16. © Hence alſo we learn to determine the Parallax of Fig. 86. 


i the Stars, or the difference of their true and apparent 


place. Let A be the Center of the Earth, B the Place 


* of the Obſerver upon the Surface of the ſame. Let 
D BC be the Angle of the Star C, according to Obſerva- 
tion, or the viſible Angular diſtance thereof from the 
vertical Point; when in the mean while D AC is the 
* true Angular Diftance. Now the external Angle DB C, 
« which is given from Obſeryation, is equal to the Angles 
e B A C and BCA, taken together; and conſequently 
* the Angle B C A is the difference of the Angles DBC 
«and DAC. If therefore we ſhall from Aſtronomical 
“ Tables ſeek the Angle D A C, or what at that Time of 
„ Obſervation is the true Angular Diſtance of the Star 


* 


from the vertical Point, when the Angle DB C is at 


the ſame Time known by means of the Quadrant, the 
* Difference of thoſe Angles B C A, which we call the 
* Parallax, will likewiſe be known. Q. E. 5 


Sebolium. 


D the Teſtimony of Eudemus, an ancient Geometri- 


cian, Pythagoras was the Finder out of this Propo- 
ſition, which indeed is a Theorem moſt excellent in it 
| ſelt, 
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ſelf, moſt fruitful in its Conſectaries, and of immenſe uſe 
in all Parts of the Mathematicks. A4rifo?le very frequently 
makes mention of it, who allo puts it for an Example of 
the moſt perfect Demonſtration. But like, as from this 


Propoſition, we have already learned, how many right | 


Angles, the Angles of a Triangle are equivalent to; ſo by 
the help of the ſame, it will in the three following Propo- 


ſitions be manifeſt, how many right Angles, the Angles of 


Fig. 56. 


any Rectilinear Figure whativever, whether internal or ex- 
ternal do make. . | 


Theorem 1. 
| N every Quadrangular Figure, the four Angles together 


make four right ones. 
For if, through the oppoſite Angles, you draw the right 


Line B F, this will cut the Quadrangle into two Triangles, 


(a) Per 32. 


1. 1. 


Fig. 57. 


(b) er 32. 
U. 1. 
(c) Corol. 3. 
Prop. 13. 
. 


without forming any new Angles, whoſe Angles togethet 
do (a) make four right Angles. 


Theorem 2. 


XL the Angles together of every right-lin'd Figure 
make twice ſo many right ones, abating four, as are 

the fides of the Figure. 2 85 | 
From any Point A within the Figure, let there be drawn 
unto the Angles of the Figure right Lines, which {hall cut 
the Figure into ſo many Triangles as it hath Sides, and 
make no more Angles, but thoſe of the Center. Where- 


fore, when each of the Triangles contains two right Angles 


(b), they muſt all together contain twice: ſo many right 
Angles as there are Sides. Now the Angles about the Point 
A (c), do make four right Angles. Therefore, if from 


the Angles of all the Triangles, you take away the new 
Angles which are about A, the remaining Angles, which 


indeed do alone conſtitute the Angles of the Figure, will 


make twice ſo many right Angles, excepting tour, as are 


the Sides of the Figure. | 
Hence it appears, that all Right-lin'd Figures of the 
ſame Species, or Number of Sides and Angles. have the Sum 
of their Angles equal. Which thing is worthy of admiration. 
The Practice is thus; Double the Denominator of the 
Figure, and from the Product take away four; the Re- 
8 8 maindef 


Li 


ib. I. Lib. I. EvucLip's Elements. 
nſe uſe mainder is the Number of the right Angles, which the in- 
quently I ternal Angles of the Figure do make. 
mple of | 
m this Theorem z. 
iy right } | TT | 
; ſo by LL the external Angles of any Right-lin'd Figure Fig. 58. 
Propo- X whatſoever taken together do make up four right 
1gles of Angles. | | 
| or ex- For each of the internal Angles of the Figure does (4 )(4)Per 13. 
vith its reſpective external one, make two right Angles. “. 1. 
Therefore all the internal ones, together with all the ex- 
ternal ones, do make up twice ſo many right Angles as are 
| the Sides of the Figure, Now, by the Preceding, the in- 
ogether ternal ones, together with four right Angles added to them, 
make twice ſo many right Angles as are the Sides of the 
he right Mt Figure. Therefore the external Angles are equal to four 
iangles, right ones. | | | | 
ogethet Wonderful truly is this Property of Right-lin'd Figures; 
from whence it follows allo, that all the Right-lin'd Figures 
of any Species whatſoever have the Sums of their external 
| Angles equal. And therefore the three external Angles of 
8 a Triangle are equal to the thouſand external Angles of a 
| Figure | fhouſand-fided Figure. Which Obſervation is altogether 
„ as are Vorthy of Admiration. 
e drawn PROP. XXIII. Theorem. 
{hall cut | | | 
es, and F two right Lines, which are equal and pa- Fig. 59: 
en rallel, as (AB, CF) be joined by two o- 
17 thers, CAC, B;) theſe will alſo be equal and 
he Point N Parallel. = | 
if from 1 55 5 1 | 
the new Let A F cut the Parallels A B, C F. In the Triangles be 
s, which R, the alternate Angles B A F, CF A (a) will be equal. (a) Per 
are, will | Now the Side A B is ſuppoſed equal to the Side C F, and 27. J. 1; 
r, as are AF is common to both Triangles. Therefore (5) the Baſes (b) Per | 
; B F, A C are equal. (Which is the firſt Part.) And then 4. J. 1. | 
of the the Angles at the Baſes AFB, F AC are equal; which | 
the Sum being made by AF falling upon the right Lines A C and g 
niration. B F, are alternate Angles A F B, FAC equal. Therefore 
- of the AC, B F are alſo (c/ parallel, Which is the other Part. | 
the Re- | | | | 28. 6. 1. | 
maindet _ Corollary, | 


Fig. 87. 


Fig. 59. 


(a) Per 
Def. 35. 


(ber 27. Likewiſe becauſe A C, B F (c) are parallel, and upon 


J. 1. 
(o) Per 
Def. 35. 


according to the Direction of the Line A C, and by the 
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Corollary. 1. Hence we learn to meaſure as well 
*< the Heights of Mountains above the Horizon as their 
« horizontal Lines. Let A BC be the Side of a Mountain, 
« to which apply a great Square, or ſome Inſtrument 
<« equivalent thereto A DB. Then ſhall A D be equal to 
« HB, and D B equal to A H. Then coming unto the 
« lower Part, which is from the Point B unto the Point C, 
« practiſe as before. So ſhall E B be equal to C F, and 
« EC be equal to BF. Which done, the Sides parallel 
« to the Horizon, A D, BE, Ec. added together will 
« give the horizontal Line G C; and the perpendicular Sides 
« BD, EC, Cc. added together, will give the Height A G. 

Corollary. (2.) © Hence alto we learn to eſtimate the} 
© Compolition of Motions. Let a Body placed at A be 
« driven in the fame Moment of Time by the Force AC, 


« Force A B, according to the Direction of the Line AB. 
„ From the Conjunction of theſe two Forces it will de- 
« {cribe the Diagonal AF. For in this Line of its Mo- 
© tion, neithgof the Forces is changed: For the Body at 
% F is equally diftant from both the Lines of Direction 
„AC, AB, as if it had been driven by either of the 
Forces ſeparately ; which thing can be ſaid of no other 
point. And this Corollary doth ſo fully agree with 
« Aſtronomical and other Mechanical Phænomena, that it 
« js worthily reckoned by the famous Sir 1ſaac Newton, 
as a Foundation of his Geometrical Philoſophy. 


PROP. XXXIV. Theorem. 


F every Parallelagram the oppoſite Sides and 
Angles are equal, and it is cut into two equal 
Parts by the Diameter, | 


Becauſe A B, C F are (a) parallel, and A F falls upon 
them, the alternate Angles BA F, C F A are /b) equal. 
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them falls the Line A F, the Alternates CA F, B F A (a) 
are equal. Therefore the whole Angle B A C is equal to 
the whole Angle BF C. In the ſame manner Band C are 


(© 


(d) Per 27.ſhewed to be equal. Which was the firſt Part. 


1 


Now becauſe it hath been already ſnewed, that the 
Triangles Q, R, which have one common Side A F. 


have 
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Wars alſo the Angles adjacent to the common Side equal, 
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B AF to CF A; and CAF to BF A; the Sides likewiſe 


ſhall be equal, (a) A B to FC, and B F to AC; and thus (a) Per 26. 
he whole Triangles are equal. Which was the ſecond Part. /. k 


Scholium. 


ARTLY from this Theorem, and partly from a Defini- | 
tion to be premiſed to the ſecond Book, the meaſuring Fig. 60, 

of a right-angled parallelogram is eaſily deduced. The 
Area thereof being produced by the Multiplication of the 
two contiguous Sides A F, A C one by another, #. g. Let 
AF be a Line of 8, A Ca Line of 4 Feet. Multiply 8 
by 4, there ariſes 32 Square Feet for the Area of the Rect- 
angle. | 

Bur the Area of a Square is had from the Multiplication Fg. 61. 
df the Side F I by itſelf; as if F I be of 5 Feet, multiply . 
5 into its ſelf, there will ariſe 25 Square Feet for the Area 
ff the Square. . — 

The Demonſtration is manifeſt from this Propoſition, if 
parallel Lines be drawn through the Diviſions of the Sides. 


* of a Field, when it is a Parallelogram. For let A BCD 
be the Parallelogram Field: A D the Diameter, or Dia- 

„ gonal Line of the ſame, the middle Point whereof is 

* marked F. Whatſoever right Line, as E &, paſſeth 

* through the Point F, it divides the Field into equal 

Parts EACG, EBDG. For the Triangle ABD is | 
equal to the Triangle A C D, and * the Triangle AE F pr 26. 
* equal to the Triangle G F D. If therefore to the Tra- /. 1. 

% pezium E B DF, inftead of the Triangle AE F, yon 

* ſhall add the Triangle which is equal to it, G F D, you 

* will not change the Area; but the Trapezium E B DG 

will be equal to the Triangle A B D, or to half the Pa- 

2 _ _ m, and conſequently to the Trapezium AEGC. 


Corollary. © Hence Surveyors do eaſily divide the Area Fig. 88; 


* PROP. 


50 


Fig. 52. 


(a) Per. 
Def. 35 
(b) Per 27. 
. 

(c) Per. 
3 . . 
(d) Per 34. 
* . 

(e) Per 4. 
K 1. 


Fig. 62. 


the external Angle C L A ſhall (5) be equal to the internal 


EucLID's Elements. Lib. I, 


PROP. XXXV, XXXVI. Theorems, AI 


f ery upon the ſame or equal Baſe 
(AB) and between the ſame Parallel * 
(CAA are equal. 


Becauſe AL, B Q (a) are parallel, and C Q cuts them 


one FQ B. Then becauſe, as well CF as L Q are equal 
(c) to the ſame AB, CF is equal to L . Add then FL 
to both, the whole Lines C L, F Qare equal. Moreove Wh}. 
AL, BQare equal (4). Therefore the Triangles CLA, Nhe 
FQB (2) are equal. Therefore taking away the common rhe 
Triangle FOL, the Planes FOAC, QB O L remain 7 
equal: To each of which Trapeziums add the Triangle Net 
AO B, the whole Parallelograms ACF B, AL QB be. ng 
come equal, ©. E. D. a 

This Propoſition will be made univerſal. Prop. 1. J. 6, 
Beginners may here obſerve, that although, of two Parallelo-W 
grams which are between the ſame Parallels infinitely pro- A 
duced and upon the ſame Baſe, one of them be extended iſ: , 
unto an infinite Length, it ftill remains but equal to theſe g 


other, by the Force of the preſent Demonftration. ih 
( From hence it follows, that two Cities in Magnitude - 
te equal, may ſo much differ in Compaſs, that the Cir- n 
*© cumference of one may exceed that of the other auf. 
“ hundred or a thouſand times. If, for inftance, one be. c 
«« of a ſquare Figure or Rectangular; but the other a Pa: ,, 
„ Tallelogram, betwixt the ſame Parallels indeed with th: ti 


former, but very oblong,  _ 
Moreover, it hence follows, that Figures of equal Ie 


© Compaſs round may contain Areas vaſtly different.] I. 
| fs If 

1 f | * ſc 

Scholium. : uh 


19 this Theorem we may learn to meaſure any Pa- t} 
rallelogram. For the Area of it is produced from the I a; 
perpendicular Altitude QX, or C A mukiplied into the in 
Baſe A B. | el | | ; 
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Lib. I. 


EucLid's Elements. 


For the Area of the Rectangle C B which is equal to 
hat of the Parallelogram BL is made (a) by AC, multi- (a) By the 
plying AB. Theretore, &c. foregeing 
| Scholtum. 


PROP. XXXVII, XXXVIIL Theorems. 


| Riangles (A CB, A L B) Upon the Same, v, 6 
| or equal Baſes (A B, ) and between the ſame © gy 
Parallels (C £; AZ) are equal. 5 


Draw the Lines B F, BI parallel to the Sides A C, A L. 

he Parallelograms ACF E, ALI B (H) are equal. But (b) By te 
he given Triangles are halves of thoſe Parallelograms (c, Voregoing. 
herefore the given Triangles (4) are equal. (0e Per 34. 
This Propoſition will be made univerſal, Prop. 1. J. 1.4. 1. 

et Beginners mark the ſame Thing here concerning Tri- (d) Per 
angles, which we bid them to note in the foregoing Propo- Ax m 6. 


tion concerning Parallelograms. | 


BY 


Corollary (1.) © Hence Surveyors eafily divide the Fig. 89. 
Area of a Triangular Field. Let A B C be the Field, 
and let the Baſe B C be biſected in D. The Triangles 
AB D, A DC upon the equal Baſes B D and D C, and 
having a common top A, or being between the ſame 
Parallels, are equal. Q E. F. 2 | 
Corollary (2.) © Hence we alſo gather, with the fa- 
* mous Sir {ſaac Newton, that the Areas which all Bodies 
* whatſoever that revolve round about an immoveable 
Center, towards which they are impell'd, do deſcribe, 
gare both in immoveable Planes, and are proportional to 
the Times of Deſcription. For let the Time be divided 
into equal Parts; and in the firſt equal Part of Time, 
let the Body by the impreſs'd Force, deſcribe the right 
Line A B. The ſame Body, in the ſecond Part of Time, 
if nothing hindred, would go forward ftrait unto c, de- 
ſeribing the Line Be, equal to A B; ſo that the Areas 
made by Lines drawn from the Center AS B, BSc Wa) 
' would be equal. But when the Body comes unto B, let 
the Force act with one ſingle Impulſe, but a great one, 
and make the Body to deflect from Bc, and to go forwards 
in the right Line B C: 1. e. let the centripetal Force be 
in that Place, to the Force before impuls d, as Cc or Bg 
D 27 «is 


— 


Fig. go. : 


Per 37. | 
1. 


52 
(b) Per 
Corol. 2. 


Prop. 33. 
LA. 


(c) Per 37. 
"Ee <= 
(d) Per 
Axiom 1. 
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EucLiD's Elements. Lib, | 


is to Bc; in this Caſe the Body will /b } deſcribe th 
Diagonal BC. Let there be drawn parallel to B &, th 
right Line Ce meeting BC in C. In the ſecond Party 
Time completed, the Body will be found in the Point C 


ib 


in the ſame Plane with the firſt Triangle SA B. Joi} 


SC. The Area made by a Ray drawn from the Cente 
that is, the Triangle SB C will be equal to (c) S Bc, ant 
conſequently to the firſt Triangle SA B (d.) Byth 
ſame Argument, the Body, in the third equal Part d 
Time, would, by its preſerit Force, reach from C unt 
d, ſo that the Line C d ſhould be equal to the Line B 
or A B. But if the centripetal Force, whether it i 
greater or leſs, docs again act upon it in the Point 
in the end of the third Part of Time, it will be founf 
ſomewhere in the Line Dd, parallel to S C; and ther 
fore, as before, ſuppoſing the {aid Force to be equal o 
unequal to what it was before, it will be found to hai 
deſcribed the Diagonal C D, and will be found in th 
Point D; and a Ray being drawn from the Center, t 
Triangle 8 D C will be equal to that S d C, and cont: 
quently to the others SC B, S AB, which are equal o 
to the other. In like manner, if the centripetal For 
act ſucceſſively in the Points D, E, F, and be the caul 
that the Body, in the feveral Parts of Time reſpet 
ively, deſcribe the Diagonals DE, E F, c. the Are: 
now made, as a- fore, will be in the ſame Plane, and Tr 
angles will be deſcribed equal to the former Triangle 
Therefore in equal Times, equal Areas are deſcribed i 
an immoveable Plane; and fo the ſums of the Ares 
SA DS, SA FS will be amongſt themſelves, as tl 
Times wherein they were deſcribed. Now let the Nun 
ber of the Triangles be increaſed, and their Wideneſs d 
minifhed mfinitely ; both that laſt Perimeter of then 
AB CDE F, will be a curve Line, and the Areas de 
ſcribed in one and the ſame immoveable Plane, will W-- 
this Cate alto be proportional to the Limes as well as b 
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oBS ill PROP. XXXIX, XL. Theorems. 

ond Part 1 8 5 | 

be Tour WA Triangles (ACB, A FB) upon the Fig. 64, 

rings | | I B AB) and on the | 
he Cond ſame, or an equal Baje (AB) and o | 
S Bc, ame Side, are between the ſame Parallels 
) MAB, C F.) ; | 
ual Part | | | 
om C un Tt you deny it, let C L be parallel to AB, and let B L | 
ie Line e drawn. Then, ALB is equal to A CB (a). But by (ay By zhe | 


ther it h 
e Point 
11 be foun8 
and there 


be equal q [Corollary (1.) © Hence alſo, with the famous Sir | 
nd to ha 7/aac Newton, we gather, that all Bodies which are | | 
und in ii moved in Curve Lines, and deſcribe Areas about ſome | 


he Hypotheſis, AFB is equal to A C B. Thereſore faregoing. | 
LB and AFB are equal; i. e. a part is equal to the | 
Vhole. Which cannot be, Theretore, &c. — 


-enter, tl Center proportional to the Times, are perpetually urg'd 
and con and preſs'd by a Force impelling towards the Center. 
e equal oo For becauſe of the Equality of the Triangles S CB, Sc B 
petal For deicribed upon the ſame Baſe S B, the Points C and e 


e the cauſe ſhall be in a Line C c, which is parallel to the Baſe; and 


me repel { the Figure Be Cg ſhall be a Parallelogram : the Sides | | 
the Are whereof B c and B gare the Lines of the Directions ot Per Co- 
e, and It the Forces, and B C is the Diagonal, The Body there- role 2.5 
Triangle, fore is urged unto C by the Force B g, which tends unto Prop. 33. 


deſcribed it 


| S the Center. And ſo in all the Points, C, D, E, F.“. 1. 
the Are: 


« 0 E. D. 


lves, as ti Corollary ( 2.) Seeing therefore in the Motion of 
t the Nun the primary Planets, the Areas made by Rays, or right 
Videneſs d Lines drawn from them unto the Sun, are always pro- 
r of then portional to the Times, as all Aſtronomers know, the 


e Areas Os Planets are urged by a perpetual Force, which tends 10 
ne, willi the Sun. And the ſame thing is equally true ot the ſe- 
welk as by condary Planets, with Reſpect to their primary ones, } 


64 Evers Elements. Lib. LI. 


PRO P. XLI, Theorem. 


Fig. Og. F. a Triangle (A F B) be in the ſame Parallel Ne- 

| with a Parallelogram (A L) and have the 

Jame, or an equal Baje (AB) it is half of the 
Harallelggram. 


(a) Per 37 Draw C B. The Triangles A F B, ACB are (a) equal. 
38. J. i, But A CB is half of the Parallelogram A L (Z.) There 
(h) Per oY fore AFB alſo is half of AL. 2. E. D. 


J. bo 
8 


F 6 F this Propoſition, with the Scholium of Prop. 35. ve 
* 5. learn, that the Area of whatſoever Triangle as A FB, 
is produced from half the Altitude F I multiplied into the 

Baſe AB, or half the Baſe multiplied into the Altitude. 
Wheretore one Side of a Triangle being known, and the 

Height, that is, the Perpendicular which falls upon the 

known Side from the oppoſite Angie, the Meaſure of the 
Triangle is given. As it the Baſe A B be of an 100 Feet, 

the Height FI, 85, multiply half the Baſe, 50 by 85, 

and you have the Area of the Triangle A F B=4250 Feet. 
Square. Further, the Altitude of a Triangle, when the 

Area of it is in all Points acceſlible, may be known me- 
chanically as well as the Sides. But if the Area of it can- 

rot be gone over, the Height may be found Geometrically iſ T 

by 12 and 13. Lib. 2. as we ſhall there ſhew. B 

In a Rectangled Triangle, the Height is the fame wit PC 

either of the vides about the right Angle. Half of this he 
thereſore multiplied into the other Side adjacent to the Nabe 

right Angle, will give the Area of the Triangle. F 


PROP. XLII. Problem. 
Eg. 66. 1 make a Par allelogr alin wilh an Angle equai 


to a given one (O,) aid equal to a given 


4 5 Triangle ( 4 CB.) 


31. J. 1. Biſect the Baſe A ; in F. Throngh C draw C X parallel 
(b) Per (a) to AB. Make the Angle B A L equal to the given one 
23. J. 1. O(b.) Draw F parallel (AL Al, F hall be 
(e) Per that which was fought for. | yi 
Lm Fol 


Lib. 1 Lib. I. EvcLid's Elements, o5 


For Let F C be drawn. The Parallelogram A TI hath an 
Angle L A F equal to the given one O, and is equal to the 
Pr alle; Nasen Triangle AC B; ſeeing that as well the Triangle 


a CB (d) as the Parallelogram A J (e) is double to the (d) Per 38. 
airs the {ame Triangle A C F. T „ : 
of the Col (e) By the 
Corollary. | | e foregoing. 
(a) cqual. TAE Triangle A C B being given, 2 Refangle equal Zz, 66. 
II 5 ge equal Fg. 66, 
here . to it is had, if there be drawn a Line parallel to the 'S 


Side A B, and A B being biſected in F, the Perpenaicular 
B Q be erected. For the Rectangle under F B and Q B 
will be equal to the Triangle AC B. 


"PROP. Min Theorem. 


Va Parallelogram (as BL) the Complements Eg. 67. 
*(BO, OL) of tbaſe Parallelograms which 
we about the Diameter (R , CS) are equal. 


rop. 35. he 

as A PB, 
d into the 
Altitude. 
1, and the 
upon the 
ire of the 
100 Feet, 
50 by 8, 
4250 Fett: 
when the 
nown me- 
of it can- 
zmetrically 


If through any Point of the Diameter A Q, as the 

foint O, C F be drawn parallel to the Side AB, and R S 

arallel to the Side B Q; the whole Parallelogram B L is 

vided into four Parallelograms, whereof two are about 

he Diameter RF, C'S, the other two, B O, OL, are the 
omplements of theſe unto the whole Parallelogram BLI. 
Their Equality is thus proved. The Triangies (0 Per 34. 
\BQ. AL Qare equal Likewiſe the Triangles A R O,&.t- 
)CQ (g) are equal to the Triangles A FO, OS Q (8) By rhe 
herefore, if from the equals ( AB Q. AL Q. you fame. 
ake away Equals, on this Side A RO, OCQ, on that (h) Per 

| Sar SQ; then BO and OL ſhall remain equal. A 3. 


"PROP. XLIV. Problem. 
PON a given right Line (O S) to confituvte 
/ a Parallelggram, in a given Angle (A, Erg. 68. 
wich Par allelagram ſball be equal ts a groent 
X parallel Priangle (V.) . 
iven one 58 | 
mall be Make a Parallelogram (a) RC equal to the given V.ca) Per 
wing its Angle K O C, equal to the given ene X, and 42. J. x, 
| in 


ſame with 
alf of this 
ent to the 


ole equal 
a Del 


2 
— 


17700 
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join the Side R O diredly to the given Line O 8, fo as to 
make one right Line therewith. Then through 8 dray 
(b) Per 31.8 Q (5) parallel to O C, which SQ. let BC meet whenit 
J. 1. is produced unto Q. Then let a right Line, drawn throngh 
Q and O, meet B R produced unto &. Which done, 
through A draw A L, parallel to OS, which A L, let C0 
and Qs meet, when it is produced unto Fand L; the pa- 
rallelogram O L is that which was required. 
(c) By the For OL (0) is equal to RC, that is, by the Conftrudtion 
foregoing, to the given Triangle V, and is at the given Line OS; and 
(d) er 15.(4) the Angle FOS is equal to the Angle RO C; thatis 
J. 1. by the Conſtruction, equal to the given Angle X. 


Scholium. © This Propoſition contains a certain Geo- 
“ metrical Diviſion. For in the vulgar Arithmetical Di- 
| « viſion, the Number to be divided may juſtly be conſidered 
Fig. 91. © as being a certain Rectangle. e. g. Let the Reftangle 
« A Bcomprehending 12 Square Feet, be to be divided bj 
«© 2; i. e. a Rectangle is to be found equal to that A 
« of 12 Square Feet, one of whoſe Sides ſhall be only: 
Feet: From whence it comes to be enquired of what 
“Number the Side ſought ſhall conſiſt; which Side is to 
< be eſteemed a certain Quotient of this Diviſion. Which 
thing is performed Geometrically after this manner, 
% With a pair of Compaſſes take the Line B D of 2 Feet 
and draw the Diagonal DE F. The Line A F is that 
«. which is ſought for. For the Complements E G and 
* Per 42. «* EC are“ equal; and in the Rectangle E G, one Side 
2 1. « E H, is equal to the Line B D, which is of 2 Fett 
« and the Side E I, is equal to A F. N 
* This Kind of Diviſion is called Application, becauſe thi 
* Rectangular Space AB is ahlied to the Line B Du 
«< EH ; and hence it comes, that Diviſion is often name! 
Application; reſpect being had to the Practice of the ol! 
“ Geometricians, who always made more Uſe of Geome 
** trical Conſtruction, which requires only a Rule and! 
* Pair of compaſſes, than of Arithmetical Computation 
* which is performed by Numbers, 5 | 
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Li b. I. 


PRO P. XL V. Problem. 


9 a given Line (I ) and in 4 st 69. 
Angle (H] to make a Harallelagram equal 
to a given Rectilineal Figure (C BA.) 


Reſolve the given Rektilinear i into the Triangles A, B, C, 
by drawing the right Lines FL, F I. 

Upon the given Line I Q in the given Angle H, make 
(a) the Farallelogram I V equal to the Triangle A. Then (a) Fer 44. 
the right Line I R being produced infinitely towards Pz. 1. 
upon the right Line RV, in the Angle VRP, (% make (D) By the 
the Parallelcgram RZ equal to the Triangle B. Again ane. 
upon the Line S Z, with the Angle Z S P, make the Pa- 
rallelogram 8 G equal to the Triangle C. This done, I 
ſay, I G is the Parallelogram ſought tor. | 

For (c) the Angle Z VR is equal to its Alternate I RV. (e \Per 27; 
But (4) QV Rand I RV, are equal to two right Angles./. I. 
Therefore alſo QVR and Z VR, are equal to tuo right (d) By the 
ones. Therefore QV and ZV fall directly fo as to make ſane. 
one Line right. After the ſame manner I might ſhew that“ Per 14. 
QZ and Z G make one right Line. Therefore the whole /. 1 
QV ZG is one right Line, and isalſo parallel to I X, ſee- 
ing by the Conſtruction Q 1s parallel to I P. Now XG 
allo (e) is parallel to I . Seeing X G is parallel to S Z, OF 30. 
and S Z to RV, and RV to IQ. 

18 therefore (/) is a Parallelogram; but that it is cht f ) Per 


an one as was required, is manifeſt from the Conſtruction. Def. 35» 


[Corollary. « Hence is eaſily found the Exceſs whereby 
a greater Rectilinear Figure exceeds a leſſer: To wit, it 
* unto the ſame right Line I Q be applied Parallelograms 
re pectively equal to the two right-lin'd Figures. For 

© that Parallelogram, by which the greater Rectilinear ex- 


s ceeds the _ wil give the Difference of them. . E. J.] 
Scholium. 


47 


* E will here add a Problem that will be uſeful for the 


Practice of Propoſition 14. J. 2. 


A Quadrangular Figure, B F, being given, to deſcribe Fig. 70. 
an equal Rectangle. 


Re ſolve 


58 EvcLir's Elements. Lib. I, III 


Reſolve it into Triangles by the right Line A C. From WW up. 
the oppoſite Angles, let down the Perpendiculars B O, Fl. NA! 
Biſect AC in S. From 8 erect the Perpendicular 5 L, equal L! 
to the two, B O, F I, put together. The Rectangle, com- tal 
prehended under LS and SC, is equal to the given, B F. Wy, 


The Demonſtration appears out of Propoſition 41. the 
| | BY 
PROP. XLVI. Problem. A 


Ft. 71. E ROM a given right Line (AB) to deſcribe Nin. 


a Sguare. 


Erect two Perpendiculars equal to the given A B; to Wpo! 
wit, AC, BE, then join C E. Ifay, the Thing is done. 
E) By the For ſeeing the two Angles A and B are (g) right ones, 
| Confiruc- A C and B E ſhall (+ be parallel; but they are alſo (a) 
A equal. Therefore C E; and A Bare (6) parallel and equal, 1 
Fer 29. Therefore the Figure is Parallelogramical and Equilateral. 
d. 1 But all theſe Angles alſo are right ones (tor ſeeing A and WP» 
(a) By tbe g are right Angles the cppotite ones (c) E and C are right Nh 


Conſirue- alſo) Therefore the Figure A E 1s a Square. 5 
tian. | | b 
(b) er 33. [ © In the ſame manner you may eaſily deſcribe a Re&- ib 
J. 1. angle, which hath the two une qual Sides given. 5 
(c) Per 34. | | OY Wai 
SE PROP. XLVII. Theorem, * 
. ths 
| every Right-a:igled Triangle (as AB C) the Nec 

Square of the Side (AC) which is oppoſite 10 
the right Angle, is equal to the two Squares tt ch. 


Fig. 72. gelber of the two 0:her Sides ( A B, CB.) 


Let I C and B F be drawn; and BE parallel to A F. 

Now it to the right, and therefore equal Angles LAB, 

FAC, there be added the common Angle B A C, th: 

Wholes, I A C and B AF ſhall be equal. But in the Tri- 
(d) Per. angles, I AC, BA F, the Sides which contain thoſe equal 
DefSquareAngles, are equal (4) amongſt themſelves, to wit, I A, 
(e) Per 4. C A, to BA, A F, each to cach. Therefore the Triangjcs 
. 1. I AC, FAB, (e) are equal. Which, becauſe they ſtand 
i 6 upon 


deſcribe 


AB; to 
is done, 
ght ones, 
alſo (a) 
nd equal, 
uilateral. 
g A and 
are right 


e a Rect- 
* 


B C) the 
p9fate to 


(ares - 


* 


] to A F. 
es IAB, 
E, the 
n the Tri- 
10fe equal 
wit, 1 A, 
Triangles 
they ſtand 

upon 


Lb. I. EvcLid's Elements. 


upon the ſame Baſes, I A, FA, with the Parallelograms, 
ABLIand Z AF E, and between the ſame Parallels, I A, 


IF 


LBC, and AF, E Z B, they are halves (/) of thoſe Pa- (f Per 41. 


rallelograms. 
ZAF E, as being Doubles of Equals, are equal betwixt 
themſelves. By the ſame reaſoning, if right Lines, A X, 
BR, were drawn, it might be ſhewn that the Parallelograms 


EC, BX, are equal. Therefore the whole, AR is equal. 


to I Band B X, together. Q. E. UV. 

It was taken for granted that LB C is parallel to I A, 
in order to which LB and BC muſt be one right Line. 
Now that they are ſo, is manifeſt from the 14th, ſeeing the 
Angles LBA and CB A, are both right ones by the Hy- 
pothelis. | | | 


Scholium. 


T* HIS Theorem (which, Prop. 31. J. 6, Euclid extends 
unto all like or ſimilar Figures) is commonly call'd the 
Phythagoric Theorem, from Phy:hagoras, the Inventor of it; 
who, as is atteſted by Proclus, Vitruvius and others, offer'd 
Sacrifices to the Muſes, as ſuppoſing himſelf to have been 
helped by them in ſo excellent an Invention; in which 
thing he ſhew'd himſelf to be ignorant of God, the Lord of 
Sciences, the true and only Author of all Wiſdom ; or cer- 
tainly, if he knew him, he glorified him not as God, There 
is frequent and notable Ute of this Theorem through all 
the Mathematicks ; and in particular, it opens a Way unto 
the Knowledge of incommenſurable Magnitudes, a main 
deeret of Geometrical Philoſophy. 

That the Side of a Square is incommenſurable to the Dia- 
meter, is a Thing much celebrated amongit the old Philoto- 
phers, Ariſiotle and Plato eſpecially; inſomuch that Plate 
would ſay, that he who knows not this, is not a Man, but 
a Beaſt. Now the Knowledge of this Myſtery ſeems to 
have taken its Riſe out of this 47th Propoſition Fer 


Therefore the Parallelograms, A B LI, I. 1. 


ſeeing in the Square A E, the Angle A is a right Angle, g. 71. 


D 


the Square of the Diameter C B ſhall be equal to both the 


Squares of the Sides, A B, A C, and therefore double to 
ene of them. Wherefare ſeeing the Square of C B is 2, 


and the Square of the Side A B is 1, or Unity, the Diame- 
ter C B ſtall be the Square Root of 2, and the Side A B 
the Square Roct of Unity, it ſelf; the Ratio of which 

| | Quantitics 
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| Quantities (as it will be demonſtrated in its Place) cannot 


Fig. 73. 


be explicated in Numbers, and therefore they are incom- 
menſurable. | 
And by this one Argument alone, if all others were want- 
ing, it might evidently be made out, that Geometrical 
Magnitudes cannot be made up of a definite Number of 
points: for otherwiſe none would be incommenſurable; for- 
aſmuch as a Point would be the common Meaſure of all. 
To theſe Things we will ſubjoin three Problems, which 
are deduced out of the preſent Propoſition, and are of 


 trequent Uſe. | | 


Problem l. 


I any Number of Squares are given, to make one equal 
to them altogether. 

Let there be three or more Squares given, whoſe Sides are 
AB, BC, CE, Make the right Angle FB Z, having in- 
definite Sides, and unto the Sides of it transfer A B and BC, 
and then join AC. The Square of A C ſhall be equal to 


Ober 47.the Squares of A Band B C together (a.) Then transfer 


4. 1. 


A C from B unto X, and C E the third given Side, trans- 
fer from B unto E, and join FX; the Square of E X ſhall 


(b) By thebe equal (0) to the Squares of E B (or E C) and BX toge- 


Jame . 


Fig. 74. 


la) Per 47 


4. 1. 


75 


N. 


28 6: Þ to find the Third, 


ther; that is, equal to the three given Squares, whole Sides 
are AB, BC, CE: And ſo on as long as you pleaſe. 


Problem 2. 
WO unequal right Lines being given (AB BC) to 


determine that Square, whereby the Square of the. 


greater (A B) exceeds the Square of the leſs (B C.) 

From the Center B, with the Interval AB, deſcribe 1 
Circle. Then from C ere& a Perpendicular C E, cutting 
the Circumference in E. The Square of C E is the Excess 
or Difference which is tought for. | 


A B is equal to the Squares (a) of B C and CE together 
Therefore, &c. | 3 ay 
| Problem 3. 
NY twoSides ofa Right angled Triangle being know") 


Let 


For let E B be drawn. The Square of BE, that is, al 
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not Let the Sides containing the right Angle be AB, AC, 
om- Icke one of 6 Feet the other of 8. You are to find of how 
| many Feet the Side C B, which is oppoſite to the right 
ant. Angle, is. To do which, multiply 6 and 8 each of them 
rica} {by it ſelf. From which Multiplication there will ariſe for 
r of the Squares of thoſe two Sides 36 and 64; the Sum of 
for. Irhich is 100. The ſquare Root of 109, which is 10, gives 
n. Ide Feet of the Side B C, whoſe Quantity was ſoughr. 
hich This Demonſtration offers it ſelf in and from this 47th 
re of Propoſition, for the Sum of the Squares B A and CA is 
equal to the Square of BC. Therefore the Root of the 
dum of them is equal to the Root or Side BC. 
Then let the Sides AB, B C be known, the one of 6 
Feet, the other of 10, you are now to find A C. Take the 
qual Square of the Side A B which is 36, out of the Square of 
I the Side B C100. The Remainder 64 ſhall be the Square 
s are Hof the Side A C. The Root therefore of 64, which is 8, 
ig in-Ngires the Feet of the Side A . 
BC, | = | 
al to Corollary, © From hence we derive the Original of Fig. 92. 
nsfer “ the Tables of Sines, Tangents and Secants. For, In- 
trans-“ ftance, let A C the Semi-diameter of the Circle be of 
ſhallÞÞ* 100,000 Parts, and the Angle B A D of zo Degrees. 
toge-M[© Becauſe the Chord or Subtenſe of 60 Degrees is * equal“ PerCorof. 
Sides to A C the Semi- diameter; B D the Sine of 30 Degrees 1.Prop.15. 


e. g hall be equal to half the Semi diameter, or FAC; and 1.4. andC- 
therefore ſhall contain 0 o Parts. But now in the 0. 2. Prop. 


Let 


G right-angled Triangle A D B, the Square of A B is equal 3. /. 3. 


to the Squares of A D and B D. Wherefore let the 


PROP. 


O) Semi-diameter A B be ſquared (by multiplying 100,000 
f the by 100,000) and from that Square ſubtra& the Square of 
„ © BD; The Remainder ſhall be the Square of A D, or 
ribe 2 of the Coſine equal to it B F; out of which extract the 
uy” ſquare Root, and you will have the Line B F or A D. 
Excens. Then by this following Analogy, AB: B D:: AE: 
. WF CE, or AD: B D:: AC: CE, will be had the Tan- 
is af gent C E. And then laftly, if the Square of A C be 
ethers added to the Square of C E, the Root of the Sum being 
extracted will be the Secant AE, 2. E. J. 5 
now, 


— —— ͥU5.ꝛ— 


EvcoLid's Elements. 


Lib. |, ö 
PRO P. XLVIII. Theorem. | 


| of in a Triangle the Square of one of the Sid: 
(AB) be equal to the two Squares of the other 
Sides (AC, BC) taken together, the Angi 
(ACB) which the two other Sides contain, i 
a right Angle. | _ 


Eg. 76. 


If not, the Angle AC B will be greater or leſs than iÞ 
right Angle. In either of which Caſes (as it will be de. 
monſtrated, Prop. 12, 13, I. 2 which Propoſitions depend] 
not on this) the Square of A B will not be equal to tie 
Squares of AC, B C together; which is contrary to the 
5 Hypotheſis. e I 
(a) Per 47. Or thus. Draw F C perpendicular to AC, and equal tÞ 
. 1. CB, and join A F. The Square of A F is (a) equal u 
(b By thethe Squares of F C, C A together; that is, (4) to tl 
Confruc- Squares of BC, CA; that is, by the Hypotheſis, to the 
on. Square of AB. Therefore the right Lines A F, A B ar 


O Per 8. equal. Becauſe therefore the Triangles X and Z are miÞ 


f 1. tually equilateral, the Angles at C (e) are equal. There. F 
(d) Per fore they are both right Angles (d.). 2. E. D. 4 
Def. 14. | | | 
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Elements of EUCLID. 


BOOK II. iſ 
IT H 18 Book is ſmall in Bulk, but great indeed in the 
3 Excellence and Ulſetulneſs of its Theorems. Young 
Feginners will not, I know what I ſay, be at firſt able to 


Wiſcover it; but being further advanced, they will, from 


Jhcir own Experience, and with the greateſt Certainty, 
pprehend that it is moſt true. | 


—— 


"A DEFINITION: 5 
Right-angled Parallelogram (as A E) which is wont Fig. bo. 
imply, and without any Addition, to be call'd a Rect- }, 1. 
Jigle) is ſaid to be contain'd under the two Lines (A C, 

F) which determine the Magnitude of it. 
kor the one of them A C determines the Heighth, the 
cher A F the Breadth of it. Now, if the Side A C be 
nderftood to be carried perpendicularly along the whole 
F, or A F along AC, by that Motion the Rectangle cr 
Area will be produced, Wherefore a Rectangle is rightly 
id to be produced from the drawing of two Lines into one 
bother, or the Multiplication of them one by the other. 
'ten therefore you have theſe Words. [the Rectangle un- gi, 2 
er (or of) AC, C B, ] or for Brevity's Sake, [the Rectangle 5 4 : 
CB] there is meant that Rectangle which is contained 
ider AC and C B, multiply'd one into the other. In like 
anner, when we fay the Rectangle under AB, B C, or 
Rectangle AB C, there is defign'd the ReQangle _ | 

5 | 188 taine 
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tain'd under the right Lines A Band B C, multiply'd) 


one another. , | 

Moreover, of Rectangles ſome are Oblong, ſome 2 
Square. The Oblong Rectangle is that which hath itsc 
tiguous Sides unequal, or w ich is contained under tw 
unequal right Lines. The ſquare Rectangle, that which 
contain'd under two equal right Lines. 


PROPOSITION I. Theorem. 
F there be two right Lines (AB, A C/) m 


whereof is divided into as many Parts as yi 
will(AE, EF, L C;) the Rectangle comprizl 
under thnſe two (AB, AC) is equal to all ti 
Reftansles together, which are contain'd und 
the undivided Line (AB) and the jeveral Pan 
of the divided Line (AE, EF, FC.) 


| [ cc For 
are Rect 
CB. ] 

C7 2 


(as 
Make A B perpendicular to A C, thro' B draw the ii 17 
nite Line B R parallel to A C. From E, E, C, erect rr, . 
Perpendiculars EI, F L, CQ. BC will be a Rectaryiy,. ( 
under A B and AC; and is equal to the Rectangles bi . . ' 
5 IF. LC; that 1s, (becauſe as well I E as L F are eq fad . 
Per 29, * f0 A B) equal to the Rectangles under A B, A E; A For 
34. J. 1. EF; AB, CF. „„ . and the 
„ 3 arts, a: 
5 Scholium. In 15 
HE ten firſt Theorems of this Book are true allvWarts 3 2 
1 Numbers, if they as Lines be divided into Parts. Mfhe Red: 
numerical Rectangles are produced from the MultiplicatiWx3=g. 
of two Numbers, and the numerical Squares from the Mu Rettangl 
tiplication of the ſame Number by itſelf. 
[ © Let the undivided Number be 9, and the divide 
«© one 12. The Rectangle which is from 9 multiplyih FT 
«< 12=108 will be equal to the three Rectangles, 27, 3 OS 
„ and 45, which are produced from 9 multiplied by 3, al oy #1 
«* 4 and 5, reſpectively and ſeparately. Or let the Nui al to 
% ber 432 be as it were a Multiplicand divided into , 19 tg 
and 30 and 2; and the Number 8 an undivided Mu O, © 
„ plier; 8x4 32 3456 will be equal to 8x4 = 32 
% 8Xx30=240+8X2=16, And from this Propolits For 
therefore the Demonſtration of Multiplication is to 8 
| 5 UN 


** deriv'd. ] PRO 


b. II. EucL ID's Elements. 65 


PR OP. II. Theorem. 
F the right Line ( 1 50 be cut any where (as Eig. 2. 
in C,) the two Rectangles under the whole 
B) and the Parts (AC, CB) are equal to 
e Square of the whole Line (A B.) 


1. N, For A D is the Square of the whole, and AH, CD Fig. 
) „are Rectangles under the Whole AB, and the Parts AC, 
CB] 

0 Js [ « Let the Number 8 be divided into 5 and 3; the 
112 WMSquare of the Whole 8x8=64, is equal to the Rectan- 


sies 8 x 3=24, +8x5=40.] 


Und PROP. III. Theorem. 
Pa ET a right Line, as (A B) be cut any where, Fig. 3. 
(as for inſtance in C,) the Refangle con- 
ud under the M hole A B, and either of the 


he in 


rec erte, (BC) is equal to the Rectangle under the 
yy ts (AC, CB) together 25 the Square of 
89 aid Part (BC.) 


; AR © For A F is the Rectangle under the whole Line A B, 
and the Part AC; and C F is the Rectangle under the 
arts, as A E is the Square of the Part A C.] 


In Numbers. Let the Number 7 be divided into the 


Fig. 18. 


e allo parts 3 and 4. The Rectangle of 7X3=21 is equal to 
res. Ihe Rectangle of 3x4 = 1, together with the Square 
plicatggz 329. In like manner 7Xx4=28, is equal to the 
the MuMcttangle 3X4 12 the Square 44 216.4 


„%%% 
ET a right Line, as (F L) be cut any where, Eg. 4 
as in (O,) the Square of the Whole ſhall be 
he Nufbal to the Squares of the Parts (FO, OL) 
into f 7 two Rectangles contain'd under the Parts 
ed Mu 0, O L.) 


= 320! 
For F D is the Square of che Whole, and C G and CAROL 
def EL the Square of the Parts; and CF, C D, two Rect- Fig 2 


> divide 
11tiply! 

27, 3 
by 3, Wl 


mn is to! 


> R 0 eiles under the Parts. 


1 EC: In 
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In Numbers. Let the Number 10 be divided j 
two Parts, 7 and 3. The Square of 10X10=19 
© equal to the Squares of the Parts 7X7=49, and jj 
* =9, and to the two Rectangles 7X3=21, and 7x3= 


II. 


half ! 
(CF. 
B) a 


|: And on this Propoſition depends the Extraction of | D 
” Square Root. | . For 

f Fig. 19. Corollary (1.) © Hence it is manifeſt, that the para ine an 

! | * grams about the Diameter of a Square, (OI, HK) he Line 


poundec 
Wed. V 
he Rect 
0 both, 


th cc 
= - 


Squares. 
(2.) * As likewiſe, that the Diameter of every Sq 
© þiſcds the Angles of it. 
(3) © And that the Square of half the Line is a {01 


; f 
i © Part of the Square of the whole Line. For in tha: (MF Ik ti 
| * the Rectangles and Squares end in four equal Squarai# nn * 

| | | | ngle o 
l ns PROP. V. Theorem. g, ſha 
1 my I a right Line, as (Y be cut equally in(Worollar 
„aud unequally in (&,) the Reflangle contaWhiervat 
| under the unequal Parts (Q., S A) taken N 1 
| ther with the Square of the intermediate Fn 


| 5 (RS) fhall be equal to the Square of hell 

(K.) 

ö For QH is the Rectangle under the unequal: 
e and L G the Square of the intermediate Part, and 


the Square of half the Line; and therefore, becauſe! 
Rectangle QL. is equal to the Rectangle S F, and the 


qual to 1 
f the Li 
ou take 
e Recta 


Fig. 20. 


of the Space is common to both, tlie Propoſition 1 15 Wquare 01 

* nifeſt.} e divide 

Let the Number 8 be divided equally, that is, Ind the ( 

« 4and 4, and unequally into 5 and 3. The RedctWubiraci t. 

of 5x3=45 together with the Square 1x1=1 ſhalMcmaining 
© equal to the Square AX4=16.] E K. I. 

[ 


PROP. VI. Theorem. 


| Hg. 6. 7 a right Line (A B) be divided into two eq 
fl Parts in C, and to it a certain rig bt | 
(B be adjoin d; the Rectangle contain'd! 
der the whole compound Line (A F) and thi! 
join'd one (B I) taken together with the Sgu 


a rig 
) the 
ther v 
() 1s Ot 
whole ( 


de S 
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half the Line (C B) ſhall be equal to the Square 
(CF) which is compounded of half the Line 
B) and the adjoin'd one. 


« For A N is the Rectangle under the whole compound 
ine and the adjoin'd one; and G K the Square of half 
he Line AB; and CE the Square of the Line com- 
dounded of half the Line AB, and that which was ad- 
ged. Wherefore, becauſe the Rectangle H E is equal to 
e Rectangle A K. and the reſt of the Space is common 
o both, AN and K G is equal to C E. Q. E. D.] 

* It the Number 6 be divided into the two equal Parts, 
and 3; and to it be added the Number 2; the Rect- 
ngle of 8X2=16, taken together with the Square 3x3 

9, ſhall be equal to the Square 5Xx5=25.] | 


Fig. 21. 


orollary. © Hence, with Maurolicus, with one ſingle 

Dbſervation, ' we learn to meaſure the Diameter of the 

arth. Let the Altitude of the Monntain A D be known, Fig. 22, 

nd A B the Line touching the Earth be known by 

naſuring. Let the Line D E be cut into two equal 

arts in the Center C, and to it be added the Line 

\ D. Now, becauſe the Rectangle under A E, A D, 

gether with the Square of D C, is by this Propoſition 

qual to the Square of A C, that is, equal to the“ Squares # Pg 1 7, 

the Lines AB, BC: From hence it follows, that if; 1. 

ou take away on both Sides the Square of C D or C B, 

e Rectangle which is under A E, A L is equal to the 

Wquare of AB. Therefore let the known Square of AB 

e divided by the known Altitude of the Mountain A D, 

nd the Quotient will give the Line A E. From which 

Recarubiract the known Altitude of the Mountain A D, the 

| TW Line DE will be the Diameter of the Earth. 

.. . | | | | 
PROP. VH. Theorem. ð ͤ 

a right Line (A B) be cut any where, (as in 


100 0 ) the Square of the whole Line (A B) taten fig. 7. 
2 bt ether with the Square of either of the Segments 

” a O is equal to two Refangles contained under 

A It 


whole (AB) and that Segment (AC) together 
b the Square of the other Segment (C B.) 
| | Bu oO | | e 


F 
| 
F 
g 
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Fig. 2. 


Fig. 8. 


„ the Square of the Part A C. But the two ReQary 


ib, IT, 


[ 00 Le 
hence 
the Li. 
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[ © For E is the Square of the whole Line, and 4 
« under the whole Line, and that Part E I, HL, 8 


« with GB, the Square of the other Part, poſſe 34 

 «. ſame Space that EB and the Square of AC d AEB 

Therefore they are equal to E B and the Square of 4 1 

« Let the Number 13 be divided into any two b. "IN 

© as 9 and 4 The Square 13X1 z=169, togecher i EQ dc 

| © that 9X9g=81, is equal to 1 3X9=117, and 1 3X9=1 le Tin 

OM and the e 4X4=16.]. to the £ 

FQ or 

13 R O P. Vill. Theorem. Let 

and un- 

7 a right Line (L F ) be divided into two e vih th 

Parts in (I,) and to it a certain right Lin 1 
adjoin'd (FO;) the Rectangle (LI O,) whit 7 

ar} 


Fig. 24. 


Fg. 9. 


contain'd under the half of the Line (L 1); 
_ aforeſaid Line, and the L ine adjoin'd, this 


1 F a ks Line (A C) be divided equal Line, £ 


Parts 
10) 
po 
are 


the Line (1 O) that is compounded of bal 


angle taken four times, together with the Sg 
of the adjoin'd Line (F O,) ſhall be equal ti 


/ 

Square of the whole compound Line (LO.) * 
e ba 

D For AL is the d of the 1 Compound W941 

« taining four equal Rectangles under I. I and I O(tW;;oy0! 


*« DR, BQ, RO, and the fourth made up of LR 


QQ added together) and with thoſe four ReQtangle ( © For 


Square H E. From whence the Proportion is mani former ; 
Let the Number 12 be divided into 6 and 6 ; ailliithe half 

« Number 4 be added to it. The four Rectangles the ® 88 
«© =240and 4X4=16 are equal to the Square 16x 1 the half 
| DES | | e ot FE 
PROP. IX. Theorem. o the Se 


together 


(B) and unegqually in (L.) the Squares gd 


unequal Parts (AF, FC) wiil be double M4 

Squares of half the Line (A B,) and of e to th 

termediate Part (B F.) 404 
1 
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[© Let BE be equal and perpendicular to B A. From 

hence the Conſtruction being made, as the Figure ſnews, 

the Lines AB, BE, BC will be equal: As alſo the Lines 

EG G Quill be eqnal. The Angles AE C, A B E, 

CBE, EG Q, QF C will be right; and the Angles 

AEB. B EC, ECA, CQF, EQG half rig ht ones. 

From whence the Square of A E will be Aol to the“ Per 47. 
Square of A B, which is half of A C, and the Square of“. 1 

E Qdouble to the Square of G Q or B F the intermedi- 

ate Line. But the Squares of A E and E Q are + equal} By the 
to the Square of AQ, that is, to the Squares of A F and /ame- 
FQor P C the unequal Parts. Q E W. 

Let the Number 3 2 be divided cqually into 16 and 16, 

and un*qually into 20 and 12. The Square 20X20==400, 


Wo eh vith the Square 12X12=1 44, are double to the yuan: N 
Lin 16X16=256 and 4 & 4=16.] 
ka PROF. X. Theorem. 
I Fa right Line (FI) be divided into two equal Fig. 10. 
540 Parts in (L,, and 10 it a certain right Line 

10) be adjoin*d; the Square of the whele 


ou Lids (F 0% taken together with the 

mare of the additional Line (J O,) fball be 
ble to the Squares, which are deſcribed u 

e zal, Line (FL,) and (LO) that which 15 
Wounded of half the Line (F 1) and the ad- 


tonal Line. 


ctange “ For a Conftrudion being ſuppoſed not unlike to the 
is marl former; the Square of F E, is double to the 8 Square of 
6; aa the half Line F L, and the Square of E G is double to 
the F Square of EQ or L O, which i is compounded of * Per 47: 
the half Line and the additional one. But the Squares“. J. 

ot FE and E G are equal to the Square FG; that is, 

to the Square of PO, the whole compound Line, taken 

together with the Square of O G or O [ the additional 


Fig. 26, 


ual Line. 2. E. D. 
eq Let the Number 40 be OE POT into 20 and 20, 5 
res | to it let there be added the Number 14. The Square 


$4X54==2916, with the Square 14X14==195 are HEE 
ble to the Square of 20X20= 400, taken together with 
355 51156. | 

E 3 „ . P. 


— in 4 i LEE. <a ee 
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0 P. XI. Problem. 


O 19 cut the given right Line (A B) in 


Ek. Ut. that the Rectangle (AB C) which is contaiy g oh 
under the whole Line and one Part, ſhall be. Z ( 
qual to the Square of the other Part (AC.) 10 6 
) 
From A ere& a perpendicular AF equal to A B. BAT; © 
AF in X. Draw the right Line XB; from the Line} C.) 9: 
drawn forth, cut off XI equal to XB. Then cut off A. 14 
"_ to A I. I ſay the Thing is done. | I 777 
For let the Square B A FS be perfected ; and a Perpe 1 = 
dicular being drawn through C, let the Rectangle FIL le. 
be perfected alſo. Becauſe F A is beſected in X, and to 
is added A I; theve ſhall be The Sq 
| The Rect. FIA 
$a) 1 (a) to the Scare of XI bot the 
3 Square of X A B, with 
G By the That 1 is, = tO the Square of X B / b) you ſub 
Conf 1 2 | 'That is z.= to the Squares of 2 B ure of 
tion. xt (c 9 
(Cc) Per 47. Therefore let there be taken away on both Sides t 
4. 1. Square of X A; there will remain 
the Rectangle PIA or F L. But the 
= A S the Square of the Line BA; C. WI 


| Wherefore again, the common Rectangle A O bei A B 84 
taken away, 
A L will remain equal to C 8. 

Fut A L is the Square of the Line A C, ſceing by 
Conſtruction A C and Al are equal And © Sis the Nes 
angle AB C, foraſmuch as BS is equal to A B. Therese 
the Rectangle ABC is equal to the Square of AC. The! 
tore we have cut the Line A B, as it was required. 


92 bolium. 


HE Ten firſt Propoſitions of this Book are true all 

Numbers: But this Eleventh cannot be exemplil 

in Numbers; for no Number can be ſo divided that! 

Product of the whole multiplied by one Part ſhall be eq 

to the Square of the other. The Force of this Section d 

Line is wonderful. For which, ſee Prop. 30. Lib. 6. 2 
: WW > 


* 
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PROP. Nr Theorem: 


N an Obtuſe-angled Triangle (AC B,) the Fee. 
Square of the Side (A B) oppoſite to the obtuſe © 
ng j (C,) exceeds the Squares of the other Sides 
10 CB, ) by the Rectangle (BC V) twice la- 
is which ſame Rectangle is comprized under 
0) one of the Sides containing the obtuſe An- 
and the Line (C F) which is intercepted be- 
pixt the nana (A) and the obtuſe 
ule. 


[The Square A B is ; equal to the Squares of : F 30 + (a? Per 47. 


But the Square of B F is equal to the Bd of F 5 
IB, with the Rectangle FC B twice taken (6.) Therefore b) Per 7g 


b } you ſubſtitute theſe for the Square of BF; then the / 45 
ure of A B is equal to A F Square 
00 | F C Square( 
idest C B Square { 
and Rectangle B C F twice 


But the Squares of A F, F C are (e) equal to the Square of( we Per 47. 
C. Wherefore this being ſubſtituted for them, 


N any T riangle whatſvever (as A C B) the Fig 13,14. 
Square of the Side (A H) oppoſite lo an acute 
le (C) is exceeded by the Squares of the 

2 Sides (A C, C B) by the Reftangle (B 010 

ice taken ; which ſame Rectangle is contain'd 

der (BC) one of the Sides comprehending the. 

ue Angle (C;) and the Line (FC) which is 

lerceplel betwixt the Perpendicular (A P) 
tet 


A B Square is equal to A C Square 
CB Square 
Rectangle B CF twice 
; by Es _ 
he Ret PRO P. XIII. Theorem. 
nerei 
The! 


e allo 
mplil) 
that t 
be qu 
tion 01 
6. 
R 0 


* — — . — 2 


(©) Per 4. The Square of BC is equal to (4) the Rectan. B EC 
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let fall upon the Side (BC) from its "2p 
Angle (A) and the acute Angle (C.) 


ib. II 


RC 


Boi 


2. twice 
4 : 8 Squat ver, wl 
| ; ＋ F B SquarW# ltogeth: 
(e) Per 47. And AC Square 1 is equal to ws CF Square] he Per] 
1. 1. | + F A Squan the Plact 
Wherefore the B C Squ. are equal to Ræct. BF( That th 
two together A C$qu. 2 | twice hich it 
5 5 + B F Square ears ou 
J 2 F C Squarl Let ti 
＋ A F Square nown. 
But the Redangle B F C twice, together with the Squ alls fror 
(a) Per 3. of F C twice, is (a) equal to the Rectangle B C F tw Take 
J. 2. Therefore this being ſubſtituted for them. | Angle C 
B C Squ. I are equal to the Rectang. B C F tvicP! the 1 
+ AC Squ. 4 B F Squar Th wo 
| + A F Squancctang 
Got er 47. But the 3 of A F, B P are equal to (3) he Squfihle righ 
1. of A B. Therefore this being ſubſtituted for them. ut ot t 
B C Squ. 5 are equal to the Rectangle B C F twie he Squa 
+ A C Squ. ' + A B Squar licular 
That is. B C Square -A C Square do exceed AB Squ This 
by the Rectangle B — F twice taken. ton, 
2 ngle th 
into the 
Corollary, ant . 
p [ \HE Propoſition i is true, althou h the Perpendic 
Fig. 15. falleth without the n Ning the nc 
tion is almoſt the ſame. _ IT 77 ; 
(e) Per 12. ( More briefly thus. (AB q -- C BURZ 
J. 2. 2 2 BF. And on d dk. C Bq, then ACA [9 
Ss» Co ade Ee, 
. 2. a * E ; Make 
Lectiline 
The / 1); 
hichi v 
preater 
ben þ 


Sc hole 


bb. ib. II. 
5 
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Scholium, 


HRO M this Propoſition, and the 47th of the former 
Book, we have the Meaſure of any Triangle whatſo- 
yer, whoſe three Sides are known, although the Area be 
together inacceſſible. For by the help of theſe Theorems, 
he Perpendicular is known, albeit the Impediments of 
he Place ſhould not permit us to mark it out. But Note, 


FC 
wice, ö 
Juare| 
Juare 
Juare} 


Fd That the Perpendicular, multiplied by halt the Side on 
twice hich it falls, produceth the Area of the Triangle, as ap- 
e ears out of the Scholium of the 4 iſt Propoſition, Lib. 1. 


Let there be any Triangle (as A B C) having its Sides Fig. 15, or 


Juare| 
TY nowne It is required to give the Perpendicular A F, which ; 


re 
e Squ alls from the given Angle A upon the oppoſite Side CB. 
F tz Take the Square of the Side A B oppoſite to the acute 


Angle C, out of the Sum of the Squares of A C, and BC. 
y the 13th, the Remainder ſhall be the Rectangle B CF 


twieß te The | : ; 
wice taken. Divide halt of the Remainder, that is, the 


— ettangle B C F by the known Side BC; thence will ariſe 

e Squ he right Line C F. Take the Square of the right Line C F 

* ut ot the Square of A C. The Remainder will give (2) (a) Per 
tui e Square of A F, whoſe ſquare Root will give the Perpen- Prob 2. 
quarſW'cular A F. 5 | Schol poft 


This thing alſo may be obtained out of the 12th Propo-47. Ib. 1. 
ſition, But the 13th ſufficeth, foraſmuch as in every Tri- 
angle the Perpendicular let fall from ſome one of the Angles 

into the oppoſite Side, falls within the Triangles 


B Squ 


e PROP. XIV. Problem. 
HE Right-lin'd Figure (QL) being given, Fig. 68. 


4% make a Square equal to it. 


CTC 
Make (3) a Rectangular Parallelogram C I equal to the (b) Per 45. 
ietthnear QX Z; the Sides of which Parallelogram, if. 1. 
the) thall be equal, you have already made the Square 
yhich was required; if they be unequal draw forth the 
preater Side 1 A unto L, until A L ſhall be equal to AC. 
ben biſect LL in Z; from which, as from a Center 


Scho through 
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through I and L deſcribe a Circle, and let C A be produ- 


ced till it meets the Circumference in B. The Square N 
the right Line A B is equal to the given Rectangle QX Zz. 37 


(:) Per 5, For let the right Line Z B be drawn; becauſe I L is eu 
5 . equally in Z, and unequally in A; the Rectangle 
(a4) By the IALE: 
Confiruc- A £ A Square 
tion. to (4) Z B Square, that is, equal to (+) Z A Square + A} 
(e) Per 47. Square. 7 | | 
J. 1. Taking away therefore on both ſides the common 2 Af 
1 there remains | | | | 
Rea. I AL equal to AB 9; that is, | | 
Becauſe A C and AL are equal, the Rect. CI equal t E! 
A B Square, and conſequently A B Square equal the Red | 
(2) By thelinear QX Z. : oe, 


5 are equal (c) to Z L Square, that is, equal H FP 


Conflruc- | 5 
tion. cSchalium. 
FUCLID's Conſtruction of this Problem requires that ti H 
given Rectilinear reduced nnto a Rectangle by Frop. 4.8 _ © 
J. 1. Which Reduction being operoſe enough, the Problen Ihe Uſe 
perhaps will more readily be diſpatch'd after this manner one, tt 
| Let the given Rectilinear be reſolv'd into as many Qui imirabl 
(a) 7 er drangles (X, Z) as it can. Then to each Quadrangle ore fan 
Schl. P. As make an equal Rectangle. If there remain, as here it haf 
J. 1. pens, one Triangle (O.) to it alſo (6) make a Rectangt 
G) Per equal. Then to each Rectangle by this 14th, / 2. en ii 
Coro £42: equal Square; and laftly, to all theſe Squares let on equal 0 
1 1. one be made (c) This will be equal to the given RecurM 2. A x 
| hg near QX Z. ” | | With & n 
* doth ne 
Schl. p. 7 . Circ 
N meet th 
| | 4. In a 
9 qui-diftai 
PEEK | lieh are 
Nen | c equal, 
| 5 Segn 
ich the 
© it. 
- b. An ; 
R ind und, 
I Hin of ih 


At (B C 
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Elements of EUCLID. 
"BOOK W 


HE Fundamental Properties of the moſt perfect 
amongſt Plain Figures are demonſtrated in this Book. 
he Uſefulneſs of the Book is manifeſt by this one Thing 
bone, that it treats of a Circle, that abundant Source of 


—— 


nat the 


p. 45 
roblen 


anne if © 

Y Qur imirable Things through the whole Mathematicks. The 

gle ee famous Theorems are 16, 20, 21, 22, 31, 32, 35, 36. 

it hap 1 | RD | 

Ctangl DEFINITIONS; | 
aeg. THOSE Circles are equal, whoſe Diameters or Semi- Fig.201.3. 
c equi diameters are equal. | 


ReculM 2. A right Line (F B) is ſaid to touch a Circle, when it 
N cch © mcet it in the Point (B) that albeit it be produced, 

doth not cut it. | 5 

3. Circles are ſaid to touch one another, when they do Fig. 13, 14 
meet that they do not cut each other. 

4 In a Circle the right Lines (B C, F L) are ſaid to be Bg. 18. 
qu-diftant from the Center (A,.) when the Perpendiculars 
nich are let fall upon them from the Center (A O, A I) 

e equal. | | 3 
Segments or Portions of a Circle are the Parts into Fig. 37. 
lieh the r ght Line (C E) which cuts the Circle doth di- 

ie it. | | | 

b. An Angle in a Segment is that (BQ C) which is con- Fig. 33. 
nd under the right Lines, which are drawn unto one 5 
nt of the Circumference (Q) from the Ends of the Seg- 

at (BC) | | 7. "Te 
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Tis. 33. 7. The Angle (C QB) is ſaid to ſtand upon the Circun. 
ference (B OC) as being oppoſite to it. I 

Fg. 11. 8. A, Sector is that Part of a Circle which is contain'd 
two Semi diameters, as (AB, A F) and an Arch as (B Pg 


-* 
' 


ib, II 


IF ii 
tak 


B CF) intercepted betwixt the Semi-diameters. 


PROPOSITION I. Problem. % 

Fig. 1.1.3. To find the Center of a given Circle, Let th 
ED | gp | vs O, an 

Let the right Line (B G) be drawn in the Circle at ran. tecauſe 


Ic ) equz 
nternal 


dom, which biſect in Q. Through Q draw the Perpend. 
cular LF, which biſect in A. A ſhall be the Center. 


If you deny it; let the Center be O, which is wichouW"81e the 
the right Line FL (or in FL it cannot be, foraſmuch Angle A 
this Line is divided every where unequal'y but in A) au he leſſe: 
let there be drawn BO, QO, CO. Becauſe therefore Nl tha, 
ſuppoſe O to be the Center, B O, C O muſt be equal; a all not 
the Triangles BO Q, COQ muſt be equilateral to cad" t! 


ther Po 
ithin tl 
The I 
a right.) 


pPther; ſeeing by the Conſtruction BQ and C Q are equi 
(a) Per 8. and QO is common. Therefore the Angle O QC (4 
J. 1. Equal to the Angle OQB. Thereiore OQC is a tigt 
(bY Per Angle (5) and conſequently equal to L QC, which ns 
Def. 14. right one by Conſtruction, a Part to the Whole. Whit 


17 '* is abſurd, Corol 
N 5 Circle 
f LED touch. 
5 3 Corollary. « right 
| F what hath been demonſtrated it appears, that! Fr 
the right Line (L F) cuts another right Line B C int Gn hg 
two equal Parts and perpendicularly, the Center is in HM. 
Line that cuts the other. ns: i 
Fig. 2. The Center of a Circle is very eaſily found by a Squart 
the top of it (Q) being applied to the Circumſerence; i 
if the right Line DE, joinirg the Points D and E, in whit F 5, 

_ the Sides of the Square cut the Circumference, be biſeci Hi 
in A, (A) ſhall be the Center. The Demonſtration when the 
of depends on the 3 Iſt Propoſition, Lib. 3. broug, 

e | 47 


5 Part 1 
PRO! AR. 1 
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PROP. II. Theorem. 


F in the Circumference of a Circle there be 
| taken two Points (C and B) the right Line 
which is drawn through them falls entirely 
within the Circle. 3 | 


| Let there be taken in the Line B C any Point whatſoever, Fig. 2. 

ks O, and from the Center A, be drawn AB, AO, AC. 

Becauſe A B, A C are equal, the Angles alſo B and C are 

Ic) equal. Becaule therefore A O C is (d) greater than the () Per 5. 

nternal one B, it ſhall be greater alſo than C. In the Tri- J. 1. 

angle therefore O A C, the Side A C ſubtending the greater (d) Per. 

angle AO C, is (e) greater than the Side A O, ſubtending Corel. 1. 

he leſſer Angle C. Seeing therefore A C reaches no far- Prop. 32. 
er than from the Center to the Circumference, A O/. 1. 

hall not reach ſo far. Therefore the Point O ſhall fall (e) Per 19. 

thin the Circle. The ſame thing may be ſhewed of any. 1. 


If ran- 
pend. 
r. 
1rhout 
uch x 
A) ant 
Ire yo! 


|: ant 


0 cad 

* ther Point of the Line B C. Therefore B C falls wholly | 
7 )i ithin the Circle. 2 

x righ The Propoſition is alſo mani ſeſt ſrom the very Notion of 
ch zi ſight Line and a Circle, = . 
Whic 


Coroll.“ Hence it follows, that a right Line touching a 
(Circle, toucheth it in one ſingle Point only. For it it 
* toucheth the Circumference in two Points, it would be a 
* right Line drawn thro two Points of the Circle, and 
* conſequently would fall within the Circle, contrary to 
the Definition of a Tangent. And by the like rea ſoning 
(in paſſing from Planes to Solids) it might be prov'd, that 
every Plane toucheth a Sphere only in one Point. 


that! 
Cunt 
| in ti 


quan PROP. III. Theorem. 
05 F in a Circle a right Line (B L) drawn thre? fie 3 


the Center biſects another (CF) not drawn 
tbrough the Ceuter, it will cut it perpendicularly. 
and if it cut it perpendicularly, it will biſect it. 

Part I. From the Center (A) let there be drawn A C, 
AF, The Tria. ves X and Z are Equilateral to each 


! 
GUIs 


when 


R O! 
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For if 
rawn fr 
C wou 
ey are 


other. For CO, F O are by the Hypotheſis equal, ay 
| AC, A F are fo, becauſe drawn from the Center; whi 
I A O is common to both. Therefore the Angles A 00 
it (a) Per 8. AO F are (a) equal. Therefore right (&) ones. Whit 
| if . 1. was the firft Part. ES 
(| (b) Per Part II. Becauſe by the Hypotheſis AOC, AOP 
| Def. 14. equal Angles; A C Square ſhall () be equal to the Squars 
it „ of AO, OC together; and A F Square equal to the Squars 


F in 
5 (O Per 47. of A O, O F together. Seeing therefore the Squares of A % ( 
4. 1. AP are equal, the Squares of AO, O C together, will x. N 
| | | alſo equal to the Squares of AO, OF together: Where * 

U fore taking away the common Square A O, the Squares oi” HC 
1 O C, OF remain equal. And therefore the right Lin I. ( 
1 OC, O Fare equal, Which was the other Part. / be 
| Corollary (1.) © Hence in every equilateral Triangk — 7 
c and in that alſo which is only an Vſceles, a Line whid vill be 
« falling from the top of the Angle, biſects the Baſz, i 3, U 
perpendicular to it. And on the contrary, a Line whiſk 1-77 
falling from the top of the Angle is perpendicular to th | Y 
| « Baſe, doth biſect it. Hs "4 
i (2. © Hence it follows, that half of the Chord of ei 
* Arch, is the right Sine of half the Arch om th 
| 1 PROF. IV. Theorem. part J. 
1 . ; os L. AB 
| ks J. in a Circle two right Lines, (BC, F L) wth. A 
| ; drawn both of them through the Center, AC a 
1 each other, they cannot biſect each the other. og : 
EY; Peter t 
Hg. 5. For if one of them L F paſſeth through the Center, iti kart II 
| 5 manifeſt that it ſhall not be biſected by B C which dotl u, *) 5 le 
„ paſs through the Center. | | | mmon 

Fig. 4. If neither of them paſſes through the Center, from e fame 
Center A draw A O. If now BC, FL were both bile other 
(a) By the in O, the Angles AO C, AOL would (4) be right Ar Part II 
feregeing. gles, and conſequently equal; the Whole to a Part, wild a, AC 

is abſurd, | ngle I. 
| | te (4) 
PROP. V, VI. 'Theorems. g * 4 

; g | co 

Fg. 6, 7. (Hel cutting each other, or inwardly toucbii hu be 
one the other, have not the ſ. ue Center. Part II 


Fot 
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For if it were otherwiſe, the right Lines AB, AC P, 
rawn from the common Center A, would be equal; and 
C would be equal to AF; a Part to the Whole, becauſe 
hey are both equal to AB. Which is abſurd, 


PROP. VII. Theorem. 


. IN 


If an 

whil 
00 
Which 


) F an 
Juare 


F in a Circle there be taken any Point beſides Fig. 8. 


Quart 
f ACHE the Center (A,) as the Point (C,) and divers 
gut Lines fall from thence unto the Circum— 


race (as GH, GLA, CO CF:;) 

1. (CB) which paſſetb through the Center, 
Will be the greateſt. 
2. The remaining Part of the Diameter (CH) 
pull be the leaſt. NE 
3. Of the reſt that will be the greater, which 
nearer to the greateſt. eg 
4 And no more than two equal Lines can be 
rwn from the ſaid Point (C,) which is different 


rom the Center, unto the Circumference. 


ares 9 


t Ling 


langt, 
» which 
Jale, x 
> which 
r to the 


f eveh 


Part I. Let A L bedrawn from the Center A. Becauſe 
L, ABare equal, the common Line A C being added to 
ih, AC and AL together are equal to CB. But AL 
AC are greater than LC G.) Therefore C B is greater (b) Per 20. 
dan. L C. In the ſame manner B C will be ſhew'd to be. 1. 
rater than any other. | | 
Part II. From the Center A draw AO. A © (that is, | 
F) is leſs than AC, CO fc.) Therefore taking away the (c) By the 
mmon Line A C, C O remains greater than CF. In 
om te fame manner C F is prov'd to be leſs than CQ, or 
ect other. > OS 
ht An Part III. In the Triangles COA, CL A, the Sides 
nice A, AC, are equal to AO, AC, each to each. But the 
_[Wiyk I. A C is greater than the Angle O A C. There- 
te (d) the Baſe L C is greater than the Baſe OC. (8) Par 24, 
Part IV. This is mauifeſt from what goes before. For it |, 
ere could be three drawn equal, CO, CL C Q, there 
80 be two on the ſame Side equal: Which is contrary 
art III. — 2 


L) wi 
175 Cul 


* 
. 


er, iti 
ot i na 


uchiil 
T's 


4 


Fo Corollary 


ib. III 


each ; | 
e the B. 
part III 
ater th; 
Q. Z. 
e man 
Part IV 
$ than A 
ng take! 
Part V. 
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if Corollary. © By the foregoing reaſoning Theods/;ts gy 
| | | © thered, that of the Arches of great Circles drawn upo 
wi « the Surface of a Sphere, from any Point diverſe fri 
a. the Poie of a certain Circle unto that Circle, the great 
« 5s that which paſſeth thro' the Pole of that Circle; t 
i « leaft, that which is drawn unto the oppolite Point; ar 
ll « of the reſt, that is the greater, which is neareſt to th 
1 | « greateſt; as alſo that no more than two equal Arch 
1 « can be drawn trom that Point unto the Circle. Andi 
4 « the like manner may the reader reaſon of himſelf on fon 
other of the Propoſitions of this Book; it being very ei 
to pats ſrom Planes to Solids in theſe Argumentatiom 


1 VVV 
1 Fig. 9, me 1 from a Point (A) taken without a Cir, 
A there be drawn unto the Circle the right Ly 

(AB, AC, AF,) or (AO, AQ, AR;) 

1. Of thoſe which fall upon the Concave Ci 
cumference, the greateſt is (AB) which pal 
through the Center (.) 

2. Of the reſt that is the greater, which! 
nearer 10 the greateſt (A B.) 

3. Of 1boſe which fall without the Circle, 
upon the convex Periphery, the leaſt is (AV 
which being produced would paſs through il 

: Center (Z.) | PT 
5 4. Of the reſt, that which is nearer 10 
| leaſt, is leſs than that which is farther off. 


sc 


cc 


F from 
than t 
the Cir 


This is n 


mm ect 
— x ee ee a — — 
— — - 


tcles c 


or let th 
the Cer 
he Point 
be equa 
Circle ( 
} A F, 


- < 1 2 
= o DR i * 
2235 a ou ore —— > rc 
— — 


4 ter (a) 
1 5. No more than two equal Lines can . which 
1 drawn unto the Circumference from the ſaſ ck conti 


Point (A,) whether they fall within the Giril 


or only without. 1 

Fig. 9. Part I. From Center Z draw Z C; becau'e Z C, wo C. 

| arc equal, the common A Z being added to each AZ Wine dr 

(a)Per 20. are equal to AB But AZ. C are (4) greater than: * 

3 Therefore A B is greater than AC. In like manner! oy 
will be ſhewed to be greater than any other whatſoever WW, de 

Part II Draw Z F. Becaule in the Triangles A 2 r 


ati 
A Z F, the Sides AZ, 2 C are equal to A Z, J. F, e n, th 
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N each; but the Angle A Z. C is greater than A Z F, there- 

N the Baſe A C (6) will be greater than the Baſe A F. (b) Per 24. 

a Part III. Draw Z Q. The two Lines AQ, QZ are I. 1. 

ate eater than A Z. (c. Taking away therefore the Equals Fig. 10. 
ag. 2 0, there remains AQ greater than AO. In the (e) Per 20. 

e manner A O is prov'd leſs than any other. EF: 

1 art IV. Draw Z R. The right Lines AQ, QZ are 

uch than AR, R Zz (4) ; therefore the Equals Z Q, . R(d) Per 2 21. 

nas taken away, A R remains greater than A Q. £4; 


ConMPart V. This is maniteſt from the Four foregoing. 
iy wh P OP. K. Theorem. 
. from ſome Point within a Circle (as A) more 
ircl ] Li 5 Fig. 11. 
1 than two equal right Lines can be drawn un- 
IN 


the Circumference ; that Point is the Center. 


ze Ci 


paſt 
hich| 


This is manifeſt from Part IV. of the 7th Propoſition. 
PROP. X. Thebes. 


cles cut each other in 19 Points only. Fig. 12. 


cle, 1 
(40 
ig l 


or let them cut, if it may be, in more (B, C, F,) from 
the Center of the Circle LQ, let there be drawn 
he Points B C F, the Lines AB, AC, AF; theſe 
be equal. Becauſe therefore from the Point A, within 
Circle O 8, there are drawn three equal Lines, A B, 


tl „AF, unto its Circumference, A muſt alſo be the 


off. box (a) of the Circle OS. Therefore the Circles L Q ,(a) By the 
can which cut one another, have the ſame Center. foregoing. | 
be ſat ch contradicts the 5th Propoſition. | | 

> Circ 


PROP. NI. Theorem. 


'two Circles touch each other inwardly, a right 1 
Line drawn through their Centers (A and I) Fig. 13. 
les brough the Point of Contact (B.) 


2 C, 
AL 
than A\ 

anner 
tſoevet. 

8 


Z. F, 6 


you deny it, let the Centers have, if it may be, that 
lon, that a "gw Line paſſing through them, ſhall 
F fall 


: * 2 OT. * 
3 - * — 
— en PI ne rs ws — N 
2 


f of a Circle, 


Fig. 14. 7 


J. Is 


Lib, | 


fall without the Contact B, cutting the Circles in O a0 

Let the Center he A and C; and join A B, C B. Be 

therefore CB, CO are equal, the common A C bein 

| ded to each of them, AC r Ch ſhall be equal to! 

(by Per 20. But A C, C Bare (6) greater than A B. that is, than} 

11. Cc). Therefore alio A O is greater than A L, a Part 
(e) By thethe Whole, Which is abſurd. 


Definitio | | 
finition PROP, XII. Theorem. 


F Circles touch one another on the oulſi 
right Line, which joins the Centers, muſty 
through the Poiut of Contact. 


If it be denied, let the Centers be fo placed, as fo 
ftance in A and B, that the Line paſſing through then 
not paſs through the Contact 8, but cut the Circles in 

; Q. Let the Points A, S and B, S be joined. Then! 
(d) Per 20. B S together will (4) be greater than A B. But AS 
equal to AO, and. BS equal to BO. Therefore A( 
(e) By theB Q together will be greater than A B, a Part tha 
Definition Whole. Which cannot be. 
of a Circle, [Corollary. © A right Line drawn from the Cent 

e one of the Circles e the Point of Contad, 
* paſs through the Center of the other. J 


PROP. XIII. 


EvucLid's Elements. 


82 


Theorem. 


Fig.1s,16.f {cles touch both one another, and a" 


Line in a Point only. 


Fig. 15. For let two Circles touch one another inwardly in a} 
$4 of the Circumference LC, if it may be: Then a right 
( Per 11, drawn through the Centers A and B will (/ pals thr 
C3 the Point of Contact, as in C. Let there be dravt 
AL, BL. Becaule therefore BL, B C are equal, (i! 

are drawn from the Center Bunto the Cireumference b 

the common Line A B being added, A B, B L ſkallbed 

to AC. But AC is equal to AL, for they are bothd 

from the Center A unto the Circumference L Q C. I 

1140 AB, BL are equal to A L, contrary to Proj af 

51. 
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Or th 
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n unte 
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CA! 
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which 
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Th Pr 

| hielt 
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$ Curva; 

& both 
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and Pr. 
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a Cir C. 
ally 0 
Lines 


m the 
le A O, 
F L ſhal 
ing ther. 
equal, t. 
mently t! 


III. Ev C LID's Element 9. 8 3 


hen let the two Cireles touch one another on the out- Fig. 15. 


ein the Arch O L, if it may be. The right Line A P, 
inWng the Centers, will paſs through the Point of Contact 
to Mas in O, for inſtance: Let AL, PL, be drawn, The a) Per 12. 


Sides of the Triangle A L, P L, will be equal to A O, . 3. 

or the whole AP; contrary to Propoſition 20. L. 1. 

altly, Let the right Line B F, and the Circle touch each 

| if it may be, in ſome Part (C E?) Let there be 

n nnto the Center the right Lines C A, E A. The 

CA, E A will then be equal: And therefore the Tri- 

CAE is an Iſoſceles. Wherefore the Angles C and E 

are acute. And therefore a Perpendicular let fall unto (b) Per 
from the Center A, will tall betwixt E and C, (c) as, Corel. 11. 
ſtance, in D. There will therefore both A C and A H Prop. 32. 
wal to the Perpendicular A D, which is abfurd, and J. 1. 


den to Corollary 14. J. 32. and i0 Propyfrion 47. L. 1. C Per 

sind Corel. 3. 

s in 

Thea Corollary. | Prop. 42 
\ 8 | | 7 | os Fe 

- 5 : Iles, whoſe Centers are in the ſame right Line, and 1 


yhich cut it in the fame Point B, do touch one an- 
in that Point only. Te 55 8 

lis Propoſition is manifeſt from the very Notjon, of the 

which are compared together. For neither can a 

Line and the curve Cireumference of a Circle, or the 

s Curvatures of unequal Circumferences, or two Cur- 

es both convex, agree as to any Part of themſelves. 

hey would agree if they touched one another in ſome 

and proper Part. | 


PROP. XIV. Theorem; 


Jly in . Circle, equal rigbt Lines (BC, FL) are Fig. 18, 
Rn ally diftant from the Cemter (A.) And 
qu Lines are equi-diftant from the Center are 

zal, (nw 5% ͤ LY: „ 

we m the Center (A) let there be drawn (A C, A EY. 

ſhall <4, AND at right Angles to BC, FL, Thus 

e bot n FL ſhall be biſected {d) in O and J. | (d) Per 3. 
* Ig therefore the whole Lines BC, F L are ſup-. 3. 
e e equal, the halves alio OC, I F muſt be equal, and 


ently the Squares of them are alſo equal. Seeing 
F 2 therefore 


EuclIib's Elements, Lib, 1b. It 


therefore the Squares of A C, A Fare equal, and the Sq 
of AC is equal to OCq and O Aq, as alfo the Squy 
(a) Per 47. A F is equal to I F q, and I A q (a): It follows, that 


it W 
her 


. 1. two Squares OC q, OAq are equal to the two Saut WF 
IFq IAq Whirefore taking away the Square // / 
OC, IF (which before were ſhewed to be equal) the 8 
of A O remains equal to the Square of AI. Therefore Wart I. 
(b) Per Perpendiculars O A, A I are equal. Therefore (') | unto. 
Def. 4.1.3.F L are equi: diſtant from the Center. Which was thee, 
Part. Then for the converſe of it; by th 
If the Diftances A O, ATI are ſuppoſed equal, the A L. 
Squares of the equal right Lines being taken away, H reater 
ſame Ratiocination it will be ſhewed, that the rema bl. 
Squares OCq IFq are equal, and conſequenth! erefore 
the right Lines O C, I F are equal, which ſeeing the lequent 
*Ptr3. I. 3.“ halves of the right Lines B C, FL, theſe alto mil 8 
| equal. Which was the ſecond Part. 1 
PROP. XV. Theorem. 9 
Fig. 19. F right Lines deſcribed in a Circle, the gi anter 
= 1s the Diameter; and of the reſt, that i Hal toy 
greateſt, which is the neareſt to the Center. 15 
| | acer tha. 
Let there be any Line, as RS different from the D cute 
ter FL. From the Center draw A R, A S. The rfore / 
(c Per 20. AR, A S, which are equal to the Dia meter, are (0 f dle. 
. . than RS. Therefore, Qc. CT Tan 
Ihen let BI be nearer to the Center than X Z. 
the Center unto them draw the Perpendiculars AC, Fu 
(d) Per AQ fhallbegreater (d) than AC. Take therefore AEN 
Def. 4.1.3.to A C, and through O draw RS perpendicular t Lin 
(e) By thewhich Ce) will be equal to BI; and let AR, AS, = If fron 
Foregoing. AL bejoin'd. Becauſe therefore A is the Center, the acted, | 
AR, AS ſhall be equal to A X, A Z. But the Angle! leſſer tl 
is greater than the Angle X A Z. Therefore the Bal b the rig 
(g) Per 24. that is B I, is greater than the Baſe X Z (//). Le pe 
„„ | | | y T1yi 
| "PROP. XVI. Theorem. 1 
Fig. 20. A Right Line (IL) which being drawn '"l, oy 4 


the Point (B,) the Extremity of the Du 


(CB) is perpendicular thereto, fall 


b. lt [IT. Euclip's Elements. | 9 g 


e Sully without the Circle, and toucheth it in (B). 
quer can any right Line be drawn betwixt it 
tha and the Circle unto the Point of Contact (B,) 


) Sql. - | F 
on ſhall cut the Circle. 


ne 8 | | 
* part I. Let there be taken in the Line IB F any Point 


701 unto which, from the Center A, draw the Line A L. 
auſe, in the Triangle AB L, the Angle ABL isa right 


as thel 1 
by the Hypotheſis, A L B ſhall be acute (g). There- (g) Per 
then > L, which is oppoſite to the greater Angle B, will Corol. 5. p. 
ay, h greater than A B, which is oppoſite to the leſſer Angle 32. J. 1. 
rem). But A B reacheth only to the Cireumference (h) Per 
ienth| erefore A L ſhall reach beyond the Circumference ; and 19. 1. k 
g the {quently fall without the Circle, Which was the firſt. il 
o i | | 15 TT | | 1 
art II. Below B F, if it may be, let R B fall wholly |; 
ont the Circle. Becauſe F BA is a right Angle by the 


theſis, RB A will be acute, and therefore AB is not 

x pendicular to BR. Thereiore let there be drawn from 

e Sig Center A to BR, the Perpendicular A O, which (a) (a) Per 
Hat all towards R, and cut the Circle in ® Therefore Corol. 3. 
er. which is oppoſite to the greater Angle A O B, is Prop. 32. 

ater than A O, which is oppoſite to the leſſer, to wit, J. 1. 
the Dl acute Angle OBA. But AB is equal to AQ: 
The F'cfore A N allo is greater than A O, a Part than the 
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e wal 

XZ. Corollary. 

AC, 1 | | 

re 00F_TENCE it appears again that the Contact of a right Fig. 20. | 
ular t0 Line and a circular one, is only in one Point. | 
A8 If from Centers taken in the ſame right Line infinitely Fig, 17. | 


acted, there be deſcribed through B infinite Circles, as 
leſſer than the firſt B S C, as greater; they ſhall all 
b the right Line I F in the ſame one Point h. 

Circles therefore growing into an Amplitude greater 
any given one, approach always, even unto Infinity, 
er and nearer to the Tangent, but are never join'd to 
itherwiſe than in one ſingle Point of Contact; which 
„ although it be moſt evident, is yet truly admirable, 


ter, thei 
Angle! 
the Bal 
55 
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Fig. 17. 


Corollary, p. 13. in one and the ſame Point B, and co 


Fig. 20. 


| J. . 1 7. 


(a) Per Ao 
£25 
(b)Per 16 


r 


B unto I, will touch the Circle O Q. 


EveL1D's Elements. Lib, b. III 

4. From theſe Things it is manifeſt, that every 0 
metrical Line whatſoever is infinitely diviſible, Pa. 
there be drawn from ſome Point of the Diameter unto! 
Tangent the right Line AQ. Infinite Circles having( 
ters in the right Line B A, mfinitely produced, touch 
right Line I F by Corollary 2. of this, and one anothe 


the 
) toncl 
Is: 

Let the 
nter A, 
ough A 
in B. 
or A ] 
cle is a 
B touch 


quently are no where joined, either amongſt themlzlyg 
with the right Line LF, but in the Point B only. Thy 
fore it is neceſſary that they divide the right Line AQ ji 
infinite Parts, that is, into Parts exceeding any Num 
afſignable. | 

5. The Angle of Contingence or Contact LBO, G 
to wit, which is contained under the Tangent and thz( 
cumference) cannot be divided by any right Line, [ 

6. Nevertheleſs, by Circumferences touching the 
I F in the ſame Point, it may be divided and dimitifi 
infinitely. And in this, and the third Core/lary, lies 
the whole Myſtery of Aſymptotes, that is, of a right 
approaching unto an Hyperbola, together with itſelf i 
nitely produced, unto a Diftance lets than any giveny 
yet never concurring with it. | 


Far 

[ine 
e Poini 
Went. 


fit be 
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be a rig] 
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hole, wl 


PROP. XVII. Problem. 


* the given Point (B,) to draw a ny 
IL Line, which ſhall touch a given Circle ( 


From A the Center of the given Circle, let ther 
drawn into the Point B, the right Line A B, cutting 
Periphery in O. From the Center A deſcribe throug 
another Circle BC, and from O draw O C perpendi 
to AB, which may meet the other Circle in C. Dran(\ 
meeting the Circle OQ in I. The right Line drawn ft 


Fa IL. 

Point 
ndicul, 
at Fer, 
For becauſe the Sides B A, I A, are equal to the i | 


C A, OA, and the Angle A contain'd betwixt the e 
Sides is common to both, In the Triangles I A B, OA. 


the Angles AO C, AI B are alſo Ca) equal. Ther 8 
AI is a right Angle. For AOC is a right one bj! by 
Conſtruction. Therefore BI (% toucheth the Circle Mn wt 


Schal 


b. III. EvcEtlD's Elements. | 37 


b, 
9 Scholium. | 
unto . 
50 V the z3iſt following, from the given Point O, a Line 
ouch MW) touching a given Circle (BQ) may be well drawn 
others: ; EE 3 5 2 | 
id en Let the right Line, joining the given Point O, and the Fig. 27. 
{ele Inter A, be biſected in P. Then from the Center f, 

Though A and O, deſcribe a Circle, meeting the given 
Ain. The right Line O B will touch the Circle. 
Nun ror A B being join d. the Angle A B O in the Semi- 

cle is a right one by Prop. 31. Therefore by Prop. 16. 

Wes toucheth the Circle B Q. | 
| the( | 


PROP. XVIII. Theorem, 


the N 
i F a right JI ine (CL) touch a Circle, a right Fig. 28. 


: _ Line (A B) drawn from the Center (A) unto 
er 1 917 of Contact (B) is perpendicular to the 
wen l Men 7 


fit be denied, let ſome other right Line (as A F) be the 
mendicalar from he Center A. This will cut the Cir- 
in O. Becauſe therefore the Angle A F B is ſuppoſed 
be a right one, A BF (c) muſt be acute. Therefore A B (e) Per. 


a Matis, A O) is greater than AF (2); a Part than the Corol. 5. 

e(0! hole, which is abſurd. | 7; P. 3. l. f. 
| | | | (dYPer 19. 

then! PROP. XIX. Theorem. . 

atting | 


F a Line (B C) touch the Circle, and from the Fig. 29. 
Point of Contact (A,) there be rais'd A per- 

ndicular to the Tangent, the Center will be in 

at Perpendicular. 5 | 


hroug] 
Dendicl 


Draw 
a wn li 


80 | 5 
5 eql {you deny it, let the Center be without AI in Z; and 
B. Oi let there be drawn unto the Contact the Line Z A. 
There Angle Z A C will be a right one (e] and therefore (e) By the 
ne byt al to the Angle I A C, which, by the Hypotheſis, is a foregoing. 
ircle i it one; that is, the Part will be equal to the Whole, 


ch is abſurd, 
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Fig. zo, 3 1, 


. 


Fig. 30. 
(a) Per 5. 
„5 

TE 3s. 


Fig. 31. 


Fig. 32. | 


Fig. 53- 


. circumſcrib'd (c) and from the Center of the Circle, | 


EucLIip's Elements. Lib. H IIb. 


PROP. XX. Theorem. n 


HE Angle at the Center (B A C) is dn, ral 
to the Angle (B I C) which is at the (fl the, 


cumference, when the ſame Arch ( B C) is. * 
Baſe of the Angles. G ſtanc 
| | Corc 

Here are three Caſes, In the firſt Caſe the Sides 5 to m 
B F coincide. And then becauſe AF, A C drawn from“ by A 
Center are equal, there will be in the T riangle Z, Para 
Angles F and C equal (a). But BAC is equal to then appe 
Angles F and C (6). Therefore B A C is double of F. “ geth: 

In the ſecond Caſe, BA, C A fall within BF, CF, find 
then FAX being drawn, X A B, by the firſt Caſe, is d Sine 
ble of X FB; and XA C double of X FC. Therel "EO: 
the whole BAC is double of the whole BF C. „Piſta 


In the third Caſe, B F cuts A C, and the Angle BA 
is without the Triangle BFC. Here let FAL be dran 
By the firſt Caſe, the whole L A C is double of the whd 
L F C, and LAB taken away, is double of L F B tak 
away. Therefore the remaining Angle, B A C, is a 


double of the remaining one, B F C. . 2 5 
Corollary. © Hence we gather, that the Sides of cc 4 

Triangle are to each other as the vines of the Angles g 

* polite to thoſe Sides reſpectively. Let E F G be Let fi 


cle, 
going, t 
* there be let down the Perpendiculars A B, A C, APQC, 
6 which will “ biſect the Subtenſes. Now as E F is to EN. (4 
« ſo half E F (that is, E B) to half E G Chat! is, E Then 

But EB is the Sine of the Angle + B AE, that is {cmi-circ 


« Triangle ; about which let a Circle be underſtood to 


's half the Angle E A F, that is, of the whole Angles y 
. EGF, * oppoſite to the Sides EF; and ED is the Wie reſt, 


«of the Angle EAD, that is, of half the Angle EA and O 
s that is, of the whole Angle E F G, which is oppoW{ken ay 
“to the Side EG. Therefore E F is to E G, as the We equal 
of the Angle E G F, is to the Sine of the Angle EF bh rei 
2. E. D. And from this one Propoſition a great Pat 
© Trigonometry is deduced, Which thing will be vag Coroll. 
our Obſervation. | *. Line } 
oro! 


„ Lib. III. EucLIp's Elements. 89 


Corollary (2.) © From the former Corollary we learn Fig. 86. 
« to meaſure the Diſtance of the Moon. For Aſtronomi-J. 1. 
« cal Obſervations giving us the Angle of the Diurnal Pa- 
A rallax * BCA, we find out the Diſtance of the Moon by Coral. 16. 
« the iollowing Proportion. As the Sine of the Angle p. 32. J. 1. 
5 „AC B, is to the Sine of the Angle ABC; ſo is the Se- 
i mi-diameter of the Earth, B A, unto the Moon's Di- 
« fance, AC. 2. Z. I. | 
Corollary (3.) © From the ſecond Corollary we learn alſo Fig. 54. 
es B( to meaſure the Diſtance of the Sun, for there being given | 
rom ti by Aftronomical Obſervations the Angle of the Menſtrual 
Z, M Parallax, (namely, that which is made when the Moon 
the tu appears preciſely biſected) or the Angle Z E O, and, to- 
of F. gether with this Angle, the Moon's Diftance, Z O. We 
2 F, a find the Diſtance ot the Sun by this Analogy. As the 
„ is da Sine of the Angle Z. E O, is to the Sine of the Angle 
"herelnM* E O Z; which Sine is the Radius: So is Z O, the Moon's 
| * Diſtance, unto Z E, the Diſtance of the Sun. Q. E. J. 


PROP. XXI. Theorem. 


HE Angles (B QC, B FC) which in a Cir- py zz. 
cle ſtand upon the ſame Arch (B O C,) or 

which are in the ſame Seginent (B S O are all 

qual among themfelves, | 


le BA 
e drawt 
he whil 
B tak 


8 of ever 
Ingles | 
G be f Let firft the Segment BQS C be greater than a Semi- 
tood to Hrele. From the Center A draw AB, AC. By the fore- 
Circle, Wing, the Angle B AC, at the Center, is double of each, 


C, AC, BFC. Therefore they all, BQC, B F C, are 

is to Wal (a). 2 E. D. 5 | 1 (a) Per 
t is, E Then let the Segment B Q C be equal to, or leſs than a Axio: 6. 
that is MW&m-circle. In the Triangles B QI, C F I, becauſe the Fig. 34. 


vole AnoWOpnglcs vertically oppoſite at I are equal (, *the ſum of(b) Per 15. 
is the dle reft, Q and R will be equal to the Sum of the (e reſt, IJ. 1. 


gle EAN and O. Wherefore, if from theſe equal Sums there be (c) Per 
is oppoiWeken away the Angles Rand O, which by the firſt Part, Corol. 10. 
as the Me equal, as ſtanding upon the ſame Arch QF, the Angles. 32. J. 1. 
gle EF hich remain, Q, muſt be equal. 2. E. D. 

reat Pal | - 

ill be va Corollary, © Hence we gather in Opticks, that any 


Line BC to the Eye placed where you will in the Cir- 


| . 
Coro ** cumterence 


EvcL1iD's Elements. Lb. II. 


« cumference of the Circle, whereof the Lines is a Cho, 
«« appears of the ſame Magnitude ; to wit, becauſe it ap. 
« pears every where under an equal Angle BQC._ 
Schohum. If of two equal Angles; ſtanding upon 
the ſame Arch, one of them be at the Circumterence 
ce the other alſo will be at the Circumference. | 
« If it be denied, BOC ſhall either be equal to thi 
« Angle BIC, on this ſide the Circamference QF, or u 
| « the Angle BEC, which is beyond the ſaid Circumference, 
(d) Per © But the Angle BIC, is (4) greater, and the Angle BEC 
Carol. 1. © (d) is leſs than the Angle B QC. Therefore, Sc. 


e PROP. XXII. Theorem. 


90 


| Fig.3 3734. 


Nr. 35. TN any Quadrilateral inſcribed in a Cirih 


(ABC Vj the oppoſite Angles make two righ 


ones. 


Let B F, C A be drawn. The Angle ABC, with the 

(a) two, O and X, make two right Angles. But Oi 

(a) Per 32. equal to I (4). becauſe it ftands upon the ſame Arch, BC: 

„ And again, X is equal to Z, becauſe it ſtands upon the fame 

(b) Her 21. Arch, AB. Therefore A B C taken together, with the 

4 3. two Angles I and Z, that is, with the whole oppoſite Angl 
AFC, makes two right Angles. Q E. D. 


Corollary (1.) © Hence, if one Side of a Quadrilaten, 
« deſcribed in a Circle, be protracted, the external Angle 
will be equal to the oppoſitę Angle of the Quadrilateral; 
« fer the internal, added to either of them, makes ty 
right Angles. 
 (2.) © Likewiſe a Circle cannot be deſcribed about: 
* Rhombus, becauſe its oppoſite Angles either fall ſhort 0 
*; Of exceed two right Angles. el 
(3.) © Likewiſe, if in any Quadrilateral A B CF, the 
« oppoſite Angles F and B are equal to two right ones, a 
(a) Per 5, © Circle may be deſcribed about it. For Ca) a Circlenil 
4 4. « paſs through any three Angles, C, F, A, and this, fo tt 


Per 22. © fourth be equal to B; which cannot be, unleſs it doth 
Therefore it doll 


J 3. indeed paſs through the Point Bf. 
Per Schol.““ paſs through it. | 
P. 21s J. 3. 8 


Lib. 


wth 


To. 


Let 
AB, ( 


Perpen 
the Ce 


deſcribe 
Centers 
which | 
throug} 
will giv 


II. Lid. 1,  FEvctip's Elements. 91 
1010 | | : | | 
Tl PROP. XXIII, XXIV. Theorems. 
ul ARE not neceſſary; and they treat of ſimilar 
| Segments, which cannot rightly be defin'd 
o the N hot Proportions. 
Or t0 | 


ne PROP. XXV. Problem. 


c. 


To perfect a given Arch (A B C.) Fig. 36. 


Let there be ſubtended at Random the two right Lines 
AB, C B; which biſect in I and L. From I and L raiſe 
Perpendiculars meeting one another in O. This ſhall be 
the Cemer of that Circle whereof A B C is a Portion. 
For (a) the Center is both in the Line I X, and in the (a) Pe 


Arch 
right 


ith the The Practice. From the Center B, taken in the Arch, J. 3. 
ut Oi describe a Circle; and with the ſame Interval, from other 
1, BC: centers in the Arch, deſcribe two other Circles, each of 
ie ſame N vhich cuts the former twice. TW O right Lines drawn 
ith the through the Interſections, and croſſing each other in O, 
e Ange i give the Center. 3 


PROP, XXVI, XXVII. Theorems, 


later 
Ange 
lateral; 


o equal Circles, equal right Lines (C E, FI) ig. 37. 
ſubtend equal Arches; and if the Arches are 


kes tw 
. equal, the Subtenſes are alſo equal. 
about 1 | 
ſhort ah Theſe two Propoſitions are plainly Axioms, and need no 
emonſtration. 
CF, the 
c ones, Corollary (1) © If in a Circle AB CD the Arch AB be Eg. 55. 
ircle wu equal to the Arch DC; AD will be parallel to B C. 
s, fo - For AC being drawn, the Angles ACB, CAD, as 
ls it - ſanding on equal Arches, will be equal. Wherefores þ er 27 
e It do | 0 


AD is parallel to B C. Q. E. D. 6.1 
(2.) © The right Line E F, which is drawn from the, 
' Point A, the middle Point of ſome Arch, and my * 

| | = e 


R ON 


Line LZ. Therefore it is in their common Point O. Corol. p. 1. 


56. 
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« the Circle, is parallel to the right Line B C, which ſub. 
« tends that Arch. For from the Center D, draw unto 
« the Point of Contact A the right Line DA, and join DB, 
« DC. The Side D G is common, and DB is equal to 
„PD C, and the Angle B D A equal to the Angle C DA, 
| « the Arches BA, CA being ſuppoſed to be equal. There 

* Per 4. © fore the Angles DGB, DGC are equal “, and conſe. 
1. 1. © quently are right Angles. But the internal Angles GAF, 


t Per 18. « GA F are alſo right Angles To Therefore B C, E P ate 
2. « parallel. Q. F. D. 

* Per 282 

"oy, 


PN. XXV III, XXIX. Theorems, 
Fig. 38. 1 in equal Circles, the Angles, whether at 
he Centers (BAC, F L 1) or at the Circun- 
ference (BOC, FS 1) be equal; the Arches all 
(BAC, FZ 1) on which they fland are equal; 
and if 'the Arches be equal, the Angles alſo are 


1 equal. 
Theſe two Propoſitions alſo are plainly Axioms, and need 
no Demonſtration. 


PROP. XXX. Problem. 
To bijea a given Arch (A B C.) 


Draw A C, which biſect in O. From O draw the ber 
pendicular O B, meeting the Arch in B. I ſay the thing 
is done. 

For let A B, B C be join d. The Sides A O, B O areh 
the C onſtruction equal to CO, O B; and the Angles 40 
are equal as being right ones. Therefore the Baſes AB, 

(a) Per 4. CB are equal (4a). Therefore the Arches alſo (6) AD, 
J. 1. B C are equal. 
(b) Per 26. The Practice. From the Centers A and C deſcribe wit 
2 an equal Interval, Arches cutting each other in the Poin 
F and I, the right Line drawn e theſe Points wl 
biſect the Arch AB C. 
P RO 


Fig. 39. 
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PROP. XXXI. Theorem. 
"HE Angle (BCF) in a Semi- circle, is a Fig 


right one; that in a Segment greater than 
a Semi-circle, is leſs than a right one; that in 
a Segment lejs than a Semi-circle, is greater than 
a right one. 


. 40. 


Part I. From the Center A draw AC. Becauſe AB 


and A C are equal, the Angles O and B are equal /<c). (c) Per 5. 


For the ſame Cauſe the Ang'es I and F are equal. ,. f. 
Therefore the Angle B C F is equal to B and F together. 


Seeing (a) therefore the three together make two right (a) Per 32. 


Angles, BC F, which is half of two right Angles, is one /. 1. 
night Angle. 5 
Part II. Let the Segment L. OB C be greater than 2 F. 41. 
gemi circle, and in it let there be the Angle COL, and let 
LB, the Diameter of the Circle, be drawn. The Angle 
COL is leſs than that BOL, which by Part I. is a right 
one. There ore, &c. 1 2 OS 
Part III. Let the Segment LO X be leſs than the Semi-Fg. 41. 
cirele LOB, and XO L be the Angle in it. This will be 
greater than BO L, which is a right one. Therefore, &c. 


Corollary (.) © Hence we may make a Proof of the Fig. 40. 
Inſtrument, called a Square, whether it be exactly Rect- 
* angular or not. For in what Circle ſoever the top of 
* the Square is laid upon C, or any Point of the Circum- 
* ference whatſoever, if the Sides of it do paſs through the 
* Points of the Diameter B and F, the Angle is a right 
*.one; otherwiſe not. | I SY 

(2,) If the Sides of a Square be held continually upon 
* the Points B and F, in the mean while that the Angle 
is moved round, firft on one Side, then on the other, the 
„top of the Angle C will deſcribe a Circumference of a 
Circle, whoſe Diameter is the Line B F. ef gs | 

(3.) © Hence we learn to raiſe*a Perpendicular at the 
"endof a Line, Let BC be the Line, C the Point given, 
from whence a Perpendicular is to be raiſed. From any 
© Point whattoever. A as the Center, let a Circle be deſcribed 
paſſing throngh the Point C, and cutting BC in any Point, 

«c 48 
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ce ag B. If the Diameter B F be drawn, it is manifeſt thy 

« the Line C F is the Perpendieular required. Q. E. I 

Fig. 57. (4.) © Hence it is manifeſt, that Circles touching one 

« another inwardly, do cut all Lines, as A D proportion- 

« ably; or ſo, that A C, the Subtenſe of the lefſer, is ty 

« A D, the Subtenſe of the greater Circle; as A E, the 

« Diameter of the leſſer, is to A B, the Diameter of the 

greater. For there being drawn the Subtenſes E C, BI, 

ce the Triangles EAC, D AB are equi-angled. For the 

Angle A is common, and ACE, ADB are right one 

ce as being Angles in a Semi- circle; and therefore A EC 

(b) Per © AB DO) are equal. The Triangles therefore are ſimilar, 

Carol. 9. © by the fourth Propoſition of the Sixth Book, and AE; 

Prop. 32. AB:: AC: AD. Q. F. D. 1 ü 
J. 1. (5) © Ina right angled Triangle B C F, if the Hypo. 

Fig. 40. © thenuſe B F be biſected in A, the right Line A C cus 

| « the Triangle into two equicrural ones, A CB, ACF 

c and ſo a Circle deſcribed from the Center A. through 

« B, muſt paſs through C, the Top of the right Angle. 


14; 

1 

1 

il PRO. XXXIL Theorem, 
. Fi ; ; 

Fd i 

by | 


Fe. 42,43. IT a right Line (C F) touch a Circle, and an 
* ther (AB) which is drawn from the Point i 

Contact (A) cut it; the Angle made by the Tai 

gent and the cutting Line, is equal to the Angle 

which is mad? in the alternateor oppoſite Segment, 


That is, the Angle C A B will be equal to the Angle l, 
which is made in the Segment ALB ; and the Angle FAB 
will be equal to the Angle O, which is made in the Sep- 

| ment AO B. For, = 5 
Fig. 42. Firtt, let the Line A B paſs through the Center. Her 
: by Prop. 13 CAB is a right Angle: And by Prop. 31. U 

is alſo a right one. Therefore C A B and L are equal. 

Fig. 43. Then let the Line A B not paG through the Center 
| Let the Line A Q therefore be drawn through the Center, 
| and B Q be join'd. Becauſe the Angle in the Semi-circle 
(a) Per 31.A B Q(a) is a right one, B QA taken together with B AQ 
£4: will make one right Angle (5). But C A is allo by Prop 
(b) Per 3 2. 18. of this Book a right Angle. Therefore BQA with BAY 
5 46; are equal to CA Q. The common Angle therefore B A 


being 


g one 


zrongh 
\ngle, 


1 ants 
int 9 
» Tatts 
Ingles 
men. 


nglel, 
le FAD 
he Seg⸗ 


Here 
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qual. 
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e BAY 


being 
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peing taken away, there remains BQ A, which is equal to 

L {c) equal to CAB, Therefore Land C AB are equal: () Per 21. 
Which is the firſt Part to be proved. 4. 3. 

Then F A B and CAB make two right Angles (4) and (d) Per 13. 


in the Quadrilateral BO AL, the Oppoſites Land O make J. 1. 


vo right Angles (e). Therefore the two FAB, C A g are (e) Per 13. 
qual to the two O and L. Therefore there being taken“. z. 

away on one Side C AB, on the other L, which have 

already been ſhewed to be equal, there remains FA B equal 

oO. Which was the other Part to be proved. 


PROP. XXXIII. Problem. 


PO Na given Line (B C) to make a Segment Fig. 44. 
of a Circle, in which the Aug le ſhall be equal 
0 an Angle given. | 


Firſt, let there be an acute Angle given, ABF; from B 
Inw B L perpendicular to AB; and at C, the Extremity 
the Line BC, make BCI equal to C BL (by 23. J. 1) 
oſe Side ſhall ent BL in I. From the Center I deſeribe 
Circle through B: This Circle will alſo paſs through C 
ſraſmuch as becauſe of the Equality of the Angles at B 
nd C, the Sides likewiſe C I, BI are (by 6. J. 1.) equal, 
nd the Segment B QC ſhall contain an Angle equal to the 
ren one A B F. | Wo: | | 
For becauſe A B is perpendicular to the Diameter B L. (a) Per 18. 
IB will touch the Cirele which BC euts (a). Thereiore 3. 
he Angle in the Segment B QC is equal (4) to the Angle (b) By rbe 
BE wa 5 „ Foregeing- 
Bat if the Angle given be obtuſe, as RB C, do as beſore, | 
dCOB will be the Segment required. : 


PROP. XXXIV. Problem. 
ROM a given Circle to take away a Segment, He. 
containing an Angle equal to a given one. dz 


Unto the Diameter of the Circle FA, draw the Perpen- 


cular BAL. Then {e) let AC be drawn, which may (e) Per "7 


ake the Angle B A C equal to that which is given. This}, 1. 

ne A C ſhall cut off the Segment A QC, containing an 

gle equal to the given one, as is manifeſt from Prop. 32. 
r 
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PROP. XXXV. Theorem. Re 
= 46,47, | in a Circle two right Lines ( CE BF) a "gy 
one another, the Rectangle CO LY under M Nlerwiſ 


Segments of one is equal to the Rectangle (BONE Nee 


under the Segments of the other. For, 


There 
Tf they interſect each other i in A, the Center of the C mains, 

lle, the thing is manifeſt. 

1 Fig. 46. If one of them CI. paſſeth through the Center A, a 


But laf 


piſects the other B F, which doth not paſs through th Cent: 
0 ) Per 3. Center; it V euts it perpendicularly, and ſo the Squu ere be 
J. 3. of FO is the ſame with the Rectangle FOB. Let A FI Cent: 
drawn. Becauſe C; L is biſected in 45 and otherwiled d, both 
vided in O. the Re 
It will be thus, nal bet: 
(a) Per 5. Ret. CO 2 will be equal to A L 9 Ca.) Ort 
. ＋A O qe 148 
that is, AF ꝗ 
| | that is, equal to A Oq. 
(b) Per 47. ＋E F Oq. 65. 
J. 1. Therefore the common Square A 0 being taken aw 


there will remain 
Rect. COL equal to FO q. that ! is, 
to the Rect. FOB. 


Fig. 47. Then if one of the right Lines CL paſſes through t P 
Center, and cuts the other B F unequally in O, let a 1 fro; 
| Line drawn from the Center A cut B F into two eq thes 
(e) Per 3. Parts in I. In this Caſe, AI B will be a right Angle ( : 
3. Now, becauſe C L is biſected in A, and otherwiſe in 0, (B F 
| will be thus: Rec 
(d) Per 5. Rect. COL e will be equal to AL q. ( 4 ) that is, Meer thy 
L. 2. | T AOq. | A B q. that is, to 0% | 
(e)Per 47. 1 85 AI. e. bf. 
J. I, 2 8 -|- B I q. | cle, 15 
(H) By zhe But A 0 d b equal to oa 7%) The. If thi 
fame, fore, AF, 
Re&, CO LJequal to A I q fa). 
172 ＋ 14. it is add 
+ A Rec 
Therefore Fs common Square A I being taken avi a 


there remains. 
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Rea COL? =BIq. 
-j-OT q. i | 
a But BI Square is equal to the Rectangle F O B, together 
au © 1 Square; (g) becaule F B is bifected in I, and (g) Per 8. 
er M herwiſe cut in O. Therefore, . Was 
018 Red. CO 5 are equal to Ret. FO B 
| + Olq. | + Olq. | h 
Therefore the common OI q being taken away, there 


mains, 
Rect. COL, =Re&. FOB. 

But laftly, if neither of the Lines CL, F B paſſes through Fig. 48, 
Center: Through their common Interſection (O) let = 5 
re be drawn the right Line XZ, which paſſes through 
e Center (A). By what hath been juft now demonſtra- 
d, both the Rectangle COL. and that FOB. are equal 
the Rectangle Z OX. Therefore COL, F O B, are | 
nal betwixt themſelves (þ), . W i 
[* Or the Propoſition may be demonſtrated more eaſily 925 mY 2 
and univerfally thus. Join AC and B D. Here, be- Fi 935 Fry * 
auſe of the Equality of the Angles C E A, BED, as, % 2" i 


king vertically oppoſite (a); and of the Angles C an % "hes 18. 1 


he Ci 


A, an 
igh th 
e Squat 
LA FU 
rwiſe 0 


) l, as being upon the ſame Arch AD f: The Triangles, p 21 

en aw E A, B E P are equi-angled (per Corol. q. p. 32. J. 1.), , . | 
herefore * CE: EA:: EB: ED. ThereforeCE xs * 4 | 
LD is equal to E AXEB (per 16. J. 6.) . E. D. | 6. ; 1 

ough iſt PROP. XXXVI. Theorem. | 

et a 1 from (B) a Point given without 4 Circle, pig. 49,50; if 

wm Y there be drawn unto the Circle twa right Lines, 1, 

een (B JO touching it, the other (B C) cutting it; 


Rectangle (C HO,) which is comprebended 
that is Wider the hole cutting Line (C B) and the Part 
1s, 0 O,) which lies betwixt the Point (B) and the 
0 cle, is equal to the Square of the Tangent (BF). 
If the cutting Line B C paſſes through the Center A, 
AF, This, with the Line FB, will make a right An- | 
( 4%. And therefore, becauſe C O is biſected in A, and (a) Per 18. 
1s added O B; it will be thus; e 3. 
Ret. CB O will be equal to A B ꝗ (% that is (o) Per 6. 
+AOq 5 | 1 * . 5 
2 58 | to c Fer 47. 
Re | 8 ＋EF B is (c.) bat 


F Then 


aken avi 


Hip. $2, 
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Therefore the equal Squares A O q, A F ꝗ being ui. 
away on both Sides, there remains, 


Re&. C B O, BB F . 


. 
itho! 


Fig. 50,5 1. 2. But then, if C B doth not paſs through the Cent I * 

let there be drawn AB, AF, AO and AL, and let nd th 

biſect OC in L. The Angle ALO is therefore à 1 0 

(d) Per 3. one (4). Likewiſe AFB is a right Angle (e). Now,! 10 ar 

4 2 cauſe C O is biſected in L, and to it is added O B, it ha H; 

(e) Per 18. be thus: Jt | ence | 
„ e e ide, 

1 Let there be added on both Sides A L Square, and LA 

Rect. C B O / equal to LB q. p. B 

+ L Oq. ＋AL FE. 

V | 

(g) Per 47. But the Squares of L O, AL are equal (g) to the S] P 

. of AO, or AF; and the Squares of LB, A L are equi * 

(h) By thethe Square of A B (.) Therefore, the 

Janes + Rect. CE 95 —=ABq that is, (2) 1 the 
(1) By the AF g. | |, 

ſame. to B F q. * 

T I. AF g. a om B 

Therefore the common Square, that of A F being tak 750 

away, there remains 3 

Rect. C B O equal to the Square of B F. 2. Z.) We 0 

Fig. 59. [ © Or more eaſily and univerſally thus. Draw! 2g 

* Per 32. and BC, Now becauſe of the Equality of the Ar 655 = 

3 * A, and DBC, “ and for that the Angle D is comme 5% 

1 PerCorol.“ both; the Triangles BD C, A D B are equi-angl 10 0 

9.5. 3 2. J. 1.“ And therefore (by Lib. 4.6.) AD: DB:: BDI -” A 

Per 17. © Wherefore the Rectangle? A D x D C is equal o _-. | 

6% * Rectangle B Dx D B. or PB EF. DJ) My 

| | Irollari 

Corollaries. e Angi, 

Sade: | T3 „ I 

1. F from the ſame Point B, without the Circle, as Hint B : 


cutting Lines BC as you will be drawn, all the! 
angles C B O are equal amongſt themſelves. For cad 
them is equal to the Square of the Tangent BF. 
2. The right Lines BF, B Q, which, from the 
Point, touch the Circle, are equal. For each of ! 
Squares is equal to the ſame Rectangle. 


(i 


Jo 
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It is alſo clear, that from the ſame Point B, taken 

ithout the Circle, there can only two Lines BF, BQ 
be drawn, which ſhall touch the Circle. For if a third 
ge aid to touch it, it muſt be equal to B F, or BQ, 
and therefore the ſame with one of them. 

In every Right-angled Triangle B F A, that is not Fig. 44. 
lo an Iſoſceles, the Rectangie ariſing from the Sum of 
he Hypothenuſe, and one Side drawn into the Diffe- 
ence betwixt them, is equal to the Square of the other 
ide, For the Sum of the Hypothenuſe B A, ＋ A F or 
C, is=B C. And their Difference is BAA F=B A 
AOS B O. And the other Side of the Triangle is 
k. But the Rectangle C B O is equal to the Square of 
F. Therefore, &c. 


PROP. XXXVII. Theorem. 


the Rectangle under CB and OB be equal, Fig. 
the Square of B F, this _ touch the 
&k in F. 


um B let there be drawn the Tangent BQ, and the 

Lines EQ, EF being drawn from the Center E, un- 

e Points Q and F, let BE be joined. Becaute by the 

polition the Square of B F is equal to the Rectangle 

0, as is alſo the Square of BO, by 36th of this Book, 

Squares of BO, B F ſhall be equal betont themſelves, 
conſequently the right Lines BQ, BP are equal, 

refore the Triangles FEB, BEQ are Equilateral each 

her, Therefore the Angles Q, F are equal (4. But (a) Per 8. 
2 right Angle (per 18. /. 3.) Therefore F allo is a/, 1. 
Angle. Therefore B F toucheth the Circle (%. (o P. 16. 


* 


ng tal 


re ary 
Now, 
B, it 


and u 


being tak 
2. E.) 


Draw! 
the Any 
cCommo 
ui-anglel 
BD: 


rollaries (.) © Hence the Angle E B F is equal to 
e Angle EBQ(/per 8. J. 1.) 

) © If two equal right Lines B F, B Q fall from fone 
Int B upon the convex Circumference, and BF, one 


ao. For ſeeing B F, BQ are equal, their Squares foregoing- 


e alſo equal. But BFq is equal to C BO (a). There-(b) Fer 
* B O (6). Therefore B Q allo teucheth the Axiom 1. 


G 2 | Scholium 


them toucheth the Circle, the other B Q muſt touch (a) By the 


(c) By this 
Propoſe tion 


100 


* Stature. 


6e perpendicular, [and conſequently the Walls ol Bui 
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Scholium [1 ] Seeing all Planes paſling through but 
« Center of the Earth, which all ftand perpendicular uy the! 
© the Horizon, do produce great and equal Circles A Scho 
the Earth's Surface, we ſhall here bring in ſome eleg Place 
© Conſectaries from thence, out of our Author in Mcated 
** Aftronomy ; which from the Nature of Circles mayy what 
“ eaſily be under ſtood. 1 
(..) If in any Part the Surface of the Earth were g (FD 
* ſfectly plane, Men could no more ſtand upright up] ball 
« than upon the {ide of an Hill, faving in the Point ofiff I 
“ Contact only. | | B, le. 

( 2.) The Head of a Traveller performs a longer Unto 
« or Courſe than his Feet: Likewiſe he that is on Hu Ferpe 


e back, and goes the ſame Way as a Footman, mea Line 
e a greater or longer Space than he that is on Foot, MW infinit 
e likewiſe in a Ship, the uppermoſt Part of the Mai dle be 


over more Way than the lower Parts of it. ay th 
600 © If any one ſhould travel over the whole Cin Let 
< ference of the Earth, the Way gone over by his | either 


* would exceed that which was gone over by his Feet throng 
* the Difference of Circumſerences, or by the Cira kt alli 
« rence of a Circle, whoſe Semi-diameter is the man In 

| y Pr, 
of the 


(4.) © Ifa Veſſel full of Water be elevated perpendi 


* the Water will continually be running over, 20 = 
« jt will remain full ; namely, becauſe the Surface oi (?) A 
« Water is continually compreſſed into the Surface} the Pc 


4 2 Sphere. Yea, if a Veſſel be elevated conti eaual 
c higher and higher, the Surface of the Water whi 
contained in it, will continually deſcend and come i 
unto a Plane; unto which yet it will never actually 

(5. If a Veſſel full of Water be carried directl; d 
«© wards, although nothing run over, yet it will c 
be full; namely, becauſe the Surface of the Watcrh 
** continually into a Part of a leſſer Sphere. From w 
it follows, i 

(6.) That one and the ſame Veſſel contains mor 
* ter at the Foot of a Mountain than at the Top; # 
« wiſe more in a ſubterraneous Cellar, than in 20 
ber. To which Things add, 

(7.) © 'That two Strings, on which two Iron Bal! 


:* erected perpendicularly] are not Parallel one to an 
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lb. III. 


Jcholium [z.] © I think 


EvcriD's Elements. 


but Parts of Radius's meeting together in the Center of 
the Earth, 7 
place the following Problem alſo, which was communi- 
cated to me by a Friend, as demonftrated by me ſome- 


what more bxieffy. | No 
Through the two Points (B) and (C) in a given Circles 


(FDM) to draw the Circumference of a Circle which 
ſhall biſect the Circumference of the other given Circle, 
Through the Center A, and one of the given Points 
B, let there be drawn the infinite right Line BAM E. 
Unto which, from the Center, let there be erected the 
Perpendicular A D, and let B D be drawn. Let the 
Line D E, be made perpendicular to B D, cutting the 
infinite Line B AME in the Point E. Laftly, let a Cir- 
ce be drawn (2) throngh the three Points, B 

ſay the Thing is done. For, OR: 
* Let the Chord of the fecond Circle be drawn through 
either of the Interſections of the Circles, as G, and 
through A the Center of the firſt Cirele, to wit, G Af; 


kt alſo the Diameter of the firft Circle GA F be drawn. 


Then in the firft Circle (by Coro! 1. Prop. 8. J. 6. and 
by Prop. 17.4. 6) BAA EAD . that is, (becauſe 
of the Equality of the Semi-diameters. A D, A G, A F) 
A, GXAF. And in the ſecond Circle there will be 


WABXAE=AGxAf Therefore AF=Af, and (b) Per 35. 
the Points F and f will coincide, and the Arch FD G is!. 


equal to the Arch FM G. Q. E. F. 
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it not amiſs to inſert in this Fig, 60. 
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ed about Circles. There is very great Uſe of it in buildi 
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Arch, 
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7 \ HIS Book, which is wholly Problematical, teachel 
by what Artifice, Figures, thoſe which are ordinat 
or regular eſpecially, may be inſcribed in, and circumſcrh 


Fortifications; and from it, as a Fountain, have been d 


rived thoſe moſt excellent Tables of Sines, Tangents u O in 
Secants, to the very great Benefit of the Mathematicks, Anz 

[© This Book is moſt uſeful for Trigonometry ; for by uM Let th 
* ſcribing Polygons in a Circle, we learn to frame 'Tables"hde / a 
* Chords, Tangents and Secants ; by the help of which Md join 
learn to mea:ure the Magaitudes of Figus es and Bod equal 1 
Neither without it can we duly diflinguihh the Aſpces, ). A, 
they call them. of the Stars, as the Quartile, Sextile, M B. 
they wholly depending upon the Inſcriptions of Polygon'iiherefor 


Circles. Neither can we otherwiſe colle& the Area (whid 
** 1s8acertain Quadrature of a Circle) than from the Area 0 
Squares of innumerable Polygons inſerib'd in, and circum 


* ſcrib'd about a Circle. And in like manner we kno 0 c 
duplicate Proportion of Circles amongſt themſelves, fru vi 


the duplicate Proportien of Polygons inſcribed in, or ct 
cumſeribed about Circles, And as for Military Archi: Let th 
ture, jt makes ſo much uſe of Polhgans inſerib'd in Giri lake the 
that more than all other Sciences it may ſeem to be x the / 
ly owing to this Book. | Dt 


ib. IV.  EvcLid's Elements. To3 
DEFINITIONS. | 


Rectilinear Figure is ſaid to be inſcrib'd in a Circle, 
or to have a Circle circumſcrib'd about it, when 
e Tops of all the Angles thereof are in the Circumference 
the Circle. e 8 15 5 
2. A Rectilinear Figure is ſaid to be circumſerib'd about 
Circle, or to have a Circle inſerib'd in it, when each one 
its Sides toucheth the Circle.- 
z. An ordinate or regular Figure is that which is Equi- 
teral and Equiangular. OY 


T DEI PROPOSITION I. Problem. 


FO inſcribe a right Line (A,) which is not Fig. 1.1. 4. 
greater than the Diameter, into a Circle( BD.) | 
Take in the Circumference any Point B. From the 
enter B, with the Interval of the given Line A, deſcribe 
Arch, cutting the Circle in C. Draw the right Line 
C. I fay the Thing is done. 5 8 
PROF. II. Problem. 
0 mſcribe in a Circle a Triangle having equal fig. 2. 
Angles with a given one (A). N 


teachel 
ordinat 
umſeri 
building 
been d 
ents aul 
aticks, 


or by u Let the Line E F touch the Circle in D. Let E DG be ) Per : 35 

Tabledgade (a) equal to the Angle C, and FD He qual to B . 1. 

"oy d join G H. I fay the Thing is done. For () E DG (b) Per 3 2. 
Call 


equal to H. H conſequently is equal to the Angle CZ. 3. 


pee, N). And F DH is equal {d) to G; and con ſequently Ge) By the 
tic, K B. Therefore G DH (e) is equal to the Angle A.Conflr uc- 
-ly gon: ffherefore what was required is done. e , 

a (ufd x (d) Per 32. 
ee PROP. III. Problem. 1 3. 


| CLrcun: 
ve Knol 
es, fron 
„, or ci. | 
4rchi Let the Line I K be drawn forth on both Sides, ſo as to 
n Che the external Angles O and N. Make at the Center 
be wh the Angles G A B, BAP equal to O, N reipettvely, 


b. 
N 


0 circumſcribe about a Circle a Triangle, ba C0, % 


ving equal Angles with a given one (IX L). . 32. l. 1. 


104 EvucLiD's Elements. Lib. I 
8 which is done by 23. J. 1. Then in the Points G, P, B, , (. 
three right Lines touch the Circle, meeting together i mei 
C, E, D. The Triangle C E is circumſcribed about iH inſc 

Circle, and is equi-angled to the given one I LK. Fot, 18 
In the Quadrilateral CG A B, the Angles G and g. oY 
(f)Per 18. ( both of them right ones. Therefore the remaininlfi« © B 
ones G AB, and C taken together, do (g ) make two HH or F 
(2) Per ones, and conſequently are equal to the two together, 0,0 ; 
Theorem 1. Therefore the two, G A B and O, which are equal by th 
Sehol p. 32. Conſtruction. being taken away, there remains C equal 
£4: I. In the ſame manner E will be proved equal to the hi 
h) Per gle K. Therefore P and L are () likewiſe equal. Th 

Corol. g. therefore is done which was demanded. CNY 


Lb, 


TO 


Prop. 32, For that the Tangents do concur is thus ſhewed. Til. 7/ 
l. 1. Angles O, I, and K. N are (a) equal to four right ore rioht 
(a) Per 13. and I K are leſs than two right ones Therefore O, g 
J. 1. (that is, by the Conſtruction G A B and B A H are gra con 
(b) Per 32. than two right ones. Therefore G A F (c) is leſs than Hszhich! 
. 15 right ones. Therefore G F falls between A and D. The i 
(c) Per fore ſeeing A GD, and A FD are right Angles, DGIWin:. | 
Corol. 3. and DF G are leſs than two right ones. Therefore CC | «+ 
Prop. 13. and EF D t meet together towards D. In the ſame mu Iconftr 
I. 1. ner it may be demonſtrated that the reſt concur. 0: 
vPerSchol, . f equa 
p. 3b. PROP. IV. Problem. ROY 
fig. 3 To inſcribe a Circle in a Triangle, qu 
Hg. 3- Biſect the two Angles C and E with the Lines C A, EI yu" 
| meeting together in A. From A draw the Perpendiculayy thre 
A B, AG, AF. A Circle deſcribed from the Center le * 
through B, will paſs alſo through G and F, and touch ünoher 


three Sides of the Triangle. : 
For in the Triangles C AG, C AB, becauſe the Ang 
AGC, ABC, and likewiſe thoſe G CA, and BCA. 
equal by the Conſtruction, and the Side A C is commo 
* Per 26. the Sides AG, A b ® muit be likewiſe equal. In like mil 


4. 1. ner A B, AF may be ſhewn to be equal. T herefore ti 0 
Circle defcrib'd from the Center A, pafſeth throu ab 
B, G, F. And becauſe the Angles at thoſe three Poi, 
(H) Per ib. are equal, it toncheth /) all the Sides of the Tria Ler t 
* That thereſore is done which was required. ther p 


ä if 0 Hen 
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Hence the Sides of a Triangle being known, the Seg- 
« ments of them, which are made from the Contacts of an 
« inſcribed Circle, will be known. Let DC be 12, DE 
« 18, CE 16, DC and CE will be 28, from which ſub- 
« tat 18=D E=XDG+B E, there remains 10 =C G + 


maininMl «© C B. Therefore CG or CB = 5. Conſequently EB 
wo right” or E F = 11. Wherefore FD or DG = 7.] 

er, O,, 

al by th 


equal u 
the At 
l. Tu 


PROP. V. Problem. 


TO deſcribe a Circle about a Triangle, or tbr Els. 4 
three given Points, B, C, D, not lying in a 


d, I 
right Line, to deſcribe a Circle. 


ht ore 
ore O, 
re great 


. Connect the given Points with two right Lines B C, C D, 
than tu 


which biſect with the Perpendiculars E A, O A, meeting to- 


Ther ether in A. This will be the Center of a Circle which 
„ Dees through B, C, D. | 
re C let the right Lines AC, A D, A B be drawn. By the 
ane mil 


Conſtruction, the Sides DO, O A are equal to theſe, C O, 

\ 0; and the Angles at O are right ones. Therefore A 

js equal to AC (a.) In the ſame manner A B may be (a) Per 4. 
rov'd equal to AC, Therefore A D, A B (/ are equal. I. 1. 

herefore a Cirele deſcribed from the Center A through B, (b) Per 

ill paſs alſo through C and D. Which was the Thing Axiom 1. 
equired. | | 

As for the Practice, it is ſufficient to deſcribe from B, C, 

D, three equal Circles, interſecting each other; and through 

le Interſections to draw right Lines; theſe meeting one 


C A, El 
endienla 
Center! 


| touch mother will give the Center ſought. 
he A 5 
BCA 1 = 
S commo P R Q P. Yi, . Problems. 
like mat : = - Q „ ; 
erefore IO 1n/cribe a Square in, and circumſcribe oue fis. 3. 
h thro about a Circle. ES 
hree Poll | 


Tet the Diameters B D, CE be drawn, cutting each 
ther perpendicularly. The right Lines which join the 
[ms of theſe, inſcribe a Square in a Circle. 


e Triangt 


3 Hen 
| The 


(c) Per 31.circle (c) is a right one, the Square of B D (that is, Pl 


Pro. 32.4.1. 


EucLID's Elements. Lib. IV, 


The Demonſtration is manifeſt from 4. 1. 1. and 31. l. 
Then let four Tangents be drawn touching the Circle i 
B, C, PD, E, meeting together in I, F, G, H. The Figur 
IFG H is a Square, circumſcrib'd about a Circle, 

The Demonſtration is maniteft from 18. I. 3. with Cy. 
rollary 2. Propejition 36. 1. 3. and 28, and 34. I. 1. 


Lib. 


the Si, 
qual 

ſhew'd 
ente. 
, H, 
auſe t 
ze han 


Scholium. 


Square deſcribed about a Circle is double to that i. 


| ſcrived. For becauſe the Angle BC D in the Semi ſ 0; 


Square ſhall be (4) equal to BC q. ＋ C D qꝗ, and then tt 
d) Per 47. fore double to the Square of C D, i. e. to C DEB. 'e Ao: 
PROP. VIIL IX. Problems, | i: 

| | | | uch 1 

TO inſcribe a Circle in, and circumſcribe au 11 
| | | elcribe 
about a Square, as (BC F E.) N 
Let there be drawn the Diameters of the Square, cut ſh 
ting each other in O. From the Center O deſcribe a Cit equal 
cle through B; this will alſo paſs through E, F, C. at BC 
Then from the Center O draw O D perpendicular {Mere 
BC; a Circle deſcrib'd from the Center O through I, Me opp 
will touch all the Sides of the Square. eing ac 
Part I. Becauſe, by the Hypotheſis, the Lines C B, Ee th; 
are equal; the Angles B CE, B EC will be equal (c). Bu e Ang 


CBE is a right Angle by the Hypotheſis. B C E thereſo: I 4.1 1) 
and B E C are halt right ones (4). In the ſame manne e tõο 
CB F will be ſhewed to be an half right Angle, as likenit dB D 
the reſt of the Angles; and to they are equal among 3 C. 
themſelves. Therefore in the Triangle B A C, (ceingific Ang 
there are two equal Angles C B O, B CO, the rigiWiple a 
Lines OB and OC (e) are equal. In the like manner te Hal be. 
right Lines OB, OE, OF may be ſhewed to be equi v requ 
Therefore a Circle deſcribed from the Center O througi 
B, will paſs through E, F, C. mY 

Part II. From O let there be alſo drawn the Perpendic 
lars OG, OH, OI. Becauſe in the Triangles GBO, DB0, 
the Anglesat Dand G, as likewiſe thoſe at B, are equal, a 
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1. L; Hie side O B is common, the Sides O D, O G muſt be | 
rcle H Wegual (a.) In the ſame manner O0 G, OH, OI may be (a) Per 26. 
Figur Mnew'd to be equal. Therefore a Circle deſerib'd from the“. 1. 
| enter O, which paſſeth through D, will alſo paſs through _ 
h Cy. , N, I, and touch all the Sides of the Square (. Be-(bYPer 16. 
auſe the Angles at DP, G, H, I, are right ones. Therefore J. 3. 
ze have done What was required. 


PROP. X. Problem. 
that in- 1 Os | ü 


Sem O make an Jaſceles Triangle B AC, in which fis. 7. 
* the Angle at the Baſe (ABC, or ACB) hall 
. e double to that which is at the Top (A). 


Let any right Line, what you will, as A B, be taken, 

hich to cut in D (e) that the Rectangle A B D ſhall be (c Per 11. 
nal to A D Square. Then {rom the Center A, thro' B, J. 2. | 
clcribe a Circle ; in which inſcribe (4) B C equal to AD, (d) Per 1. 
ad join AC. BAC ſhall be the Triangle ſought. Et 
For let the right Line DC be drawn, and through A, 
re, cut, C deſcribe (e) a Circle. Becanſe the Rectangle AB De) Per 5. 
e a Ci equal to the Square A D, (that is, B C) it is maniſeſt, /. 4. 

C. at BC {F) reacheth the Circle DO, which C P ents. (f) Per 37. 


1e oy. 


icular therefore the Angle BCD () is equal to the Angle A in / 3. 
ough De oppoſite Segment; and ſo the common Angle D C A (g) Ver 32. 


ing added. B C A muſt be equal to Aj DCA. But be-. 3. RE 


O B, EVM the Sides A B. AC are equal, AB C (+) is equal to (h) Per 5. 


. Buße Angle AC B. Therefore the Angle ABC is allo equal /, 1. 
thereio Wh A DCA. But the external Angle alſo BDC is equal to 

> manneiſe two internal ones (7) Aj DCA. Therefore A B C, (i) Per 32. 
s like wiege B D C are equal Therefore the Line D C is (4) equal/ x, 


| among 8 C, that is, by the Conſtruction to DA.) Theretore (x) Per 6. 


, {een Bic Angles A and DCA (/) are equal. Wherefore the J. 1. 1 
the nge A BC. which hath been ſhewed equal to thoſe two, () Per 5. 
E 4 all be double to one A. That is done thereſore which x, 

e equa e | 


+ required; 
) throug! = 


rpendic. 
O, P50 
qual ) aud 


C vrollary. 
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Corollary. - odd 
NACH of the Angles at the Baſe Band C in the Loa are 


now framed, is two Fitths of two right ones, or ſon N ever 
Pifths of one right one, and the remaining one A is o. foje 
Fifth of two right ones, or two Fifths of one right one ther 
And is manifeſt out ot thi Propoſition taken together vu « A 


that 32. l. 1. « thre 

| | \ Hep 

PRO P. NI. Problem. ago 

| h 8 will 

by | | TY 7 ST | : „ EY « 21 ha 
Jig. 7 8. To in/cribe a regular Pentagon in a Circle, I. che. 


(a) By the Let there be deſcribed (a) the Triangle BAC, having th 
Joregoing. Angles at the Baſe double to that at the Top. Inſeribe: 
(bY Per z. Triangle CA D equi-angled to this in a Circle (5). Bitch 
h 4. the Angles at the Eaſe A CD, A DC, with the right Ling 
CE. DB, cutting the Circle in E and B. The Points 
B, C, D, E, join'd by right Lines, will give an ordint: 
Pentagon micribed in a Circle. nt 
For from the Conſtruction it appears that the Angles! 


EU ( 
th 
bis Als 


N, Q, 8, O are equal. Wherefore the Arches ſud Let 

(e) Per 28,to them, AE, E D, C D, C B, BA, are alſo () equi ther pe 

4, 3. Therefore the right Lines ſubtended to thoſe Arc 103 f From! 

(d) Per 27. alſo (d) be equal. The Pentagon therefore is Equilaten the Di 

J. 2. But it is allo (e) Equiangular, becauſe its An gi BA of a Pe 

; "83:0 (e) Per 29.4 E P, Sc. ftand on equal Arches BC DE ABCI The 
WA 3 Sc. that therefore is done which was required, © * upon t 


choliu 


Corollary. 

FE Angle of a regular Pentagon makes ſix Filſths 7 
Fig. 8. one right Angle, or three Fifths of two. For tl [ 
three Angles at A, ſf:cing they are equal, as ſtanding wlll Cut 
equal Arches, BC, CD, DE and the middlemott of the! ecual 1 
by the Corollary foregoing is two Fifths.of one right Ang £346; + 

the three together, that is, the Angle of the Pentagon "MW a ©: 

ſelf muſt make fix Fifths of one Tight one, . : 


4 -» 


(Scholl 


0, IV 
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[Scholium. This holds univerſally, that Figures of an Fig. 8. 

odd Number of Sides are inſeribed in a Circle, by means 1 5 
g of an IJſoſceles Triangle, whoſe equal Angles at the Baſe 

TrſenW are multiple of thoſe at the Top. But Figures of an 

or four MW even Number of Sides are inſcribed by the means of 

A is oe Tſojceles Triangles, whoſe Angles at the Baſe are each of 

ht one them multiple ſeſquialteral of that which is at the Top, 

ner with © As in the Iſoſcele. A CD, it the Angle C or D be 

« threefold of A, the Side C D will be the Side of an 

„ Heptagon; it fourtold, it will be the Side of an Enne- 

„ agon, &c. But if Cor D ſhall be one and a half of A, CD 

« will be the Side of a Square; and if C ſhall be two and 

« 2 half of the Angle A, C D will ſubtend a fixth Part of 


c le « the Circumference : In like manner, if C or D ſhall be 
TH: three and a half of the Angle A, C D ſhall be the Side 
ving th 


Meribe: 
Bile 
ht Ling 
Points A 
ordinat 


* of an Odtagen, Sc. 
Scholium. 


EU LID's Inſeription of a Pentagon is ingenious, but 
that of Prolomy, which he delivers in the firſt Book of 


Ingles Ibs Aln age, is much more expeditious: and it is this: 

nde Let the Dia meters E D, BF be drawn, cutting one ano- Fig, 12. 
gu ther perpendicularly in A. Biſect the Radius AD in C. 

es lu From the Center C, through B, deſcribe an Arch, meeting 


the Diameter E D in G. The right Line G B is the Side 
of a Pentagon, and A G of a Dæcagon. | 
The Demonſtration cannot be given here, ſor it depends 
upon the 12th Book of Euclid. See it in Ciavius, in his 
deholium, after Prop. 10. J. 13. 


nilaten 
BA j 
BCl 


Problem. 


Fikſths 
For it 
ing upel 
of th 
It Ange 
tagon | 


PON a given right Line (A B) to deſcribe a regular fjo, 9. 
7 Pentagon. -  ' | 1 7 

Cut AB ſo in C (a) that the Rectangle ABC may be (2) Pe 11. 
equal to the Square of A D. From A B protracted on both, 2, 
tides take away A DO, B E equal to the greater Segment 
AC. Frem the Center A and D, with the Interval A B, 
deſeribe two Arches, cutting each other in F. Likewiſe, 
rom the Centers B and E, deſcribe, with the ſame Inter- 
| | | val, 


ocholiul 
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val, two Arches cutting each other in G. And again, fron qual. 
the Centers G and F, with the ſame Interval, deſcriy Ihe tue 
two others, cutting each other in I. The Points A, P, {Wight 4 
G, B, being joined, will give a regular Polygon upon the berefo 
right Line A B. | 1 T, are 
That it is Equilateral, is manifeſt from the Conſtrudtion: G to 
that it is equi-angled, will be thus demonftrated. Let Dr o the! 
be drawn. It is maniſcſt by the Conſtruction, that ADH Manner 
an l/oſceles. And the. Bale A is the greater Segment of ircumſ 

the Side D F, ſo divided, that the Rectangle of the who ral; 
and the leſſer Side, is equal to the Square of the greater Neued 
(For DF is equal to AB, and A D equal to A C.) There. e Eq: 

tore the Angle D A F is two Fitths of two right ones; Hes. 
Corel. Prop. 10. J. 4. Therefore the remaining Angle Fah erefor 
is three Fiſths of two right ones, or fix Fifths of one right {hich 


In th 


ch) Per 13. one (b); and therefore is an Angle of a regular Pentagon 
4 | ribed 


/ x, © (. In the ſame manner may it be ſhewn, that theAngle Gh 
(e) Per Co- is three Fifths of two right ones, and ſo equal to FARHibed 
ol. 5. p. 11. From whence it is neceſſary, that the reſt F, G, I, ſhoull | 
þ 4 be equal to theſe, as appears from their being Equilaten 1 
to theſe, if the right Line F G be conceived to be ſubtend- 
ed, as appears by Prop. 8. I. I. ; 
| | V TO 17 
PROP. XII. Problem. car 
7 TO circumſcribe an ordinate Pentagon about uM Bie 
Circle. Se 7 
| . 5 aw th 
Let there, by the foregoing, be inſcribed the regular Pen A Ci. 
tagon G HI KM, and let there be drawn Tangents in th: L, tot 
Points G, H, I, K, M, which may concur in B, C, D, E, . ſcribed 
I fay the Thing is done. | les alt 
For from tlie Center draw the right Lines, A G, A bart! 
AH, AC, A I. Here, becaule from the {ame Point ], 2 
(a) Per BG, and BH touch the Circle, they (a) are equal. There. Ie Ang 
Corol. 2. p. ſore the Triangles G AB, B A H are Equilateral to each e G 
36. J. 3. other. Therefore (6) the Angles O, P, as likewiſe tho OB a 
(b) Per 8. Q, 8, are equal, And therefore the whole Angle 55 Ing tt 
7. . double to P, and the whole G A H double to S. For the e will 
ſame reaſon the Angles C and HAT are double to T and ut Li: 
( Per 29. N reſpectively. But G A H and HAI are equal (% ples o 
43. becaute they ftand upon equal Arches, by Conſtructio * hi 
erp 


G H, HI. Therefore their halves, S and N are il 
| | eq, 
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. IV. Lib. IV. III 
1, fron qual. Becauſe therefore in the Triangles BA H, H AC, 
lelerbe Ihe two Angles S and N are equal, and thoſe at H are both 
„. ight Angles (%, and likewiſe the Side AH is common; (d) Per 18. 
>0n the N herefore the Sides (e) B H, CH, as likewiſe the Angles P, J. 3. 
, are equal. In the ſame manner I might ſhew B G, (e) Per 26. 

uction; G to be equal. Therefore BF, C B, which are double/, 1. 
"et Dr che Equals B G, B H, are alſo equal. In the ſame 

A DF i; anner it may be ſhewed that the ref of the Sides of the 

nent of Mircamicribed Pentagon are equal. It is therefore Equila- 

> whole eral; but it is alſo equi-angled ; for ſeeing it hath been 
greater ewed that the Angles B and C are each of them double to 
"There. be Equals P and T, they muſt alſo be equal betwixt them- 

es; by EGS: And in the fame manner of the ret, We have 

le FapMcrcfors deſcribed a regular Pentagon about a Circle, 

1c ric hich was the Thing to be done. 35 

entaga il In the ſame way any ordinate Figure whatſoever is de- 

le G ibed about a Circle, that is, if a like Figure be firft in- 

'F a3 iibed in the Circle. | 

 ſhoull | | TE» 

uilatera PROP. XIII, XIV. Problems. 

ubtend. | | | 

TO inſcribe a Circle in a regular Pentagon, and Fig. 11. 
circumſcribe one about il. os 

about ii Biſc& the two Angles of the Pentagon B, C, with the 

_  WeitLines BN, CS, cutting each other in A. From A 

aw the Perpendicular A L. | „5 
lar ben: A Circle deſcribed from the Point A, with the Interval 
+s in th: L, touches all the Sides of the Pentagon; and a Cirele 
D, E, A eribed from the fame Point A, with the Interval A B, 
les allo through the Points E, F, D, C. < 

G, AB kart I. In the Triangles DC A, B CA, becauſe the Sides 

point h C., C A, are equal to B C, C A, by the Hypotheſis, and 
„ Thete- e Angles Pand O are equal by the Conſtruction, thoſe 
to each e G and I will be equal by 4. J. 1. Now, the whole 
ile thot % B and D are equal by the Hypotheſis Wherefore 
agle Bi ins the Angle G is half of B by the Conſtruction, I 

For the e will be half of D. Therefore D is biſected by the 
o T and ir Line DM. For the fame Cauſe the reft of the 
nal (<), eb of the Pentagon E F, are biſected, and conſequently 
truction i the halt Angles are equal among themſelves. Now, let 
are allo 


equal 


e Perpendiculars be drawn, AM AS, AN, AR. For 
| | becauſe 
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becauſe in the Triangles LB A, M BA, the Angles G 2 

B L A are equal to the Angles Q and B MA, by the Co 

fſjttuction and the Side BA is common, AL and AM n 

(a)Per 26. be alſo equal (a). In like manner I might ſhew that ch 

& 4; reſt of the Perpendiculars, AM, AN, AS, AR, areequ 

A Circle therefore from the Center A, paſſing through | 

will likewiſe paſs through M, 8, N, R, and becauſe th 

| Angles at L, M 8, N, R, are right ones by the Cn 

* Per 16, ſtruction, * it will touch the five Sides of the Pentago 
1. 3. Which was the firſt Part. | 

| Part II. In the Triangle CA B, becauſe the Angle( 

and G have already been ſhewn to be equal, the Sides al 

(b) Per 16. AC, AB muſt be equal (), and in the ſame manner, A 

6, AF, AE, A D, may be proved equal, and therefor 

| Circle from the Center A paſſing through B, muſt pi 


ing ea 
oAngl 
cribed 


H 


alſo throngh C, D, E, F. Therefore we have both i ! 
{ſcribed a Circle in a Pentagon, and circumſcribed « leque! 
about a Pentagon. Q. E. D. dius, 7 
[© In the ſame way, in any regular Figure whatſocr* An 
a Circle may be inſcribed, and circumſcribed about it, t An! 
angle, 
3 | 3, If t. 
PROP. XV. Problem. _ 
i | fi” 5 ED and 
Fig. 13. IVa given Circle to deſcribe a regular Heir * 
| | | | > Points 
Let the Diameter FA B be drawn. From the Center {Wd wi 
through A, deſcribe a Circle, cutting the given one in ribed 
and D. Likewiſe from the Center F, through A, a Cir | ich T. 
cutting the given one in E and G. The fix Points, B. , Fro: 
E, F, G, D, connected by right Lines, will give the He be an 
gon required. e : being 
From the Center A, let fall the right Lines A E, A Arch 
AG, A D. It is manifeſt that the Triangles II, I, M. lit Ling 
are Equilateral, both in themſelves, and with one anotl The 
(e) Per 1. Cc). Ihen becauſe the Angles CAB, EA FP, each the 
4.1. them make one Third of two right Angles (er Corolla 
i. 32. |. 1.) and therefore do make both together 4 
(d) Per Thirds of two right Angles ; it remains (4) that E ACP 2 C 
Cerol. 1. one Third of two right Angles ; therefore the A AX, 
p. 13. J. I. E AC, CAB are equal. But the Sides allo E A, 1 th 


are equal to the Sides BA, AC. Therefore the Batch 
| | | 
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Gu J. 1.) is equal to the Baſe B C, that is to the Ra- 
he Co us A C by the Conſtruction. Wherefore the Triangle N 
» ir Equilateral. And in the ſame manner the Triangle 


= 1 may be ſhewn to be ſo, Becauſe therefore all the ſix Tri- 
reequlſÞges H I. K. I., M. N. are Equilateral; it is manifeft 
ough 1]! all the Sides, CB, BD, DG, G P. PE, EC, are 
uſe val one to another, and to the Radius A C. The Hex- 
he Cu en is therefore Eqnilateral. But it is alſo Equiangular, 
entapn ing each one of its Angles EC, BD, G F, conſiſts of 


oAngles of an Equilateral Triangle. Therefore we have 


Angle cribed a regular Hexagon in the Circle, 


Sides all | i 
_ Corollaries. 
1erefore N | 75 
muſt fi HE Side of an Hexagon inſcribed in a Circle, Cor a 
. bon Chord of 50 Degrees] is equal to the Radius, [and 
ibed al equently the Sine ot 30 Degrees is equal to half the 
dius, per Corollary 2. p. 3. J. 3. 3 
hatſoeel. An Angle of a regular Hexagon is four Thirds of one 
out it, It Angle; as conſiſting of two Angles of an Equilateral 
angle, each of which makes two Thirds of a right Angle. 5 
3. If there be drawn the Diameter PS, perpendicular to 1 
other FB; and with the Interval of the Radius PA, * 
m the Center P and 8, there may be made Sections in 
and Q, in Rand T, and in like manner from the Cen- 
Texqgiſß F and B, make the Sections in G and E, in D and C, 
mats P, E. O, F, R G. 8. D . 8 Ge, con- 
Center Med with right Lines, will give a Figure of twelve Sides, 
1 one inMcibed in a Circle with one Aperture of the Compaſſes, 
a 2 Cir nich Thing is of great Service in Dialling. 75 
nts, B. . From what has been demonſtrated, we may eaſily de-Fig. 14. 
the Heu be an Equilateral Triangle in a Circle. The Diameter 
being drawn, from the Center B, through A, deſcribe 
A E, A Arch CAD. The Points C, F, D, connected with 
1, I. M . Lines, will give the Triangle fought. 
ne ano The Side CX D of the Equilateral Triangle, cuts off 
P, each In the Diameter B F perpendicular to it, a fourth Part 
oreli Mot B X. For the Angles ACX, B C X, ftanding upon 
oether Mal Arches G D, D B are equal (per 29. J. 3.) and the 
at EAA C, C X are equal to the Sides BC, C X. There- 
the Ark X. B X are equal (9). Therefore BX is the fourth(a) Per 4. 
BAAMWY the Diameter B F. . 5 
he Baie b | | H Schalinm, a 
0 
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Scholium 1. Problem: 


Fig. I3, OU may raiſe a regular Hexagon upon a right I. 
* Per. 1 BC thus, Make an * Equilateral Triangle Ca 
J. 1. upon the given Line CB. From the Center A through 


and C deſcribe a Circle. This will contain an HexagMnſcrib 
upon the given right Line CB. The Thing is manit thi 
from the Propoſition, and Cro/lary 1, Mis. J. 
ST For it 
ES Arch 
"F- HE Square of a Side of an Equilateral Triang the . 
treble to the Square of the Semi- diameter of a Cin 
in which it is inſcribed, and is to the Square of the yh; 
Diameter, as 3 to 4. | 
Fig. 14. Let there be drawn the Semi-diameter A D. The 89 Jy th 
of FP is equal toFAq+D A - the Rectangle Fa) grit 
twice taken (per 12. J. 2.) But the Rectangle FA X HHIlar x 
taken, is equal to the Square of the Semi- diameter Þ A Arch 
(b) Per DA: (For becauſe A X, X B (0) are equal, the ReQang bre. 2 
Corel. 5, F AX twice taken, is equal to the two Rectangles vi * 
foregoing. are under FP A, A X, and under FA and X B, ati new! 
0 Per 1. equal to the Rectangle F A B (c); that is, equal to F A nultip 
. 2. Therefore F D ꝗ is treble to F A q or D A q, the Squfls ir + 
of the Semi diameter. | e the 
Now, becauſe the Square of the whole Diameter is O Arch 
(d) Per druple of the Square of F A, the Semi-diameter (4), if Fign 
Corol. 3. maniteft that the Square of F is to the Square of ſl multi 
Prop. 4. Diameter, as 3 to 4. 3 
4. 1. Hence it follows, that a Side of an Equilateral Triang 
is to the Diameter, as the Square Root of 3 is to 2, 
Square Root of 4; and therefore that thoſe Lines a 
incommenturable. . | HE 
| res 
inſerib 
ly; fo 
n the 
Its, wh 
rcle b 
Way, 


PRO! this 
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PROP. XVI. Problem. 


ieht E --. 8 : 

55 * 0 inſcribe a regular Quindecagon in a Circle. Fig. 15. 
through | | 1 9 95 

Ha Inſcribe the Circle A C, the Side of a Pentagon (a), and (a) Per 11; 


8 maniſe 


Quindecagon, or fifteen-angled Figure ſought. 

For if the whole Circumference be ſuppoſed to be 15, 
Arch A C will be 3, and the Arch AD 5, and there- 
e the Arch C D 2, and conſequently C E 1. 


"riangle 
ff a Cir 


the wh Corollary: | 


he Squaiſy this Method innumerable regular Figures may be in- Fig. 15 
gle FA ſcribed in a Circle. For if A C, A D, the Sides of two 

EY ular Figures be inſcribed in a Circle, the Difference of 

er FA 


Arches C D will contain ſo many Sides of a new regular 


ReQany ure, as are the Units wheteby the Denominators of the 
gles yl er differ one from another. But the Denominator of 
, «al g new Figure is had, if the Denominators of the former 
to FA multiplied one by the other. | 
he Squaias if A D be the Side of a Square, and A C of a Deca- 
EE, , the Difference of the Denominators is 6. Therefore 
er is Qu Arch C D contains 6 Sides of a new Figure. But the 
r (4), U Figure is of 40 Sides. For the Denominators 4 and 


are of multiplied one by the other, make 40. 


u Triang 
Lines a 


Scbolium. 


HERE hath not yet been found out the Art by which 
regular Figures of 7, 9, 11, 13, 17, Sc. Sides may 
inſcribed in a Circle, by a Pair of Compaſſes and a Rule 
; foraſmuch as that Inſcription of Figures depends 
n the Diviſion of the Circumference into any given 
ts, which thing is lacking: But if the Circumference of 
irele be divided into 360 Parts, you may, in a mechani- 
p R Of Way, inſcribe any regular Figures whatſocyer, in it, 
r this manner. „„ 

H 2 Problem 


- 


), the Side of an Equilateral Triangle (per Corol. 4.1. 4. 
18, J. 4) biſect the Arch C D in E. CE is the Side of 
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1 


116 


Fig. 15. 


Fig. 15. 


Fig. 15. 


(e. g. a Nonangle.) Make at the Center the Angle A0 


right Angle, to the Angle of an Heptagon: You ili 


Line X B. | 


right Angles, which the Angles of any right-lin'd Fiz 
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Problem 1. 


IVIDE 360 Degrees (that is, the whole Circumſeren 
D by the Denominator of the Polygon to be inſert 


of ſo many Degrees as are the Units of the Quotient in 
{aid Divifion. A K ſhall be the Side of the nine ang 
Figure, which is required to be inſcribed in the Cirel. 


Problem 2. 


BY T upon a given right Line you may deſcribe; 
regular Figure whatſoever by the help of the fall 
ing Table: SE | 
A right Angle is to the Angle of the Figure, 
Difference. 
In a Pentagon, as - - - 5 to 6—1 
In an Hexagon, as - - - 3 to 4—1 
In an Heptagon, as- - 7 to 10—3 
In an Octagon, as - — 2 to 3— 
In a Nonagon, as - » - 9 to 14—5 
In a Decagon, as - - 5s to 8—3z 
In an Undecagon, as - 11 to 18—7 
In a Duodecagon, as - 3 to 5—2 


Let a regular Heptagon be to be inſcribed upon 
given right Line X B. From the Center X, with the! 
terval X B, deſcribe a Circle, from which cut off the (| 
drant BO. See in the Table what is the Proportion df 


it to be as 7 to 10, and the Difference is 3. Divide! 
Quadrant therefore into ſeven equal Arches, ſo mai 
which add to it from O to N, as the Difference hath Us 
Through three Points, B, X, N, deſcribe (per 5. J 4] 
Circle. This contains an Heptagon of the given ry 

The Table was made by means of Theorem II. in 
Schol. upon p. 32. J. 1. by which is found the Numb 


make; which Number being divided by the Denomiriff 
ot the Figure, gives the Denominator of the Proportinſ 


the Angle of the Figure to a right one, 
| | v 
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umſere 
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b. IV. Evelip's Elements. 
Now, becauſe hitherto many Things have been pro- 
us Theorem of Proclus cloſe this Book. 

Theorem. | | 
NLY ies regular Figures, to wit, ſix Equilateral 


j Triangles, four Squares, and three Hexagons, can fill 
pace; that is, conftitute one continued Superficies. 


ich is thus demonſtrated. That ſome regular Figure, Fig, 13. 


en repeated, ſhould be able to fill a Space; it is required 
t the Angles of many Figures of that kind being diſpoſed 
ut one Point, ſhould make juft four right ones; for juft 

many right Angles may be placed about one Point, as ap- 
rs from Corollary 3. Prop. 13.4. 1. As for Example, 
t Equilateral Triangles ſhould fill a Space, it is required 
t ſo many Angles of ſuch Triangles N, M, L, K, I, H, 
ng diſpoſed about the Point A, ſhould make juſt four 
it ones. But fix Angles of an Equilateral Triangle do 
e four right ones; (for one makes two Thirds of ene 


it one *, and therefore ſix of them make twelve Thirds“ Corol. 12. 
ne right one, that is, four right ones :) Likewiſe thep. 32.4. 1. 


Angles of a Square make four right ones, as is ma ni- 
; likewiſe three Angles of an Hexagon; for one ma- 
four Thirds of one right Angle, (per Corollary 2. p. 15. 
); and therefore three of them do make twelve Thirds 
one right Angle, that is, four right ones. Therefore, 


ut that no other Figure beſide theſe can do this, will 
iteftly appear, if its Angle being found, as above, you 
multiply the ſame by any Number whatſoever ; for 


Angles will always either fall ſhort of, or exceed four 


lt ones, 


H 3 1 HE 


inded concerning regular Figures, let the — fa- 
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excellent, or greatly | to be acconnied of. 
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BOOK V. 


1 HIS fifth Book of Elements is _ nece 
for demonſtrating the Propoſitions of the 


Book. The Doctrine which it containeth is almoſ 


In a cer ta: 
dum of th 


continual Uſe. The Way of reaſoning from Geom bing eaſi 
cal Proportion is moſt ſubtil, ſolid and brief. This portional, 
thod of Reaſoning, as a kind of Mathematical Log irt Quan 
Geomet Arithmetick, Muſick, Aftronomy, Statidſeantains . 
and all 14 other Parts of the Mathematicks, make eſpriizined by 
Uſe of: Foraſmuch as they almoſt wholly depend ufs: 8:: 
Proportions connected together one with another; and Wt the ſan 
wont to borrow their Ways of reaſoning concerning Nie. the C 
portionals from this fifth Book. Practical Geometry, wlſfeſpeftive 
_ eonliſts in the meaſuring of Lines, Figures and Solidstecedents 1 
for the moſt part derived from the Doctrine of Proportiſſther Exa 
There is not a Rule in Arithmetick, but what may be the Conſe, 
monſtrated from the Propoſitions of this fifth Book, wiſtecedents t 
out the help of the 7th, 8th, and gth Books, which tiſfccedents, 
profeſſedly of Numbers. We may fitly call the MuſciWiere any! 
the Antients, Geometrical Proportions applied to tun ay not be 
Sounds; which fame Thing you may well nigh ſay Me men 


cerning Staticks, which are converſant about the Wei 
of Bodies. To comprehend the whole Matter in 
Words: If you take away the Doctrine of Proportion 
the Mathematicks, you will leave almoſt nothing uhid 


ders infini 
rue one.) 


may be ex 


cke ſan 
Sehe 
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Scholium. 


* N 2 „ 

9 « There is no Mathematician who is ignorant of how 
sat Importance in Geometry the Knowledge of Pro- 
be portions is; for it is the very Marrow, as it were, of the 


Mathematical Sciences: And the various Ways of Rea- 
ſoning concerning Proportionals, are both moſt uſeful, 
and moſt certain; neither ean we without them move 
one Step. n 2 21 

But then I reckon that this Doctrine is congenite in 
Men's Minds with common Reaſon itſelf; and that the 
various Ways of Reaſoning concerning Proportionals, 


tration, properly ſo called, as Hluftration and Examples. 
And I am altogether of Opinion, that thoſe who take in 
hand to deliver this moſt eaſy Doctrine by a long Circuit 
of Propoſitions, do involve a Thing in itielf moſt clear, 
in a certain Cloud, and render it far more difficult. The 


thing eafily known, that four Quantities are then pro- 
portional, or that the Analogies are then alike, when the 
rſt Quantity contains the ſecond, as often as the third 
ntains the fourth; or when the firſt is as often con- 
aned by the ſecond, as the third is by the fourth. So 
16:8 :: 4: 2. And3:9::;4: 12. Here are like, 
t the ſame Proportions; becanſe in the former Exam- 
le, the Conſequents 8 and 2 are contained twice in their 
eſpective Antecedents; and ſo the Proportion of the An- 
tcedents to the Conſequents, is double. And in the 


he Conſequents ꝙ and 12 do contain their reſpective An- 
ecedents three times; and ſo the Proportion of the An- 
ecedents, to the Conſequents, is ſub-triple. (Nor is 
here any Proportion of eommenſurable Quantities which 
ay not be expreſſed by certain Numbers; nor indeed of 
neommenſurables, which may not be expreſſed by Num- 
ers infinitely approaching nearer and nearer unto the 


appears, that like Proportions, whatſoever they are, 


may be expreſſed not only by divers Numbers, but alſo 
the ame. Thus 2 to 1 deſigns as well the Propor- 
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which Euclid, by much winding and going about, deli- 
vers in this whole Book, do not ſo much need Demon- 


ther Example, the Proportions are alſo alike, becauſe 


rue one.) Furthermore, from what hath been ſaid it 


tion 


um of the Matter I will open in a few Words. It is a 
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tion of 16 to 8, as of 4 to 2; 1 to 3 no leſs expreſ 
that of 4 to 12, than that of 3 to g, as is moſt mani 
Suppoſing therefore four Quantities to be proportion 
A:B::a:b; it is enquired in this Book after hy 
many like Manners the Terms of theſe like Proporty 


may be changed, and ordered amongft themſch 
So that the emerging Proportion on both Sides may] 


ſtill alike. And it may be anſwered, that, it may 
done after all the Ways and Manners poflible ; for 
ing the Proportion of A to B, and that of a toh; 


5 alike, both of them may be expreſſed by the ſame Nu 
<« bers after this manner, A: B:: 9: 3, and a: b:: 9 


ce 
60 
cc 
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ce 
£6 
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ce 
FT 
46 
te 
cc 
cc 
£c 
6c 
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PT 
.cc 
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6 
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And conſequently all the Proportions emerging on b 


Sides, either by Alternating the Terms, or by Iren 


them, or by Compounding, or Dividing, or Conweri 
or Mixing them, may be expreſſed by the wery |; 
Numbers; and conſequently the ſame Proportion 
always be kept on both Sides. As for Example 84 
AB: B:: arb: b, becauſe 9-3: 3, expreſſethi 


ſame Proportion; which is Compoſition. The fame 


to be ſaid of all the Ways of changing the Te 
Therefore let Beginners obſerve this one Thing, f 


Proportions, which are on both Sides the ſame, be 


changed and ordered in the very ſame manner. 


ce then there will be no room to queſtion, whether 


Proportions which ariſe on both Sides be alike or: 
It 1s indeed a Thing to be wondered at, that no on: 


thoſe who have hitherto compiled Elements of Geo 


try, have made uſe of this moſt eaſy Method of Stat 
the Equality of Proportions, for the Illuſtrating of 
Fifth Book about the Doctrine of Proportions. I. 
therefore the primary Ways which Geometry make! 
of, in Reaſoning concerning like Proportions, as! 
are digeſted into this ſhort Table, 
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ben it avi 
be by 
{lernating 
Inverting 
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„if be A ©B 1 C 
en it avi | 
be by 


tion | 
er 84 rernating A : a 1 2 B: b::9:9::3:3 
ortid Inverting B A 33 5: a: : 12: 


1 
ompounding A -B: B :: 244 6: 9473 (12) . 
D.oiding A—B:B ::a—b: 6: : 9—3 (6): 3 
erting A : AB:: 4 2:9: 9:9 ＋-3 (12) 
or A : A-.: 4a : 42-5: : 9: 9—3 (6) 


nſely 
may| 
may 
for þ 


obi ing AB:: A—B:: a-{-b : a—b: $943 5 9—3, 
Nu quo A: B. : 4: b, & B: C:: b c, then A: C:: arc. 
: 9: $$:57903- $4 1:5 535 6600-93135 95.3. 


9 
x quo A: 
xerturbate 8: 3 :: 8: 3, & 3:12:22: 8, chen 8: 12: 2:3. 
Or ba, 8: 3 :: 16: 6, 3:2: 24: 16, chen 8:2::24:6: 
a:b: :e ha: a- H O b:e:: a Hb: age Iben a: e:; 

a-|b ; eb. e . 


He therefore that is expert in theſe Ways of Reaſoning 


into Uſe upon occaſion, will ſeldom ſtand in need of the 
particular Propoſitions of the Fiſth Book. Only two of 


, A 

peel them, which yet are almoſt Axioms, may not improperly 
be inſerted and illuſtrated by Example, in Way of Appen- 
her ix, becauſe of the Frequency of their Uſe in all Parts 
or of the Mathematicks ; which therefore ſhall be done af 


ter the Definitions, 


DEFINITION: s. 


1, A N Aizquet Part of Magnitude, is that which being ſo 
many times more or leſs repeated, doth meature, 
r is juſt equal to the Magnitude, An Aliguant Part is that 


which doth not meaſure it. | 
The Length of one Foot is an Aliquot Part of the Length 


{ 10 Feet, becauſe being ten times repeated, it meaſures 


b. But the Length of 4 Feet is an Aliguant Part of a Line 
af 10 Feet, becauſe being ſo many times repeated, to wit, 
* it falls ſhort of it, but being thrice repeated, it ex. 

ceeds it. | | $44, 48 
2, One Magnitude is ſaid to be a Multiple of another, 
*hen the lefler meaſures the greater, and conſequently is 
2 an 


:: 42:6, B: C:: 7: a, then A: C:: rib. 


concerning Proportionals, and knows how to bring them 
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an Aliquot Part thereof; or when the greater contains th 

leſſer ſo many times preciſely. 

3. . Proportion is the mutual ReſpeR, as to Quantity, 
two Magnitudes of the ſame Kind. 
Therefore there are in all Proportions two Terms, 
which that is called the Antecedent which is firft name 
or which is named in the Nominative Caſe ; the other th 

Conſequent. 
Wben the Antecedent and the . are equal, 
| is called Proportion of Equality; when they are unequu 
Proportion of Inequality. 

4. Rational Proportion, is that which is betwixt co 
menſurable Magnitudes, and may be expreſſed in Number 
Irrational Proportion, is that which is betwixt Quantiti 
incommenſurable, and cannot be explicated by any Nun 
bers. 

Moreover, commenſurable Quantities, are thoſe whid 
| ſome common Meaſure meaſureth ; Incommenſurable, tho 
| which cannot be meaſured by any common Meaſure, 

Fig. 1.1.5. 5. Two Proportions (that of A to B, and that of Cto! 
| are alike, equal or the ſame; when the Antecedent of u 
[Al doth equally, or in the ſame manner, that is, neithe 

more nor leſs, contain its Conſequent B] as the Antec: 

| dent of the other [C] contains its Conſequent [F]. 
Fig. 2. Or when the Antecedent of the one [A] is fo often con 

5 tained in its Conſequent LB] as [Ci] the Antecedent of th 
TT other is in its Conſequent [DJ]. 
| Fig. 3. 6. Two Proportions are unlike, or one is greater thi 
| the other, when the Antecedent of one I doth more co 

tain its Conſequent [LI, than the Antecedent of the oth 

Fig. 4 [Ol doth contain its Conſequent Q] or when the Ants 
Do” cedent of one is leſs contained in its Conſequent, than i 
Antecedent of the other in its Conſequent. 

7. Like or Amilar Parts are thoſe which are equally « 

in the ſame manner contained in their Wholes ; ſo that y 

ſort of Part one is of its Whole, ſuch a Part the other is 

| its Whole. Which thing indeed is nothing elſe, but the 
the Parts bear the ſame Proportion to their W holes, 

Aliquot Parts are alike, which do equally meaſure tht 

 Wholes, as if each of them be one Third or one Tet 

Sc. of its Whole. | 

Fig. 6. 8. Magnitudes [A, B, C, Di are aid to be continue 
proportional when the middle Terms [B, C] are tak 

Fs twice 
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see; that is, when they are each of them a Conſequent 
n reſpect of the foregoing, and an Antecedent, in reſpect 
y, Me the following. | 
We thus pronounce continual Proportions. A is to B, 
s, N B to C; and B is to C, as C is to D. And ſo on. 
mei 9. Magnitudes are 4iſcreteſy proportional when no Ter 
r tn twice ta ken. | | | | 
Diſcrete Proportions we thus pronounce: A is to B, as Fig. 1. 
to F. When they are more than three proportional 
agnitudes if they be faid to be proportional, they are 
ways underftood to be diſcretely ſo. | 
10. When the Magnitudes [A, B, C, Di are continually Fg. 6. 
oportional, the firft [A] is ſaid to have to the third [CI 
duplicate Proportion of that which it hath to the ſecond 
B:] And the firft [AJ is ſaid to have to the ſourth {DJ a 
iplicate Proportion of that which the ſame firſt hath to 
e ſecond [B:] And fo forwards. „ 
[* If one triplicate Proportion be equal to another dupli- 
cate Proportion, the latter ſimple Proportion ſhall be 
ſeſquiplicate, or one and a half of the former ſimple 
Proportion. Let A, B. C, D, be =; anda, b, ce. =; 
and let A the firſt in the former Analogy be unto D the 
fourth ; as [a] the firft in the ſecond Analogy is to [e] 
the third; I ſay, that [a] is to [b] in a Proportion, 
n co which is one and a half of that which A is in to B. For 
of ui let F be a middle Proportional betwixt B and C: Or, 
which is the ſame thing, betwixt A and D. Becau'e of 
the Equality of the Proportions of A to D, and [a] to 
ej and the middle Proportions on both Sides Fand Ib; 
it will be A: F:: a: b. But the Proportion of A to F 
is compounded of the entire Proportion of A to B, and 
of the Proportion of the ſame B to F halved ; and conſe- 
quently the Proportion of [a] to [b] which is equal to 
that of A to F, contains the entire Proportion of A to B, 
and alſo the ſame halved, to wit, the Proportion of B to 
F. But the whole Proportion, with its half, is a ſeſ- 
quiplicate or ſeſquialteral Proportion, or that which is 
one and a half of the other. [a] Therefore is to [b] 
in a Proportion ſeſquiplicate of that of A to B. So in 
Aftronomy, ſince the Cubes of the Diſtances of the 
Planets from the Sun bear that Proportion one to ano- 
nina ther, which the Squares of their periodical Times bear; 
e ul v chat the triplicated Proportion of the Diſtauces, is the 

| „ 


23 — 
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* fame with the Duplicate one of the periodical Time 
«© jt is wont to be ſaid, that the periodical Times are ing 
ce ſeſquiplicate or ſeſquialteral Se of their Dif 
« ces from the Sun. 

11. Antecedent Magnitudes are ſaid to be Homologa 
or like to Antecedent, and Conſequent to Conſequent May 
nitudes. As if A is to B, as C to F; A, C, — * F, an 
homologous Quantities. 

XII. If a Set of Pairs of Quantities contain every on 
the ſame Proportion, that is the very Proportion alſo whit 
the Sum of all the Antecedents bears to the Sum of all th 


Conſequents. 
1 2 te e- Fis Tse 


10+34 T9733 
XIX. If Parts be as Wholes, the Remainders will þ 


alſo in the very ſame Proportion. 
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a: MT HE Doctrine of Proportions, which was generally ſet 


T H WWolygans whatſoever, that are deſcribed by the two Sides. 


forth in the Fifth Book, is applied in the Sixth, to 
tin Figures. And thoſe Things which are delivered ia 
is Book are ſo neceſſary to be known, that without them 
Man can penetrate into the Secrets of Geometry, and reap 
e ſweet Fruits of the Mathematicks. Each Propoſition de- 
nes to have an Encomium annexed ; ſo great is the Utility 
all. | 5 
„This Sixth Book, as hath been ſaid, begins to apply 
that excellent Doctrine concerning Geometrical Propor- 
tion, which was juft before delivered, to divers, and 
thoſe certainly, moſt notable Uſes; and beginning with 
Triangles, the moſt fimple of Figures, ſearches out their 
Sides and Areas, as they anſwer to one another in a cer- 
tain Proportion. Then it defines proporcional Lines, 
and the proportional Augmentations, or Diminutions of 


Figures ; and ſhews in what manner we may either en- 
creaſe or diminiſh them according to any Proportion given. 


It opens likewiſe the Golden Rule, or Rule of Proportion, 


the Pentagon, Hexagon, and in general, every regular 
to the Squares, Pentagons, Hexagons, or any regular 


of 


the very chief of all Arithmetick; and demonſtrates that 
in a Rectangle Triangle, not only the Square, but alſo 


Polygon, which is deſcribed by the Hypothenuſe, is equal 


” — - ” — 5 
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Fig. 29. 


Fig. 1. 


and the Sides which are oppoſed to the equal Angles, i 


either within the Triangle or without, upon the Baſe pr 


EvucL1id's Elements. Lib. Hb. VI. 
« It alſo propounds moſt eaſy and certain Principles . p R C 
« meaſuring as well Solids, as Lines and Surfie 
« which are of very great Uſe in all Parts of the Mater Ri an 
«« maticks. | | : 2 


me Par 
e ſame . 


aſes, (4 
Upon thi 


DEFintTiONS. 


1. IKE or ſimilar Figures, are thoſe which both have; 
the Angles equal, each to each other reſpettive 


which are betwixt them, or wltich are about the equiſſativever 
Angles, (for they come all to one) Proportional. Weportions 
Fig. 7.1.6. As the Triangles X, Z, will be faid to be like, or ſimiuſ Let there 
i the Angle A be equal to the Angle F, and the Angle. D G o 
| equal to the Angle I, and conſequently the Angle C que Triang 
to the Angle L: And moreover, if A B be to FI, as B angle D 

to LI; and BC is to LI, as CA is to LF; and C A to Lid, and 
as AB to FI; by comparing always the Sides oppoſite Meir Conte: 
the equal Angles. In the fame manner the Likeneſs of im the Ba 


right-lined Figures may be explained, 
2. Reciprocal Figures, are when the Antecedent a 
Conſequent Terms of the Proportions appear on both Side 


let the 
drawn. 
m equal 


Ass in the Parallelograms X Z, each of 

If AC be to CB, erefore a 

| | As FC eis to CL. | C, ſo ofte 

The Antecedents here are A C and F C, of which thereWple ABC 

one in both Figures; and the Conſequents are C B, ut the like 

CL; of which likewiſe there is one in each Figure. A Bate D 

therefore the Parallelogram X, Z, are called Reciproaſhmber con 

Underftanding the ſame of other Figures. Triangle 

3. The Altitude of a Figure is the Perpendicular letfſſe D P; ſ. 
from the Top to the Baſe. This is with Euclid the four B. D. 


Definition. | 


| but now, 
As the Altitude of the Triangle A BC is the PerpendWble to th 
cular AQ, which falls from the Top upon the Baſe rr Baſes. 


traded. Now the Baſe and Top are aſſumed at Pleaſut 
4. Like Arches of Circles are thoſe which have the (an 
Proportion unto their whole Circumferences. 
As if each of them be a Third or Fourth Part, &. 
that Circamfrence. | | 


HE T 
wich 
t roport 
L) have. 


2 11 


b. VI. Eucl in's Elements; "wy 


PROPOSITION I. Theorem. 


| RiangTe (ABC, DEF) and Parallelgrams Fig. 2. 
(AO PC, DARF) which are betwixt the 
me Parallels, or have the fame Altitude, have 


e ſame Proportion betwixt themſelves as their 
uſes, (AC, D F.. 7 


Upon this Theorem the whole Sixth Book depends, yea, 
atfoever any where is demonftrated about Figures by 
oportions, whether Plane or Solid. 
Let there be taken any Aliquot Part of the Baſe DF; 
DG one Third, and let the right Line G E be drawn: 
 equihe Triangle D E G will likewiſe be one Third Part of the 
angle D E F, as is gathered from 38. 1. 1. Wherefore 
G, and the Triangle D GE are like Aliquot Parts of 
tir Conſequents v. Then let there be taken away D G* Per 
m the Baſe A C, as often as it can, as ſuppoſe fix times, Def: 7. I. 5. 
let the right Lines H B, I B, KB, L B, MB, N B, 
drawn. Becauſe the Lines C H. H I, c. are each of 
n equal to D G, the fix Triangles C B H, HB I, Sc. 
each of them (a) equal to the Triangle D E G. (a) Per 38. 
terefore as often as D G is contained in the Antecedent/. 1. | 
C, ſo often is the Triangle D E G contained in the Tri- 
le ABC. By the ſame Reaſoning it may be ſhewed, 
it the like Aliquot Parts whatſoever of the Conſequents 
Baie D F, and the Triangle DE F) are in an equal 
mber contained in the Antecedents (the Baſe AC, and 
Triangle ABC:) Therefore as the Baſe AC, is to the 
: #4 ſo is the Triangle A BC, to the Triangle DEF. 
e four E. D. 
But now, becauſe the Parallelograms AP, D R are (50 Per 41. 
erpeniMible to the Triangles AB C, DE F, they alſo will be as “ 1. 
aſe ir Baſes. . 
aſe p | 
leaſute 
the fan 


„E. 


Corollary. 


HE Triangles (ABC, F IL) and the parallelograms We 
which have equal Baſes (A C, F L) or the ſame, have Fig. 3. 
t Proportion one to another, which their Altitudes (B O, 


0 Y have, N f 
7 | For 


(c) By the 
ſame. 


the ſame Proportion to both; now the 1 X is 
cb) Zy thethe Triangle F B L, as the ſame Triangle 
foregoing. LC F. But the Triangle X is to the Triangle E! 
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For let QS, O R, be made equal to the equal Ba . 
(FL, AC;) QS, OR will then be equal. Draw 81 Trangl 
RB. If in the Triangles OB R, QIS, you take B( e X 
I Q for. the Baſes, O R, Qs, will be their Altitude, oe he 
which ſeeing they are equal, the Triangles O B R, Ol. EY js 
(5) Per 1. (e ) will be betwixt themſelves, as their Baſes B O, I of p. Th 
J. x. But becauſe by the Conſtruction, OR is equal to A ere ſe 
(d) Per 38. and Q'S equal to F L, the Triangles OB R, QI 8, are 3 68. 
1. equal to the Triangles A B C, FIL. Therefore the I p 
Fig. 50. angles A B C, F I L, are alſo as B O is to Ql. 
| Corollary (2.) Hence a Trapezium AB CD, who | 
« Sides AD and BC are parallel, may be divided into ar kunt (B 
« equal Parts whatſoever. For let C E be made equ pirallels. 
© to A D. Becauſe of the Equality of the Angles ven roportion 
(e) Per 15. cally oppoſite (e AF D, EF C, and of the altern at Pb. 
1 * Angles (// DAF, FEC, and AD F, ECF, andi are eq 
(f)Per 27. Equality of the Bates A D, CE, by Conſtruction, t| bi SP / 
1 « Triangles A DF, FCE (g) are equal; and therefore: NS 
(g) Per 26.“ Triangle A B E is equal to the Trapezium A BCl 
3 Therefore the Baſe B E being divided into any equal P P 
_ «& hatſoever; as for inftance, three, BG, GR, RE! 
« Triangles A B G, A G R, ARE, ſhall each of the 175 
* be one Third Part of the Trapezium. CQ. E. IJ. f 7 Wo 
5 55 5 OE. a Tr 
PROP. II. Theorem. der men 
Fig. 4. IF to one Side of a Triangle (as BC) therel Y 15 
1 diawn(FL) a Parallel, this cuts the Sidi, 77 ) 
proportionally, that is, (AV) will be to (Fl p if 7 
as (AL) 10 (L C). =; OE Side 
And if the right Line (VI) cuts the Sid 3, of 
(BA, CA) proportionally, it will be para V. * 
to the other Side (BC). | it J. Dr 
Part I. Let BL, CF be drawn, becauſe F L is fuppdſ/ a cer. 
parallel to BC, the Triangles FBL, L CF having ute ray 
) Per 37. ſame Baſe are (a) equal. Therefore the Triangle X Mfntern 55 
. | 


is to tl 


G), as A F 8is to F B; and the Triangle X is to that LY 
as A L (c) is to LC. Therefore alſo A F is to FB, 
A L to LC. Q E. D. h | | | 
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ut II. As A P is to FB, fo is the 12 Triangle X to (d) By the 
Triangle FB L: And as AL is to LC, ſo is the fame foregoing. 
angle X to the Triangle LC F. Now AF is ſup- 


deen to be to F B, as AL is to L C. Therefore the Tri- 

Ae X is to the Triangle F BL, as the fame X is to 

lr. Therefore the Triangles F B L. LC F are equal. 

A ebore ſeeing they have a common Baſe FL, the Lines 

reli, B C, are (e) parallel. Q. E. D. 5 (Per 39. 

: * 1. 
Corollary. 


3. 


unto (B CY one Side of a Triangle there be drawn more Fig. 
Parallels (I O, F L) all the Segments of the Sides will 
proportional. 

et FQ be drawn parallel to AC, The right Lines F 8, 

are equal (/) to LO, OC. But BI is to FI, as (f) Pa 34s 
) 0 S F (4. Therefore BI is alſo to IF, as CO to. 1. 

ore t | (a) Per 2. 


5 J. 6. 
För . 


a right Line (B F) which biſzas au Angle Fg. 6 
if a Triangle, doth alſo cut the Baſe (A C), 
der ments of the Baſe (A F, FC) will have the 
le Proportion betwixt themſelves as the Sides 
b, BC) bave. 
ind if the Parts of the Baſe (A E. FC) have 2 
ame Proportion betwixt themſelves, as the 

r 9ides (A B, CB) the Live (B F) which cuts 
Baſe, biſefts the oppaſite Angle (A BC). 


art I. Draw from CB until BL be equalto BA; 

jon AL. Eecauſe in the Triangle Z, the Sides L. B, | 

We. ace equal, the Angles alſo (4) Land O are equal. (b) Per g. 
uſe therefore the external Angle A B C is equal to the“. 1 


theſis is half ABC, will be equal to the Angle L., I. 

fore AL, PB (4) are parallel. Therefore in been * 
ge AC I, AF is to 70 (e) as LB (chat is, AB) is“ 

© 3 5 (e) Per 2. 
1 | Par: “. 6. 


Internal ones (c) L. O, the Angle I, which by the C) Per 32. 
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Part II. Protract C B again, until B L be equal to 
Becauſe AF is ſuppoſed to be to F C, as A B (that is, 
(a) Per 2. is to BC; AL, FB (a) are parallel. Therefore the; 


„ VI. 


they are 
hte to th 


J. 6. ternal Angle I is equal to the internal one L G) ; u 0 the 81 

(b) Per 27.alternate Q equal to the alternate O. But becauſe] Angle F 

. 1. A B, are equal, the Angles L and O C) are equal. I. in a 

(e) Per 5. fore I and Q are allo equal. Therefore A B C is biſeh gte Angl 

. 1. TW | | | proporti 

| | | Nr by Cor; 

PROP. IV. Theorem. al is to 

| sFCt 

Riangles which are Equiangubar 19 one af L It. 

3 ther, are like or ſimilur, that is, have) 3 ( 

a) Per Sides alſo (a) that are oppoſite to the equal Ani" One" 

Dep.1. 1.6. proportional. ond in 

| | | 5 | at termin: 

Fig. 7. In the Triangles X Z, let the Angle A be equal off through 

Angle F, and the Angle C to the Angle L, and the line Fl 

B to the Angle . 1 lay, that A B is to F I, as A Ci ence as 

FL; and AC is to FL, as CB is to LI; and CB at of the 

LI, as BA is to FI. ; 5 AZ, th 

Fig. 7, 8. Demonft. If the Angle F be laid upon its equal A, Shadow, 

Sides F I, F L, will fall upon the Sides AB, AC. Wc the t 

| becauſe the external Angle ALL is by the Hypotheſis fourth al. 

(b) Fig. 8. to the internal B (6), therefore (c) IL, BC, arc ra. 0. Z. 

alone. Therefore BI is to IA (Cd) as CL to LA. Therefon From 

(c) Per 29. compounding, B A is to I F, as CA to LF. Andie, dedu 

£ 4 Angle L be laid upon the Angle C, it will be ſheued uM that in 5 

(d) Per 2. ſame manner, that A C is to FL, asBC is to IL; unoje of 

f. 6. the Angle I be laid upon the Angle B, it will be erf kectangle 
the ſame manner, that BCistoI[LasAB to FIL. xBC. 

Propoſition therefore is proved, : Angle C / 

| 8 N equal by C 

Corollaries. ling upon 

| 5 lac Trian 

1. IF in a Triangle a Line LI be drawn parallel b:: AB: 

Hg. 8. ] Side BC, the Triangle L FI will be like to the Vi tremes 

| CB F; and conſequently C F will be to L F, as BW © Dx. 

„ _ 8 D is equ; 

For becauſe LI, B C, are parallel, the external i he Angle 

FIL, FLI will (per 27. I. 1.) be equal to the iu Arch A 

ones Band C: But F is common to both Triangles. 1 55 will be 


te the P 
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bey are equiangular. Therefore the Sides CF, LF | 
ene to the equal Angles B and F I L (4) are proporti- (a) By the 
a to the Sides B C, LI, which are oppoſed to the com- foregoing. 
Angle F. 3 | | 
E Bl; in a Triangle a right Line B F, drawn from the Fig. 9. 
ite Angle B, doth cut the Parallels AC, L O, it cuts 
proportionally. | 
r by Coraliary 1, AF is to LI, as F B is to IB; and 
allo is to 1 O, as F B is to I B. Therefore A F is to 
3 F C to 10. Therefore by changing, A F is to 
e LI to 10. ; | 
From Corollary 1. © We learn to find the Heighth Fig. 51, 
i Tower, or any elevated Point, by only the Shadow | 
. Staff. Fix the Staff F L perpendicularly upon the 
ond in that Place where the Ray of the Sun X BA, 
 Witcrminates the Shadow of the Tower B Z, may al:o 
al to; through L. There will be in the Friangle A Z B, 
he M Line FL, parallel to the Heighth of the Tower Z B. 
\ Cl ence as A F, the Diftance of the Staff from the 
CB Wit of the Shadow, is to FL, the Length of the Staff; 
b AZ, the Diftance of the Tower, from the Point of 
1 A, Shadow, to Z B. the Heighth of the Tower. And 
C. Wuſe the three firſt Terms are eaſily had by meaſuring 
nefis e fourth 0 i. e. the Heighth of the Toner is had 
„ nn 5 3 
From this alſo incompazably uſeful Propoſition, Fig, 52s 
And || may deduce that famous Theorem of Pto/omy; to | 
wed uh that in every Quadrilateral inſcribed ina Circle, the 
L. angle of the Diagonals A Cx BD is equal to the 
: ci Rectangles of the oppolite Sides, A BxCD and 
Fl BC. For let the Angle B A E be made equal to 
Angle CA D. Pecauſe the Angles BAE, CAD, 
qual by Conſtrudtion, the Angles ABE, ACP, 
ling upon the ſame Arch A D, are “ equal; there-* Per 21. 
1 tac Triangles BAE, CAD, are alike. And A C: J. 3. 
Alle 0 


the Mrtremes A C X BE is equal to the Rectangle of the /, 6. 


-rnal ihe Angles ADE, A C B, as ffanding upon the 


AB: BE; and conſequently f the Rectangle off Per 16. 


* C DAB. In like manner, becauſe the Angle 
D is equal to the Angle B A C by Conſtruction, 


Arch A B, are equal: The Triangles ADE, 


ples. VG, vill be like; and AD: DE:: AC: CB. And: 


re the Rectangle of the Extremes 4 D x CB is 
W equal 


- _— a. — — — 
2 * — a — —— 696 
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-= 8 equal to the Rectangle of the Means D EXA C. By 


[4 
| : | ib. V 
EvucLiD's Elements. Lb let x 
des ME 


(a) Per 1. Rectangles A Cx B E, and A Cx D E, are equal (a) u beg 
I. 1. „Rectangle A CB D. Therefore the Rectangles A Bil „ 
« and A DxBC, which are made by the oppoſite f be 
« are equal to the Rectangle A CxBD, which is mad 8 
© the Diagonals. Q. E. D. N id F 
| PROP, V. Theorem. 8 
Fig 10. TF two Triangles have all their Sides pn C 
* tional each to each, they ſhall alſo be mii 
Equiangular, 55 
That is, if A B be to RF, as AC to RQ; and x ſearc 
is to RQ, ſo is C B to QF; and as C is to C 
Az to RF; I ſay, that the Ang les oppoſite to the] 1 
cedents, are equal to the Angles oppoſite to the ( 
quents; to wit, C to I, and B to F, and A to O. Ml. 
Ang. Antec. Conſegq. Ang, Na # 
5 A 3 IS = 1 M/BC) 
z 
A e QF | 0 bole, 4 
Make X and Z equal to A and C; and let tl ch 8 
(a) Per meet in N. The Angles B and N will (a) be alb + e Tr 
Corol. 9g. Becauſe therefore the Triangles P, T, are Equih © Ang 
fe 32. J. 1. A B (by the foregoing) will be to RN, as AC bon 0 
But by the Hypotheſis, A B is to RF, as A 1 * 
Iherefore A B is to RF, as the fame A B is e L. 
Therefore RN, R F, are equal. In the like ma 8 Foun ] 
might ſhew that Q N and QF are equal. TI 1 to thy 
the Triangles T, 8, are equilateral to cach other, WW, 177 L 
- fore the &4ngles, I, E, O, are equal (per 8. J. / ' © 9h 
Angles Z, N, X, that is, by the Conſtruction to 
gles, CB, A. E. D. | | 
PROP. VI. Problem. IRS r. 
| | and C 


Fig. 10. TF two Triangles (P, S,) have an A. 

equal to one Angle(O); and the Sidi 
AC, RF, R Qi) which contain the equal 
proportional; the Triangles will be like 


b. 


Butt 
a) t0 
. BYl 
ate di 

mat 


—ͤ ü Fs IE AAR . 4 E 
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Let X and Z be made equal to the Angles A C, and the 
Jes meet together in N. Therefore the Angles B and N 
t be alſo equal. Ihen it may be ſhewed, as in the (f) Per 
ſegoing, that RF, RN, are equal. But K Q is common Corel. . 
both Triangles 8, T. The Angles alſo O and X arep, 32. L 1. 
nal, becauſe they are equal to the ſame A, the one X by | 
Conſtruction, and O by the Hypotheſis. Therefore (c)(c) Per 4. 
and F are likewiſe equal to Z and N. Therefore the/, 1. | 
angle S is Equiangular to the Triangle T; that is, by 
e Conſtruction, to the Triangle P. Therefore 8, P are 
e (er 4.1.6.) QL. E. D. 


PROP. VII 
ſcarce of any Uſe. | 
PROP. VIII. Theorem. 
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N a Refangle Triangle, the Perpendicular Ni. 11. 
(BC) let down from the right Angle to the 

iſe, cuts the Triangle into Parts like to the 

bole, 'and betwixt themſelves. 


In the Triangles A BF and L, the Angle F is common, 
the Angles A B F and X are, by the Hypotheſis right 
, and conſequently equal. 'There:ore the other Angles 
and O are (b) alfo equal. Therefore * the Triangles (h) Por 
PF and L are like: In the ſame manner the Triangles Corel. q. 


r and R may be ſhewed to be equal, and the Angle Prop, 32. 
qual to the Angle F.. From which it 1s now maniteft /. 1. 


tRand L alſo are like, ſeeing the Angles I and F, O“ Per g. 
LA, U and X, are equal. . E. D. > þ 6; 


jon t0 

Qorollaries 

m. IRST. BC js a mean Proportional betwixt A C 
n A EF -- 1 | | 
1 

» $1468 


£3- For 


— ——— ———— 
e "IK 
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b. VI. 
For ſeeing there be in the Triangle R and L., 


equal Angles, I, 55 88 Angles, A, 
— Sides oppoſed, A C, C BY e Sides oppoſed, C B, ( 
(a) Per 4. It is manifeſt (a) that AC: CB: CF+ O divi 
LN 2. BF is a mean Proportional betwixt A F, and C 


ner as 
ded (in 
Let the r 
nes. Dr 
ich may 1 


and QO. 


This is m 


Likewiſe A B, a mean betwixt F A, and CA. 
Por in the Triangle A B F and L. 
equal Angles, AB F, X S equal Angles, A, 
Dices oppoſed, AF, B et Sides oppoſed, BF, C 
(b) By tze Therefore A F (9: BF:: BF: CF. Likewiſe bee 
ſame. in Triangle AB F and in R there be 
equal Angles, A BF, V2 S equal Angles, F 
Sides oppoted, A F, A 35 8 8 0e oppoſed, A B, 4 
It will be again AF: AB: AC 


[* Or th 
which is t 
mother, 

and let t 
the Cireu 
ireles w 
Proportio 
the Line 
be drawn 


fe] 
ROM t! 


Fig. 11, 3- © Hence we learn to meaſure an inacceſſible Li 
| c one Term whereof is acceſſible. Let the inacc*fi 
« Line be CF. Let there be raiſed from the Point C 
« Perpendicular C B: And to any Point of this Perpent 
“ cular, as B. let there be applied a Square, or any rio 
Angle AB F; ſo that in looking along the Line! 
„ the Point F, and along the Side B A, the Point An 
be obſerved. . Let the acceſſible Line A C be meaſur 
© and from the following Analogy the inacceſſible C H. 
« be made known. AC:CB::CB: CPF. Let the S$qu 
ce then of the Line C B be divided by the Line AC, 1 


fe) Per. 


op the Quotient (c) will give the ſought Line C F. 2 J. into ar 
Corol. 3. | | | | | ie _ 

HP. 17. 1 6. we „5 m whic 
7 PROP. IX. Problem. W. AC 
1 = Do 5 the ri; 
Fig. 12. TO divide a given Line (AB) according ti the TI 
given Proportion FI t IL) * 
| . : Pp | N Fe 5 er Mauro 
Let the infinite Line A Z be drawn. From which t 1 
AQ, QR, equal to F I, IL. From R draw RB. ie it! 
rallel to this, draw QC from Q. I ſay, the Thing e 
done. | 5 ; " IM. 
I is maniſeſt from Propoſition 2. L. 6, ” . 
5 ich may 
J Lines 

PRO 


bonftrati 
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PROP. X. Problem. 


0 divide a gruen Line, as (A B) in like an- Fig. 13. 
ner as another given one (Al. ) hath been di- 
led (in V, C.) 


Let the right Line I B join the Extremities of the two 

 becaMines. Draw Parallels to this from the Points, F, C, 
ich may meet the right Line, that is to be cut, AB in 

and Q. I fay the Thing is done. 

This is manifeſt from the Corollary of 8 26.8; 6. 


„Or thus, if the cut Line I A be greater than that Fig. 53. 
which is to be cut, B Q, let three Circles touching one 

mother, be deſcribed with the Diameter IF, IC, IA; 

ind let the Subtenſe B Q be fitted from the Point Ito 

tte Circamference of the greateſt Circle: the two lefſer 

Circles wiil cut the Line B'Q in the Points L, P, in the 

ine portion * of the Sections of the Diameter I A. If“ Per Co- 
t Ane Line J A be cut into four Parts, four Circles are to rol. 4. p. 3 1. 
xcalurW* drawn; if into five, then five Circles ; and fo infinite-?, 3. 


fe] 
Sholium, 


ROM this Propoſition we learn tocut a right Line given 
into any equal Parts whatfoever. Let an infinite right 
te make any Angle with the right Line to be cut, AB; 
n which take, with a Pair of Compaſſes, ſo many equal 
s, AC, C P, FI, as yon would divide AB into. 
mw the right Line I B, and the Parallels to it, PL, C Q. 
the Thing is done. | 

Ve may do the ſame Thing otherwiſe, and more - eaſi ly Fig. 14 
er Maurolycus, in the manner following. Let A B be to f 
riſected or divided into three equal Parts. Draw the 

late Line I X parallel to A B, above or below it. From 

„ if it be below A B. take with a Pair of Compaſſes 

equal Parts, IQ, QR, RS, which together may be 

iter than A B; but leſſer, if IX is above. Through! 

LA, as likewiſe through S and B, draw right Lines, 

ich may meet together in C. From C to Qand R draw 

It Lines: Theſe will triſect the given Line A B, The 
ration appears from Corollary 2. Prop. 4 


Ale Lit 
ace 
nt C 
erpen 
ny I 


Fig. 13. 


ng ti 


hich ta 
B. 
Ting 


ro 
Again, 
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Fig. 15. Again, with Maurelicus, we may otherwiſe obtain | 


ſame thing, to wit, thus: Let A B be to be quadriſch 
| Draw the infinite Line A X, and BZ allo an infinite]; 


parallel to it. From theſe take with the Compaſſes of 4 Give 

Parts A L, LO, OQ, and BV, VS, SR, in each ſe but 

Parts by one than are required in AB; then let ther finite p 

Erawn the right Lines, LR, OS, QV. Theſe will g Vincent h 

drite& the given AB. the whole 

For becauſe by ConftruQion, the Lines LO, RS, pa bad B 

(a)Per 33. lel and equal, are joined by LR and OS, theſe ali (ff jous, wi 
J. 1. Vill be parallel. In the like manner OS and Vue onftrati 


rallel. Therefore ſeeing A Qis cut into three equal b 
(b) Per AI will alſo ( be cut into fo many equal Parts. Li 
Corol. p. wiſe BC will be cut into three equal Parts. Thereſort 
2. J. 6. whole AB will be cut into four equal Parts. 


Theſe two Ways of Practice are eaſier than Buch, 91 ET: 


cauſe fewer ng are to be drawn. ; Al 

| . | finite J 

P R OP. XI. Problem. Let the 

equal to ! 

E. 16. 5 0 12 1nd a third Propor YT to two 11 L t "gr 55 

Siven (AB, BC). all 

ind 

Draw the right Line A E. From BA 1 hg 

AF, equal to BC. Through F, draw the infinite Proportion 

F X, parallel to A C, which Infinite, let B C prodiſſ, of A! 

meet in L. I ſay that AB is to BC, as BC to CL 1L BO 

() Per 2. For AB: AF (b)::BC:CL. But AF (c)nefile infinit 

J. 6. to BC. Therefore A B: BC ::C L; and ſo CL may fron 

(e) By fe third Proportional nher | „ A B) i 

Conffi uc- . | tian F Z. 
Ton. 

Ol beru ae. Tay : 

| oPortto! 

Fig. 1. 1325 AB and B C be ſet at a right Angle. Join 

From C draw CX perpendicular to AC bo Part I. 

which C X, let AB produced, meet, in IL. I 4% AB: B 

PC: BC: B 3 L, It is manifeſt from Corellary l. BC. 

L _ £ e; 

45 | MW ifvertin 

FVV Schr AB 
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tain | 

riſeh Scholium. 

ite U ; 5 5 

es e Given Proportion may not only be continued in three, 
ch fe but alſo in infinite Terms, and the whole Sum of the 
then jofinite proportional Terms be exhibited. G- egory of Saint 


Vincent hath very handſomly proſecuted this Matter, and 

the whole Buſineſs of Geometrical Progreſſion in the whole 

vcond Book of his Work. We, for the ſake of the Stu- 

nous, will here preſent ſuccinctly the Conſtruction and De- 
monſtration of the Thing propoſed. 


Problem. 


„E a Proportion of the greater Inequality be given, as Eg. 19. 
L AB to BC. It is required to continue this throngh * 
finite Terms, and to preſent the Sum of them all. 


Let the Perpendiculars AL, BO, be erected, and taken 
MWequal to the given Lines A B, BC, and through L, O, let 
Wright Line be drawn, meeting with AB C produced in Z. 
lay, 1. If from C you ered the Perpendicular CQ; 
Qſhball be a third Proportional. Transter QC into CE, 
nd from E ere& ER; this ſhall be a fourth Proportional. 
ranser ER into E F, and erect FS; this ſhall be a fifth 
proportional: And ſo the Proportion of AB to BC, that 
of AL to BO, will be continued through the Terms 
AL, BO, CQ, ER, FS, Sc. or AB, BC, CE, EF, 
"Wc. infinitely, becauſe every Term (as F S) may be taken 
may from the remaining one FZ; for ſeeing LA (that 
AB) is lefs than AZ; FS allo (a) muſt ever be leſs (a) Per 
lan F Z. | | = Corol, 1. 
| op Prop. 4. 
I ſay, 2. A Z is equal to the whole Sum of the infinite /, 6. 


troportionals, 


Part I. L.“ It being ſuppoſed as before, AZ: B Z:: 
AB: BC; it will be by alternating AZ: AB:: BZ: 
BC. And by dividing, AZ-AB: AB:: BZ—BC; 
BC; that is, B Z: AB:: CZ: BC. Therefore by 
inverting AB B Z:: BC: CZ. And by compounding 
ABB Z: BZ :: C- CZ: C2; that is, AZ: BY, 

! 9 +. 8 4 


— Ae en nr ne 
— 2 
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e:: BZ: CZ.” But as A Z is to BZ, ſo is Lay 
OB; and as BZ is to CZ, tos OB to QC. There 
alſo L A is to O B, as O B is to QC. In the ſame many 
I might ſhew that OB is to QC, as QC to RE; and! 
forwards infinitely. 


Lib. V 


Part II. The whole Sum of the infinite Terms is neith 
leſs than A Z, nor greater; therefore it is equal. I 
not greater, becauſe ſeeing we have ſhewed above, thy 


- QC is leſſer than CZ, and RE than EZ, and SF th 
PF , and fo on infinitely, all the Terms QC, RE, $} 


Sc may be infinitely ſet one by another in the right Li 
AZ; fo that the Point Z. ſhall never bs reached. Agi 
the ſaid Sum will not be lefs, becauſe I have above ſhewe 
AZ, BZ, CZ, to be continually proportional; and inti 
ſame manner, the fame thing is ſhewed of the reft, E! 


FZ, &c. Seeing therefore by transferring the Proportio 


als, QC, ER, FS, Cc. into CE, EF, FI, the Rema 
ders E Z, F Z, IZ, &c. are always continually propor 
onal, as we have already ſhewed ; we ſhall at the laſt con 
unto a Remainder leſs than any given one; and therefa 
the Sum of the Proportionals ſhall exceed every Quanti 


that is leſs than A Z; from whence itfelf cannot be | 


than A Z. Seeing therefore it is neither greater nor k 
than A Z, it ſhall be equal to it. Q E. V. 


T heore Hts 


"THE Difference of the firft Terms, the firſt Term, an 

Lk the whole Sum of the infinite Proportionals, are cot 
tinually proportional. h 

In the upper Figure let O X be drawn parallel to AZ 


Therefore L X ſhall be the Difference of the firſt Tert 


AL or AB, and of the ſecond BO, or B C. Becat 


XO is parallel to AZ; LX ſhall be to X O, as (a) L. 


is to AZ. But X O is AB, and L A likewiſe is A! 
Therefore the Difference LX is to the firft Term A B, 
AB the firft Term is to A Z, the whole Sum. Q. E. l 

The ſame thing may be demonſtrated univerſally and e 
briefly in every kind of Quantity; thus, Let there be 1 
continual Proportionals whatſoever (as well Numbers, 
other Quantities) A Z., BZ. C. Z, &c. and let them all 


transferred upon the firſt A Z. Therefore A B, B C, Ci 


\ 


ib, VI. 


F, FI, & 
hich, tog 
be firft A 0 
nitely, t 
at the ] 
"al to th 
BZ is te 
Z, as B( 
ference, 

nd Differ 
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7 the fir 
have alre; 
e Quanti1 
untitics, 
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5, FI, &c. will be the Differences of the Proportionals ; 
hich, together with the laſt Quantity IZ, are equal to 
e firft A Z. Now, becauſe if Proportionals be continued 
fritely, the laſt Quantity vaniſheth away, it is manifeſt 
at the Differences of the infinite Proportionals are 
wal to the firſt A Z. Then, becauſe A Z. is to BZ, 
;BZistoCZ, and ſo on, By dividing, A B will be to 
Z, as BC to CZ; and by converting, as AB, the firſt 
ference, is to A Z, the firft Quantity; ſo B C the ſe- 
nd Difference, is to B Z, the ſecond Quantity, and fo 


VI 


At 
rel 
Anne 
und 


elthe 

It 
, th 
> tha 


 eftrrards. Therefore as A B, the firſt Difference, is to 
t Ln the firſt Quantity So all the Differences (that is, as 
AgaiWtave already ſhewed, the firſt Quantity A Z) are to all 
hence Quantities, that is, to the whole Sum of the infinite 


| in i bantities. Q. E. D. 
, El 


Ortio 
emal 


PROP. XII. Problem. 


de HR EE right Lines being given (A B, BC, 
. AF) to find a fourth Proportional. 
yantil 


be le 


let the two right Lines be diſpoſed, as the Figure Fig. 21. 
nor K | 


tus, and draw the right Line BF, to which let the infi- 
e right Line C Z be made parallel. Let A F produced 
L, meet C £. | | 

lay, AB is to BC, as AF to FL, as is maniſeſt from 
tion 2. of this Book. Therefore F L is the fourth 
rm, ag ortional fonght. 


to A! Sc holiumi. 


ecal UR Conntryman Bettin, in his Treaſury of Mathema- 
tical Philoſophy, doth handſomely from 35. J. 3. and 
is Aoi this, which depends not upon the preſent Propoſition, 
out a fourth Proportional, three being given, and a 
„ E. d, two being given, after this manner. — 
and vel three right Lines be given, let the ſecond C B, and Fig. 22. 
e be u ird B D, be joined right to one another, ſo as to make 
bers, eight Line, and let the firſt B A touch them in the Point 
em all Mu x hat Angle you will. Throngh the Points C, A, D, 
Ie 0 8 deicribe 


_—  —  — — 


IE 


— — — wie 
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4. 4. 


(b) ber 35. For ſeeing the Rectangles AB Z, CBD are (4) equi 
AB will be to BC, as BD to BZ, by the 14th of th 


* 3. 
Fig. 2 3. 


K. 24. 


from C erect a Perpendicular CF, meeting the Circ 
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in the Point Z. BZ is a fourth Proportional. 


Book, which, as was ſaid, depends not upon this. 


If there be given two right Lines, AB, BC; let BI 
equal to BC, be joined to BC, ſo as to make one ftri 
Line. Then let the firſt A B touch BC in B in any Angt 
Then the reſt is as before, and B Z will be the third pn 


portional ſought. _ 

The Demonſtration is the ſame ; for ſeeing the Rech 
gles AB Z, CBD, are equal, A B will be to B C, 
B D (that is, BC) is to BZ. 


PROP. XIII. Problem. 
Io right Lines given (AC, CB) to find 


mean Proportional. 


Let the whole compound Line A B be biſected in O, 
from the Center O a Circle be deſcribed through A and! 


ference in F. 
I fay, A C is to C F, as C F is to C B. 


(c Per zi. For let AF, BF be drawn ; the Triangle (e) AP! 


3 


d) Per 
 Corol. J. 
P. S. J. 6. 


right-angled, and from the right Angle there is drawn 
Perpendicular FC to the Baſe. Therefore A C is to C 
as (d) C F is to CB. | 


Corollary: 

ENCE it is manifeſt, that if from any Point of ! 

Circumference (as F) there be drawn a Perpendi 

lar (FC) to the Diameter, this Perpendicular is a me 

Proportional betwixt the. Segments of the Diameter ( 
CB: | 


Schobi 
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Scholium. 


HIS Place requires, that we ſhould ſay ſomething 
briefly concerning the finding ont of the two mean 


proportionals betwixt the two given Lines. All the Geo- 
metricians of Greece, at Plato's Suggeſtion, ſet themſelves 
zich all their Might to the Solution of this Problem. Divers 
noft ſubtil Ways of Practice are recited by Extocius in his 
Commentary on Archimedes ; as thoſe of Plato, Architas the 
ſarertine, Menæchmus, Eratofihenes, Philo Byzantius, Hera, 


hllonius of Perga, Nicomedes, Diocles, Sporus, Pappus ; to 
hom the latter Times have added Verner, Gregory of Saint 
Fincent, Renatus, Carteſius. Out of all theſe we ſhall ſe- 
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Plato's Method. 


[7 is required to find out two Means betwixt the given Eg. 29. 


Lines AB, BC. 1 85 

Let A B, B C be ſet in a right Angle, and be produced 
nfinitely towards X and Z. Then let two Squares (ſo our 
Claudius Richards hath it; for Plato himie'f made uſe of 
one Square only, but which had inſerted into its Side“ D E, & $,, 


Rule moveable along D E, let two Squares, I fay, be Fig. 26. 


aken, and the Angle D of one Square be applied to the 
right Line B X, in ſuch certain wiſe, that one Side may 
allo paſs through A; and to the Point E, in which the other 
vide cuts the right Line B Z, let a ſecond Square be applied, 
which will paſs through C. I fay, that BD, BE, are two 
Means betwixt the given Lines A B, BC; that is, as A B 
is to BD, fois B D to B E, and BE to BC. . 
The Demonftration is maniteft from Corollary 1. Prop. 8. 
L. 6. fer A D E is a right-angled Triangle, and from the 
nght Angle to the Eaſe there falls the Perpendicular D B. 
Therefore by the ſaid Corollary, as A B is to B D, to is 
BD to BE; and for the ſame Cauſe, as BD to B E, io is 
BE to BC. Therefore betwixt the given right Lines A B, 
BC, there are found two mean Proportionals B D. B E. 
Which was the Thing to be dune, This Manner of ſolving 
the Problem is the caſieſt of all to be underſtood. 
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Fig. 27. 


(a) Per 31. 
1. 3. 


(b) By the 
Conjiruc- 
tion. 
(c) Per 
Corel. 1. 
P. 36. J. 3. 
(d) Per 14. 
1 
(e) Per 
Corol. 1. 
P- 4 . 6. 
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De Method of Philo the Byzantine. 


D, E, F, 

| | By this 

J ET the two given right Lines AB, BC, be ſet tog jea, as 
LL ther at a right Angle; then let the Rectangle ABC Lines, 
be perfected, and let D A, D C be produced infinitely, au ther by t! 
let the Diameters B D, A C be drawn, cutting each otheWnd out by 
in E. From the Center E, through B, let a Circle be draun kor two N 
which becanſe A B C is a right Angle (a) will pals througihhans, five 
A and C. Then let a Rule be applied to the Point B, let the 1 
that the intercepted right Lines B G, O F, may be equilfſo the R 
I fay, that AF, GC, are two mean Proportionals betyigſ Rule 1 
the given AB, BC; that is, as A B is to AF, fo is ApMWplicd to 
to GC, and GC to CR. les be Op 
Denon. Becauſe G B, O F (6) are equal O G, BpſWorgh F. 
will be alto equal. Therefore the Rectangles OG B, B FO given Y 


that is, (c) the Reftangles DG C, D FA, are equi D, an 
Therefore as G D is to D F, fo C4) reciprocally A F is The Den 
GC, but G D is to DF /e) as BA to AF. Thereforeat from t 
BA is to AF, ſo AF is to GC. Again, becauſe I hae D, the 
already ſnewed that A F is to G C, as B A is to A F; and endicu 
ſince B A is to A F, as G is to DF; that is, G C is u ollary, 
CB, AF vill alſo be to G C as GC is to CB. Therefore Naule in 
all fonr, B A, A F , G GC; C B, are continually proporti- C, and 
onal ; and therefore betwixt the given Lines A B, BC, two Me Baie L 
Means have been found, Q. E. J. 8 eYB, \ 
Theſe two Methods of Solution, although they be inge- int th 
nious and eaſy enough; yet becauſe a due application ot 4 und two 
Square and Rule is not made but by trying, they are not It betw 
Geometrica:, „„ Mw Pr Mear 
le F G, 
E, Y F. 
tion is 
This W 
in Plat. 
uſe it 
nds itſel 
The D 


übe, is 


The Method of Cartes. 
J ET an Inſtrument of ſuch fort be provided, that tw 
Rules may be opened and ſhut about V. Let there be 
inſerted into theſe divers Squares connected together betwixt 


that in the mean while that the Rules Y X and Y Z arc 


opened, the Square BC may impel the Square C D in the Matloey: 
Rule Y Z, and the Squa:e C D may impel the Square DE Wn (a) b 
in the Rule Y X, and the Square DE may impel PE, and 

| E 
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impel or force forward F G, and ſo on: But ſo that 
le the Rules X Y and V Z are ſhut, all the Points B, 
D, E; F, G, tend to fall upon one and the fame Point 
By this Inſtrument not only two, but alſo four and 
yea, as many Means as you will, betwixt two given 
ht Lines, may be found. Which thing can be obtained 
ther by the Sections of a Cone, nor by any Methods 
ind out by the aboveſaid Authors. | 
For two Means, three Squares are required; for four 
ans, five Squares, and ſo on. | 
let the leſſer of the given right Lines be transferred 
n the Rule Y X, and let it be YB; the greater upon 
Rule Y Z, and let it be Y E. Let the firſt Square be 
plied to the Point B, and be fixed there, and let the 
les be opened, until the Side of the third Square paſſeth 
qough E. I fay, that YC, Y D. are two Means betwixt 
given YB, YE, that is that YBistoYC, as YC is 
ID, and YDtoYE. | OX | 
The Demonftration appears out of Corollary 2. p. 8. J. 6. 
t from the Nature of the Inſtrument, in the Triangle 
CD, the Angle at C is a right one, and from it C B falls 
mendicalar upon the Baſe Y D. Therefore by the ſaid 
rwllary, as Y B is toYC, ſo is YC to XJ D. Again, 
auſe in the Triangle Y DE, the Angle at D is a right 
e and from it there falls the Perpendicular D C upon 
e Baſe YE, as Y C is to V D, fois Y D to Y E. There- 
e B, YC, XD, Y E, are four continual Proportionals. 
wixt the given Line therefore Y B, Y E, there have been 
und two mean Proportionals, YC, Y D. Q. E. J. 
lt betwixt the given ones Y B, Y G, there be required 
ur Means, cpen the Rules, until the Side of the fifth 
e FG, paſſeth through G. There will be YC, Y D, 
E Y F, four Means betwixt YB, YG. The Demons 
tion is manifeſt from the {aid Corollary. 
This Way, although the Inſtrument is more operoſe 
in Plato's, is in very Deed an excellent one; both be- 
uſe it doth nothing by bare Trial, and becauſe it ex- 
ds itſelf unto four and ſix, and as many Means as you will. 
The Deliacal Problem, to wit, the Duplication of the 
Wwe, is performed by two Means, and all the Bodies (a) 84 
atloever are encreaſed or diminiſhed in a given Propor- Sch.. 9. 1 8. 
n (a) by the ſame; like qs the ame thing is performed in I. 12. 
| e plain 
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(a) Cor. 3. plain Figures (a/ by one Mean. Hippocrates firſt open 
p. 20. J. 6. this way, which, as the Singular and only one, all Geo 


Fig.29,30, EL Qual Parallelngrams (A, Z) which baue 
e Angle (C) equal to one (O); have their dil 
alſo, which are about the equal Angles, recipy 
cal; that is, (AC is to CB, as FO is 100] 
And if they have the Sides thus reciprog 


(b) Per 1. A C is to CB (); and Z is to R (Y), as FO to OL. | 


＋ 6. 


Euclip's Elements. Lib. 


tricians that have followed him, have embraced. 


PROP. XIV. Theorem. 


the Parallelograms are equal. 


Part I. Let IL and 8 B, being produced, meet topeth 


in Q. The Parallelogram X is to the ParallelogramR, 
becauſe, by the Hypotheſis, X and Z. are equal, Xi 


( e) By theR as Z is to R. Thereforealo AC is to CB, as F0 


ſame. 


(a) By the 


ame. 


„% 0 l. &- ©; 5 
Part II. As A C is to C B, ſo X is to R Cd): And 
FO is to OL, ſo is Z to R. But already by the Hy 


theſis, A C is to C B, as F O to OL. Therefore X i; 


R, as Z is to Z. Therefore X and Z are equal. E. L. 


[Corollary. © On this depends the Demonſtration of 

* inverſe Rule of Proportion. For in it there is al 
« ſome Rectangle given, as X; and one Side of anot! 
« equal Rectangle, as C B; and the other Side is ſougl 
« As therefore A C, the firſt Side of the given Rettan 
“ is to CB, the given Side of the other Rectangle; 

„ reciprocally, FC, the ſought Side, is to C L, the ſec 
« Side of the given Rectangle. The Rectangle thereſ 
« C Bx FC, is equal to the Rectangle A Cx C L: Andt 
latter Rectangle given being divided by the given Side 
the former CB, the Quotient will give the ſought d 
VV : 


PROP. XV. Theorem. 


Fig.3 1,32 Nu Triangles (ACT, FCB) which bu 


one Ang le (O) equal to one (O) have alſo q 
| | » 
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les about the equal Angles reciprocal ( that i is, 
is to CB, as FO to OI.) 

And if they have their Sides bus reciprocal 
Triangles are equal. 


Let the right Line LB be drawn; the reft of the De- 
tration is the ſan e as that of the foregoing, 


Corollary. 


6 well Parallelegrams as Triangles, which have their 
I Baſes and Altitudes reciprocal, are equal: And 0 


erh. 


| is manifeſt from the two foregoing Propof tions. 


P R O * XVI. Theorem. 


F four right Lines (A B, Fl; IL, BC) "EN 
proportional, (that is, if ABbeto FI as 1 L 
B C) the Rectangle (A) under the Extremes 
IB, BC) is equal to the Rectangle (Z) under | | 
Means, (FE 4h); } 
And if a Rectangle under the Extremes he 
| to a Redtangle under the Means, zheſe Kauf { 
it Lines will be proportional. | 


Fig. 33. 


Recta I. In the Rectangles X and Z, about the right, and 

ngle ; Nriore equal Angles, B, I, by the Hypotheſis. A B is to | 

he {col as reciprocally, I L to © B. Therefore X and Z (a) * WW 
therelWequal, Q. E. DDP). i 

: Andt8irt II. Becauſe X and Z. are now ſuppoſed equal-s- 5 

en SideWcfore (þ) about the equal Angles B and I, AB is to FI (b) By the [2 

zught Iciprocally, I L to B C. 2. E. DB. ame. 7 


Corollary (1) © Hence it is eaſy to apply the given i 
tangle Z (c) to the given right Line AB; to wit, (c) Per 12: 4 
making AB:FI::IL:BC. For BC is thel. Os 5 
ich haedangle Z applied to the given tight Line AB.] 
alſo i gollary (2.) Upon this Propoſition depends the 
„ emonſtration of the direct Rule of Proportion. For in 
K — ä 
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e it there is always given ſome Rectangle, as CL: 20 
another like Rectangle is ſonght, one Side whereof is; 
« ſo given. It will therefore be, as B C, the firſt Side. 
* the Rectangle given, is to EO, the Side of the Reda 


ib. V. 


POM 


<« gle ſought; ſo directly C E, the ſecond Side of the Ref | 
angle given, is to OA, the other ſonght. Side. Then A ohh 
« fore the Rectangle CEXOE is equal to the RetargWprver 
B CxO A. And the Rectangle C EXE O being divid 
* by BC the Quotient, will give A O, the other di geſolve 
* which was ſought. Q. E. J. | e given 
2 | the Any 
PROP. XVII. Theorem. Yoon 
is the three right Lines (AB, FL, BC) Thing 
1 proportional, the Rectangle under the | ia 
tremes (AB, BC) ſhall be equal to the Squifi,, | 10 
of the Mean (F L.) T, the 
And if the Rectangle under the Extreme nannc 
equal to the Square of the Mean, thoſe three ri no 
Lines are proportional. | | Q like 
| | nd C. 
Part I. Let O be taken equal to the Mean FL. | . 
cauſe therefore by the Hypotheſis A B is to FL, as FI alſo R, 
BC, and O is equal to FL; AB will alſo be to FL, and a 
(a) By theis to BC. Therefore (a) the Rectangle under the , _ 5 
foregoing. tremes A B, B C, is equal to the Rectangle under the Me f 
F L and O, that is, is equal to the Square of FL. orollar 
Part II. This is demonſtrated in like manner from! aps 4 ; 
ſecond Part of the foregoing. | ical, or 
0 Fan | ming Ic 
Corollary. tries 
8 = | | WF great F 
Fg. 24. F this, taken together with the 13th, it is maniompaſs, 
that if in a Circle, F C be perpendicular to the Duſpſtion. 
ter, the Rectangle A CB is equal to the Square of F. 
(2 If Ax be equal to the Square of C; then A P 
M 12 
| (3.) If A: C:: C: B; and C a be divided by A, Fro 
(b) Per Quotient ( will be B. | | uplica; 
Corol. 2. | 8 88 0 FJ 


T. 16. J. 6. | ; P R 0 les, 


ib, VI. 
PROP. XVI. Problem. 
PON a given right Line (R 8 to deſcribe aFig. 35. 


: Ani 
f 154] 
Side 
Recha 


Th Polygon like, and in like manner paſited o 
dangiven one (B Q.) le | 
divid 


Reſolve the given Polygon BQ into Triangles. Upon 
egiven right Line RS, make the Angles (a) R, O, equal (a) Per 23. 
the Angles B A. Tha Sides then will meet together in“ +: 

Upon XS make the Angles V, IL, equal to the Angles 
C. The Sides then will meet together in Z. I ſay, 


1er Nl 


3 C)I Thing is done. = | 
be w becauſe the Angles R O, are equal- to the Angles 
„the Angles E, K, muſt alſo be equal (per Corol. 9. 
Sguſßz 1 I.) and becauſe alſo by the Conſtruction, V is equal 


T, the whole EV muſt be equal to the whole K T. In 

manner becauſe O, I, are equal to A, C, reſpectively, 

whole Angles OI, A C muſt be equal. And becauſe 

d I alſo are equal to T and C by the Conſtruction, Z 

| Q likewiſe muſt be equal (per Cor. 9. p. 3 2. J. I.) to 

ud C. Therefore the Polygons RZ, BQ, are mutu- 
Equiangular. It remains, that ve ſhew that their 

s alſo are proportional. RS is to B F, “ as S X to“ Per 4. 


FLUE; and again, 8 X is to FL (b), as SZ to FQ. There-/. 6. 
er the ih ,, equoRSistoSZ, as BF toFQ, c. b) By ile 
4 s orollary, © Hence is derived the Method of making 

r from 


aps or Charts, whether Geographical, or Chorogra- 
tical, or thoſe which Surveyors of Land make; and of 
aming Ichnographical Delineations of Fields, Buildings, 
ountries : for they are nothing elſe but the Reduction 
great Figures unto like Figures which are of a ſmall 

is man 2 which is performed by the means of this Pro- 
bution, 55 : | | 


chen A PROP. XIX. Theorem. 


duplicate of the Proportion of their Sides 
P R Ol. wo 
— That 
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E Proportion of like Triangles (A, Z,) ieFig.36,37 
„ FJ) which are ſubtended to the equal. \ 
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FIM HF, are equal, the remaining ones alſo, AC D, F HI, 

| a3 A equal. In the fame manner I might ſhew that ADC, 

D:fniſl Hare equal. Therefore (per Corol. 9. p. 32. J. 1.) the 

Id CAD is equal to the third HFI, Where alſo (e) (e) Per 4. 
be to Ie Triangles Qand I are alike. The firſt Part thereof is/. 6. 

as A (Þnifcft. | 5 
s to I Part II. Becauſe P and S are alike, the Proportion of P 
WAs is duplicate to that of (/) CA to HF. But for the (f) By ze 
he Delfine Cauſe alſo the Proportion of Q to T is duplicate to foregoing. 
There Proportion of CA to HF. Therefore P is to S. a8 PO 
le X iſto T. In the ſame manner, I will ſhew that as Q is to 
There ſo R is to V. Therefore, as one Antecedent, p, is to 
e Conſequent, 8, ſo all the Antecedents, P, Q, R, taken 
ether, are to all the Conſequents, 8, 7, V, taken to- 


ged, her; that is, ſo is Polygon to Polygon. Which was the 

ion to (er Part. | & Or 5-2-0) 3 48 

„ not i Part III. The Proportion of P to 8 is duplicate C) to ch) By the 
Hera of A B to FG. But the Propprtion of Polygon to forega;ng. = 


ygon is the ſame with the Proportion of P to 8, as I have 


meters * * STS 
eady ſhewed. Therefore alſo the Proportion of Polygon 


S OT 15 | 8 
rixt ti Polygon, is duplicate to the Proportion of A B to GP. 
Areas, : | 


lich was the third Part. 


0 
1 2971 IS Y 
— 44+ 
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Corollaries. IA 


LL ordinate or regular Figures, 4s Squares, Equila- 

teral Triangles, Pentagons, &c. are betwixt them- 
hes in the duplicate Proportion of theSides:, For all rg 
ir Figures are like, as is manifeſt from Deſſnition 1. 4 = 

2. If any like Figures whatſacyer, the Sides A B, F G, Frg. 38. 
fich are placed betwixt equal Angles, be known, the Pro- | 
tion of the Figures is alſo known. As for Example; 
t AB be of two Feet, and FG of ſix Feet; and as 2 is 
b, ſo let 6 be to ſome other Number; to wit 18. The 
lier Figure is to the greater, as 2 is to 18, or as 1 is to 9. 


6 mutuſw a third proportional Number is found, if (per Coroll 3. 
gles eg /- J. 6.) the ſenond of the given ones he multiplied by 
5 HI, if, and the Product divided by the firſt. 5 


3. From the ſame Propoſition is drawn the excellent Me, Fig. 39. 
od of encreaſing or diminiſhing any Rectilineal Figure in - 
igen Proportion. As if I would make a Pentagon, | 
Joe Side is AB, five fold of another. Find a mean Pro-(i) Per 13. 

tonal, B X, (i) betwixt the Terms of the Proportion . 6. = 
K 3 given 


> is. - 
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J. 6. 


Fig. 41. 


e 


Fig. 40. 


& 


Big. 24. 


(a)Per 18. given, AB, BC; upon this Frame, ( a) a Pentagon li 
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CB, 1 
to the ies one. This ſhall be Nn of the gin Likewiſ 
ene. and one 

For by rhe eth, the Pentagon A Bi is to BX, which twixt th 
Uke to it, as A B, the firſt, is to B C, the third Prop the ſaid 
tional. t is ma 

Moreover, ſeeing the Proportion of Circles alſo is of fore A C 
_ /plicate to the Proportion of their Diameters, as will WM That is, 
© ſhewed, p. 2. J. 12. This nn belongs likewiſe ACB: 
Cireles: 5. | | © More 


Schonen. bx: Seeing the Propettibn of the Squa 
* E, K, is duplicate of the Proportion of their Sides ( 
48 V; from thence the duplicate Proportion of the Si 
5. OR, SV, is wont commonly to be * 10 the! 


ny AE of e "I 
Pre 950 1 TTY bb are 1 to the Jame ( wis 
are alfo like betwixt themſelves. T's 
This is manifeſt from Defnition 1. Lib. VI. and fi pL 
Axiom 1. Lib. I. Ss That is, 
Wire Z, 

* R OP. XXII. Theorem. bs LL 

4% 18 te 


Fig. 49,41. 7 Feng or. nar right Lines (PL LY, a 4 50 mT 


OR, SHY be proportional; like Figures, a fereſore 
In like Sort bel HY them t B and EM 
muſt aljo be proportional. © 

And Converſhy. . | 


The Demuenſidation of the firſt Part i is nid Fort 
anal the Proportions of A to B and E to K, are dupliaſ 
to the 7 the this of FI to LQ, and OR to 8 V, vi nded o 


are, by t Hypo, equal, thenſeire alſo muſt LC te 
equal. 14978 511 1 15 2. That 
The ſecond Parts manifet allo. latfoever 

Das $LL compour 

„ [Corll £.If the cake 1 A B beient in any mat d the H 


ner in C; che Rectangle contained under the Parts uy * reaſon | | 


= 
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CB, is a mean Proportional betwixt their Squares. 
WM Likewiſe the Rectangle contained under the Whole A B, 
ind one Part, A C or C B, is a mean Proportional be- 
which twixt the Square of the Whole, A B, and the Square of 
Propol the ſaid Part, AC or CB. For (per Cor. 1. p. 8. J. 6.) 


t is manifeſt, that * AC: FC:: CF: CB. There 1 «i 


o is df fore A C Square: C F Square: : CPSquare: C B Square. p. 8. J 6. 
will That is, A C Square: Regt ACE:: Rectangle Per 17 
wil HAC B: CB Square. Q. E. D „„ oy 
Moreover, (per Cor. 2. Li "wh 6)BA: AP: AP: K 
AC. Therefore BA q: AF q: : A'Fq: AC. That | 
* TBAq:BAC Rectangle : BA C Rectangle: f Per 17. 
AC q. In the fame manner A By ABC: ABC: "4 
aa 2. E. D. 


* 


P R 0 p. XXII. Theorem. " 


Quiangled F (X, A ) have 12 
twixt themſelves a ; Proportion that is com- 

unded of the Proportions ＋ 4 eit Nat (4 A C 
CB, and I. C 40 CH). 

That i is, if you make c RB to > be to O, a8 "LO: to C F. 

ö to Z, as A C is to O. 

let I L, S B. meet together in QQ The Parallelogram 
(a) is to the Parallelogram R, as A C is to CB; and R(a) Per 1. 
% to Z, as LC is to CF; that is, as C Bis to O. J. 6. 


Fig. 42. 


ind fro 


ſame. 


Corllavies. 


ROM hence, and from 54. J. 1. it is manifeſt. 
l That Triangles which have one Angle (at C) equal, 
re that Proportion betwixt themſelves, which is com- 
handed of the Proportions of the right Lines AC to CB, Fig. 42. 
ut LC to C F. Which Lines contain the equal Angle. 
2 That Rectangles, and conſequently all Parallelograms 
latfoever, have betwixt themſelves the Proportion which 
ampounded of the Proportions of the Baſe. i to the Baſe, 
any ma d the Height to the are. And in the ſame manner 
10 6 ereaſon abcut Triangles, = 
« 


3. Hence 


lerefore ex æ quo Xi is to 25 as A C is to O. heh E. D. (b) By the 
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Fig. 43. 


Fig. 46. 


Fig. 42. 


and their Baſes A C, CB, and CL, C F, be their Heigh 
{c) Per 12. Let it be made (e) as the Altitude C L, is to the Altity 


+ % 


the Part, CL, Therefore the whole, 8, F, and the Py 


* 


have the Sides oppoſite to the equal Angles proportion 


fore (per 21. J. 6.) CL and OI are alſo like betwixt then, 


EvcL1D's Elements. 1 ib. 


3. Hence the Proportion of Triangles and Parallelogn 


lectang 
may be readily learned. Let X and Z be the Parallelogr, 


do mak 
Proport 


olygor 


C F, ſo is one of the Baſes C B, to O. The Parallelog te giv 


EX 3s to the Parallelogram Z, as AC to O. For 1 
N 5 proport 

FF every Parallelogram (as 8, FJ) the Parallif e 
grams which are about the Diameter (Ass the 
wit, (CL, O are both like to the whole Pan agen 
14:4 F 2 N | IL, W 
telogram, and to each other. 3 
By 27. 1. the Angles, C, 8, and L, F, are equal. OY 


the ſame, E is equal to I, that is, by the ſame, equal 
A it ſelf; but B is common both to the Whole, 8, F. a 


IK. 


CL, are Equiangular. It remains to be ſhew'd, that th 


Becauſe in the Triangle BCE, BSA, CE is parale , a 
SA, BC (by Corol. 1. p. 4. I. 6.) will be to CE, as BS * 
SA: And CE will be to EB (by the ſame Corollary) Ira 
SA to AB. But becauſe in the Triangles EL B, AHF Ci 
alſo, EL is parallel to A F, E B (by the ſame Croll ; FN 
Vill be to E L, as A B to AF, Therefore ex que CE 0. b 
to EL, as S A to AF. Therefore (by Definition 1. LM. 5 0 
CL. and the Whole, C F, are like. In the ſame manne Hoy 


J might ſhew OI to be like to the Whole, 'S, F. The 


ſelves. . E. D. : | | dw] 
PROP. My. Problem, -: Mer! 

* O change a given Polygon (A) into anith p. 
E JJJ%%%ê 1 
Or to make a Polygon equal to a given one (A HE. 
and like to another given one (B.) f 6 


Upon C F, the Side of the Polygon B, | 2 like one 
which is required, (by 45. J. 1.).make a Rectangle Q, £41 
to B. Then upon F I (by the ſame Propoſition) * 

. Erol e 


b. Miib. VI. EvcLid's Elements. 
loprtcangle R equal to A, It is manifeſt, that C F and FI 
logran ao make one right Line. Betwixt C F and FI find a mean 


Heiph 
Altitug 
lelogrfithe given one A. | | 

For ſeeing by the Conſtruction, C F, FL, FI, are three 
proportionals, the Polygon B is to the Polygon like to it, 
hich is made upon FL, as C Fis to FI (per 20. J. 6, and 
D:fnitien 10. J. 5, that is, (fer 1. J. 6.) as Q is to R. 
Therefore alſo by changing, as the Polygon B is to Q, 
o is the Polygon FL to R. But by the Conſtruction, the. 
Polygon-B is equal to Q. Therefore allo the Polygon upon 
FL, which is like to B, is equal to R; that is by the Con- 
traction, to the given A. That therefore is done which 
as required, F 


PROP. XXVI. Theorem. 25 


17all 
AB)! 
e Park 


qual. | 

equal 
8, F, a 
| the Pa 
that thi 
portion 
paralle 
as 35 
rrollary) 
B, AI 
Coroll 
9¹⁰ Cl 
1 1. L. 
ne manne 
F. "The 
wixt the! 


common Angle (A) are about the ſame Dia- 
BEERS. AE \ 


Draw the right Lines AE, CE, If you deny that 
[EC is a common Diameter to the Parallelograms B D 
nd FN; let another right line AG C, which cuts FE 
6, be the Diameter of B D, and draw the Parallel GH. 
he Parallelograms F H, BD, will be therefore about the 
mmon Diameter A G C, and conſequently (by 24. J. 6.) 
ll be like. Therefore, (per Definition 1. J. C.) will be 
ke, Therefore, as B A to A D, ſo is FA to AH. But 
o, as B A to A D, fois F A to AN, ſeeing B D, FN, 
e like by the Hypotheſis. Therefore F A is to A H, as 

e ſame F A is to AN. Which is abſurd. W 


PROP. XXVI, XVII, XXIX: 
THESE cauſe Trouble to, and perplex Begin- 


to anoih! 


n one ( 

| ners, and are ſcarce of any Uſe. 

like one | 41 2 

le Q, eq! 

% make 
Ret 


PROP. 


Tor a 27 . poli” wm * 2 — 3 pen, e — — — — r 


proportional F L (a). Upon this, (2. 18. J. 6.) make a (a) Per 13. 
olygon like to the, given one B, this muſt alſo be equal toy 6. 


IKE Parallelograms (B D, F N,) having à Fig. 44. 
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Fig. 45. | 


Fig. 47. 


treme and mean Proportion. | 


let down, Becauſe (per Corollary 2. P. 8, I. 6.) AB, 


Again, becauſe (by the aforeſaid Corollary) BA, A C, A 


EvcL1D's Elements. Lib. Wb. VI 
P R OP. XXII. : Problem. 


TO cut a given right Line ( 4 B) ſo that MRO 


whole (AB) ſhall be to one Segment (A Fig 


as the ſame Segment is to the Remainder (C] =” 
| | | chol. 
mber | 


nftratic 


That is, as Gcometricians ſpeak, to cut a Line in 


By 11. L. 2. ſo cut AB in C, that the Rectangle und, 
AB, CB, may be equal to the Square of AC. I fa ü Corolla 
Thing is done, 6356 1.981 Rectang 

For by the 17th of this Book, as A B is to Aren t 
ſo is AC to CB. M ſelves 3 

The Force of this Section of a Line is admirable Viamet 

the inſcribing and comparing regular Bodies. 


Corolla 


drature 
bios fi 


PROP. XXXI. Theorem. 
1 from the Sides of a Reaangular Tian 
1 (40 B) like Figures whatſoever be deſcrile 
that which is oppoſed to the right Angle, will 
equal to the two others (L, R) taken together. 


For! 
Semi- ci 
deſeribe 
deſcribe 
demi- ci 
\MC 
Spaces 
left the 
vides v 
Ingle B 
AC, al 
nuſe B 
et BN 


are three Proportionals, the Figure F ſhall (by the aſaſ MA. 
ſaid Propoſition and Definition) be to L, which is like to 
as B A the firſt, to A O the third Proportional 1 
cauſe therefore F is to R, as AB is to BO; and the a . 
P is to L, as A B to AO; F ſhall alſo be to Rand Lt _ 

together, as A B is to B O, A O, taken together. But! HIS 


as Here Propoſition 47. J. 1. is made univerſal. 2 
From the right Angle C, let the Perpendicular C0 
B O, are three Proportionals, F ſhall be to the Figure 
which is like to it, as AB the firft, to BO the third Pt 
portional, (to wit, by 20. L. 6. and Definition 10, I. 


is equal to the two, BO, AO. Therefore allo F ſhall roy, 


equal to the two, Rand L. Q. E. D. 
8 Coral N 


ib. Mp. VI. EveL1d's Elements. 


Corollary: 


that M ROM this Propoſition we can eaſily find one Nedtilinear 
! (AF Figure, equal and like to any Number of Rectilinear 
; (C ures whatſoever, by the ſame Method, whereby, Prop. 

Schol, p. 47. J. 1, one Square is found equal to any 
zmber of given Squares whatſoever. Only in the De- 


ne in ol nftration, let 31. J. 6. be cited inſtead of 47. J. 1. 


gle und 


Las Corollary (2.) A Circle upon the Hypothenuſe of a 
7 ö 


Rectangle Triangle, is equal to two Circles deſcribed 
pon the Sides, for all Circles are like amongft them- 
ſelves; and are to one another as the Squares of their 
Diameters, by the Second of the Twelfth Book. 


to A( 


mirable 


Chios firſt taught. 
Trian 
eſcrib! 
„ will 
ether, 


For let A B C be a Redangled Triangle; and BA Ca 
Semi- circle to the Diameter B C: BNA a Semi: circle 
deſcribed on the Diameter A B; AM C a Semi- circle 


demi- circle B A C is equal to the Semi- circles B N A and 
AM C together. If therefore you take away the two 
Spaces B A, A C, common on both Sides, there will be 
left the two Lunets BNA, AMC, bounded on both 
Sides with circular” Lines equal to the Rectilineal Tri- 
tngle BA C. And if the Line B A be equal to the Line 
AC, and you let fall a Perpendicular unto the Hypothe- 
muſe BC, The Triangle BA O will be equal to the Lu- 
et BNA, and the 


* 


lar C0 
)AB,B 
> Figure 
third Pt 
10. J. 
AC, A 


the atolf MA. Q EL = 
„% EE TIRATAS . 
dhe FRO P. XXXII. 
nd L tak | 5 55 


. But JS 7s bardly. of any Uſe, and hath nothing 
0 P ſhall remarkable In it. * 0 6 


came — PROP. 


Corollary (3.) © From hence we may derive that Qua- Fig, 54 
drature of Lunets (or little Moons), which Hippocrates of 


deſcribed upon the Diameter A C. Thus therefore the 


a Y'A equa} 10 the Luncy 
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Fig. 49. 


of the ſame Height are as their Baſes: 


TY here. 


that which hath been demonſtrated of, Me be my 
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PR Op. XXXIII. Theorem. 


N the fame or equal Ciretes, "the Angles, 
ther at the Centers (as ABC, FO P) or at 
Circumfervite (as A RC, S D) have that P 
portion betwixt chemfalvery: which the Ari 
(AKC, FC D) on which they fland, ha 
Inderſtand the ſame Thing of, declors. 


As for the Angles at the Center, and the Sectors, it; 
be demonſtrated altogether in the fame manner, in whi 
Prop. 1. of this Book, it was demonſtrated; that Triang 
Only whe 
Prop. 38. J. 1. is cited there, . let Prep. 29. J. 3. be di 


And pecans the Angles R and'S, at the Circumſcren 
are Balves of the Angles ABC, FO P, at the Cent 


feſt allo of bad eX $a 2 


SE: # ts 
4, 


; Saale f ee. | a | 


1.7 IE 8 ing A ©) at the C 8 is to four rg 
1 . An les,; as the Arch B Con which i it ftands, 5 
he whole ( ircumference. H ano 
For as 5 8 Cs to the right Angle! BA b. ſo by this 3 
the Arch B (is 50.1 the Quadrant B F. Thorefore the 
5 B A C: 4s ; to. four right Angles, as the Arch B C1 Is 
ur Quadrant that i is, the whole Cireumſerence. 
The Arches I L, B C, of uncqu Circles, which def | 
tend equal Angles, "whether at the Center, as ITALY 
BAC, or at the Circumference, are like Arches. 
For the Arch IL is (by Corollary 1.) to its Circum 
rence, as the Angle, JAL, that! E is to four 18 
Angles; and the Arch B C is do its CHculnierence (by if 
ſame Coro ) as the fame Angle B A C is to four ri 
ones. Ther fore IL is to its Circymference, as B Ci. 
its. f Therefor: (by Deſin. 4. 1. 6.) the Arches II. and! 
are like. 
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b. W. Ever tp's'Elements: 

. The Semi-diameters (A B, A C) do take away from 
2 atrical Circumferences like * IL, BC. This 
manifeft from Corollary 2. 

. The Segments BK C, IO L. which contain equal 
he (K, O) are like. 
For by Coro/lary 2. the Arches BC, I L. 9 conſequent· 
the Angles BK C, 10 L, are like. 
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Elements of E U C LI ID 


BOOK XL 
of" ub Us be Seventh, 


O the ſix fel Books Euclid hne the Elemen 

1 of Numbers, comprehended in the three following 
the Seventh, Eighth and Ninth, to which he alſo adjoin 
a Tenth, concerning incommenſurable Quantities. W. 
_ paſs immediately from Planes to Solids ; purpoſing to tres 
of Numbers ſeparately: Secing it will, I ſuppoſe, b 
more commodions for Learners, if the Elements of Geome 
try be not interrupted, by treating of any other Matter, bu 
be had altogether. Nevertheleſs, when we ſhall ci e thi 
Propoſitions of this and the following Book, we ſhall not cal 
theſe Books the Seventh, and the Eighth, but the Eleventl 
and the Twelfth, left if we ſhould depart from the ever 
where received Order of Euclid, the Citation of Propoſition 
ſhould thereby be rendered more intricate. 

This Book in a fort contains two Parts: In the firſt, art 
laid the Foundation on which the whole Doctrine of the 
Solids, that is, of Bodies, depends. In the other, the At 
fections of Parallelopepids are propounded. 


* This Eleventh Book of Elements ſets forth the firl 
e Principles of Solids. Nor can indeed the Properties 0 


c Bodies be known without it; and if we ſet npon aimolt 
« any Part of the Mathematicks, without the Knowledge 


of Solids, we ſhall labour 1 in vain, or be at leaſt at a 7 
« [ok 


b. XI. 


' Loſs. 1 
cal Trig 
try, Stat 
Things 
' ling, in 
' Cptics, C 
being on 

yered the 
aſide this 
to have 


Solid 
and 

2. The 
3- The 
perpendic 
th all the 
b touchec 
4. A Plar 
e right Li 
lanes perpe 
pit or per; 
6. If the 
rat Angle: 
the Plane 
e Angle [ 
LI to th 
b. If the 
on the Pla 
the acute 
ines [A B: 
ndicular te 
7. A Plan 
e other P 
clinations 
g. Paralle 
ny way, 


eryals, 


9. Like ſ 
tained un 
10. A ſolic 
der Plain / 


Loſs. For the Spherical Doctrine of Theodoſius, Spheri- 
cal Trigonometry alſo, a great Part of Practical Geome- 
try, Statics and Geography, depends upon it; and what 
Things occur of any great Difficulty in the Art of Dial- 
ling, in the Conic Sections, Aſtronomy, Dioptrics or 
Optics, do all become more eaſy, the Principles of Solids 
being once underſtood, So that thoſe who have deli- 
rered the Elements of Geometry, leaving out and ſetting 
aſide this and the following Book, are to be reckoned 
to kave delivered the ſame very imperfectly. | 


Vin — 


Þ, 
. 


D DEFINITION. 
Solid, or Body, is that which hath Length, Breadth 
and Thickneſs. 


3- The right Line [A B] is to the Plane [C C] right 
perpendicular, when it makes right Angles {BAC, BAC] 
ih all the right Lines LC A] in the Plane [C Ci by which 
is touched. 2 | | 
4 A Plane is right or perpendicular to a Plane, when all Fig. 2. 
eright Lines L. QI which are drawn in one of the | 
anes perpendicular to the common Section [XR] are 
pht or perpendicular to the other Plane [A BC O.] 

„If the right Line [O L] ſtands upon a Plane not at Pig. 3. 
rt Angles, and from its higheft Point Li there be drawn . 
the Plane the Perpendicular [L P and [OP] be joined; 

e Angle [L O PI is ſaid to be the Inclination of the Line 

LI to the Plane. . 


men 
wing 
djoin 

W. 
) trea 
„ b 
eome 
r, bu 
e thi 
ot cal 
2yentl 
even 
ſition 


on the Plane [L QI the Inclination of one to the other 
the acute Angle [A BC] which is contained by the right 
nes [A B and B C] which are drawn in both Planes per- 
ndicular to the common Section [O E.] | 
7. A Plane is faid to be alike inclined to a Plane, as is 
e other Plane to another, when the ſaid Angles of their 
clinations are equal. 5 1 
g. Parallel Flanes, are thoſe which being continued 
y way, are always diftant from each other by equal 
eryals. | oy of 
9. Like ſolid Rectilinear Figures are thoſe which are 
ntained under like Planes, in Number equal. 1 
lo. A ſolid right-lined Angle, is that which is contained Fig. 5. 
der plain Angles more than tuo BA C, CAO, O 15 

| which 


ft, art 
of the 
he At 


1e firl 


ties ol 
al mot 
wledge 
a gre 
« Lok 
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2. The Extreme of a Solid is a Surſace. Fg. 1. 11. 


6, If the Plane [R E] doth not ſtand perpendicularly ig. 4. 
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which are not in the ſame Plane, meeting together in on 

=. | | | 

11. Equal ſolid Angles are thoſe, which being conceing 

to be put each within the other, do agree or perfectly e 
incide. | | ES 

Like as a plain Angle is a mutual Inclination of Lines 

ſo a ſolid Angle is an Inclination of Surfaces. Concerning 

both therefore we muſt reaſon in the ſame manner. 


b. XI. 


It is man 
Bnt we n 
hon, be 
neCDt 
tt Line | 
OF, will 


Fig. 6,7,% 12. A Priſm is a ſolid Figure, comprehended by Planes 
= amongft which two oppoſite ones [O FE, A C B] are i * 
rallel, equal and like. | | Bog 
Fig. 8. 13. A Parallelopepid is a Solid, contained under f right Li 
Quadrilateral Planes, of which the Oppoſites are parallel. 1 4// 
14. If ſix Planes, in which the Oppoſites are parallel thro 
be Squares, the Solid contained by them will be a Cube, 

| . you den 
t PROPOSITION JI. Theorem. Wir to thi 
| TE and to 
Fig. 9. ONE Part (AC) of a right Line cannot bei M. 
Ea Plane (OE;) and another Part (CB) u 2 * 
of ii. os efore let 
Tt is clear of itſelf, from the Definition of a Plane a 18 

z right Line. See Defia. 4. and 7. L. 1, 1 
bi. 5 "a The 

PROP. I. Theorem. 
Fg. 10. FYVERY Triangle is in one Plane : And ti becauſe 
* right Lines cutting each other, are in c. and cc 

ame Plane, | 1 Angle B 


For if a Plane be applied to one of its Sides, and tot 
Point of meeting the other two, it will be evident that i 


whole Triangle is in that Plane. F | d becauſe 
PROP. III. Theorem. 


Fig. 11. 17 two Planes (AB, C D) cut each other (El 
bbbeir common Section is a right Line, 


ht one; 


3 
berefore B. 
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[tis manifeſt from the Definition of a Plane. 
Bnt we may demonſtrate it thus. If E F, the common 
don, be not a right Line, let there be drawn in the 
ic CD the right Line EO F, and in the Plane AB, the 
ht Line E QF. The two right Lines therefore, E O F, 
P, will incloſe a SPACE. Which is abſurd, 


P R 9 Theorem. 


a right Line (B A) be nenen tar - to to pig, 12 
er f ig Lines (C AA, F AS) which cut each other, hy 


rill alſo be perpendicular to the Plane which 15 
un through them. 


[you deny it, let another right Line, BQ, be perpen- 
1. Wir to the Plane of the right Lines A C, A F. Join 
L, and to this in the Plane F A C, draw the Perpendi- 
bet 00. This being produced, will neceſſarily cut (as is 
J Wierd from Schel. Prop. 31. J. 1.) one of the right Lines 
X, FAS, or both, whereſoever the Point Q ſhall be. 

refore let it cut CAN in O, and let BO be joined. 
uſe therefore the Angle BA is, by the * 85 


ne aut one; 
The Square of BO tall 
be equal to B A Squ. 7 ts 
(%) ( b) Per 47; 
+ A O Squ. . 
d tu 


it becauſe B Q 1s ſuppoſed perpendicular to the ND, 
in tC, and conſequently (by Definition 3. J. 11.) makes a 
Angle BO A with AQ; 


B A Squ. is equal to B Q qu. C | 
a) 


| A QSqu. 
i becauſe the Angle AQO is, by the Conſtruction, 


lt one; 
A O Squ, is equal to O Q Squ. 5 
e. 


id tot 
that tl 


8 


EI + A Q Squ. ſame. 
F ( terefore BO Squ. is equal to + B Q Squ. | 
4 O QSqu. 
1 A Q Squ. twice C 
taken, | 


KEE There- 


(d) Per 47. 


(e) By the 
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Fig. 14. 


is not perpendicular to that Plane; and conſequent 
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Therefore Square B O is greater than the Squares of BD being 
and OQ; and (as is clear from Prop. 47. l. 1. conſequeſ A dendiculs 
B QO is not a right Angle. Therefore B Q is not pen "3% 
dicular to the Plane by Definition 3. J. 11.) C. 1 = B 1 
Therefore the Propoſition is manifeſt, Re 
| . equal. 
Scholium. — 


BG, AD 
right An 
tBDG 
I. 3. are 1 
the denial of the Aſſertion of the Theorem, the ſameMt the thr 


ſertion is directly proved. This Demonſtration, as toWin one Pl 
Subſtance of it is Fobn Cierman s. ane (pe 


| | „CD arc 
PROP. V. Theorem. 


D, CD! 

| oY | = „ will (pe 
J. three right Lines (BA, C A, F A) be pen 
dicular to the ſame right Line (A N) at thi | 


ROM its being ſuppoſed that B Q is perpendicul 
the Plane FA C; it is directly demonſtrated that 


s Q. & 


Point (A;) thoſe three will be in one Plant. To 
For, if it may be, let one of them B A be in and Right 
Plane (RO) which may cut LQ, the Plane of the « A . 
two, C A, FA, in the right Line AO. Becauſe, by ;j, ſam! 
Hypotheſis, R A ftands perpendicularly upon the tw, MF © 
F A, it will be perpendicular to the Plane L Q by the . "4 
going.) Therefore RA makes a right Angle with 40 * 4 
(by Definition 3. 1. 11.) But alſo, by the Hypo, ere, 
RAB is a right Angle. Therefore the Angles RA in 5 5 
RA O are equal. Which is abſurd. CD kF 
ES | lore be ſo 

PROP. VI. Theorem. N 

| t Whicl 


RIGHT Lines (AB, CD) which are perf 
cular to the ſame Plane (C F) are paral.t! 


It might be taken for granted, as a Thing 0! HfexcE 1 
known; but we may demonſtrate it thus: ep ir 


222 36. . 
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BD being joined, make in the Plane FE the Line DG 
endicular to BD, and equal to BA; and let DA, 
\ GB, be joined. The right Lines B D, DG, are 
to B D /a and BA; and the Angles BD G, (% (a) By the 
BA are right ones. Therefore (fer 4. J. 1.) AD, BG, Confiruc- 
equal. Therefore the Triangles AB G, G DA, are tion. 
lateral to each other, and conſequently the Angles (h) Per 
6, A DG, are equal. But AB G (by Deyn. 3. I. 11.) Def. 3. J. 
right Angle. Wherefore ADG is allo a right one. 11. 

DG alſo, by the Conſtruction, and C DG, by 
„. are right Angles. Therefore G D is perpendicu- 
to the three Lines C D, A D, BD. Therefore CD is 
in one Plane with A D and BD, But AB allo is in (e) By the 
Plane (per 2. I. 11.) with A D and B D. Therefore foregoing, 
CD are in one Plane. Therefore ſeeing the Angles | 
D, CDB (by Deyn. 3. 1 11) are right ones, AB, 
), will (per 29. J. 1. and Def. 36. J. 1.) be parallel 
ST L F. P. 1 


er VAL Theorem. 


a Right Line (E F) cutting the right Lines Pg. 18. 
(AB, CD) placed in the ſame Plane, is in one 


ſe, vl the ſame Plane with them. 

two, EY, 
y the might be taken for granted. But he that will may 
„ Weemonftrate it, = | 
* t another Plane cut the Plane of the right Lines A B, 


in the Points EF. If now E F is not in the Plane of 
CD, E F will not be the common Section. Let EG F 
core be ſo. Therefore (per 3. I. 11.) EGF is a right 
the two right Lines therefore E F, EG F, inclote a 

t Which is abſurd. 


Corollary. 
FENCE it follows, that if E F cut the Parallels AB, 
CD, it is in the ſame Plane with them. For (by 


n 36, J. 1.) any two Parallels are in the fame Plane. 


* 


L 2 PROP. 
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PROP. VIII. Theorem. 


| | ] 
Fig. 14. 17 tro Parallel“ (A B, CG D) 07e ( A B) be j j 
| Tar 7 F two 712 
pendicular to a Plane ag ; the other alſo (C rcht. on 
+ a 2 | 
will be perpendicular to the ſame Plane. ſme Pl 
It might be taken for granted. If the Demonftra ) 
be required, it is as follows: 
| | Let C A, 
B D, A D, being drawn; in the Plane EF, D A, F 
% G D perpendicular to B D. It will alſo (ſee the Den lll and 
© ſtration of Prop. 6. J. 11.) be perpendicular to equal. 
Therefore (per 4. J. 11.) GD will be perpendiculaWQic! and e 
„ the Plane ABD, that is, (by the foregoing Corel and equa 
to the Plane C B DA. Wherefore (per Defin. z. l . are eq: 
CDG is a right Angle. But the Angle C D B is F, are E 
ce right one; foraſmuch as with A B D, which (erte equa 
« 3. J. 11) is a right Angle, it maketh two right 
© (per 27. 4, 1) Therefore (fer 4. J. 11.) CD is pen 5 
« dicular to the Plane G DB or E F. 2. E. D. 
| 9 0 draw 


PRO, IX. Theorem. from a 


Fig. 16. 24 T Lines (A B, EF) which are pur 
1 to the ſame right Line (C D) although t 
not in the fame Plane with it, are alſo parallt 

twixt themſei ves. | 


he Conf 
e, as DF 
EE: Th 
dendicula! 
I the Per 
lar to the 
hrough ( 
nltrabticn, 


Although it might be taken for granted, yet we wil 
monſtrate it thus: 8 | 
In the Plane of the Parallels A B, C D, draw GK 


; 
pendicular to CD. Likewiſe in the Plane of the Par » 1 2 
E F, C D, draw H K perpendicular to C D. Then 1 


(a) Per 4. {a) C K is perpendicular to the Plane G K H. There 


J. 11. ſeeing AG, EH, be parallel to CK, the ſame A G, Eb. 
(b) Per 8. (V) will be perpendicular to the Plane GK H. Ther veholium 
1. 11. A0, EH (c) are parallel. Q. E. D. Ir Rule fa 
(c) Per 6. 1 | lame, let 
1 Plane give 

Which con 


PRC 


R rele, wil 


b. . Euc L [D's Elements, | 


PROP. X. Theorem. 


F two right Lines (AC, BC) be parallel to twoFig. 17 
right ones (DE, E F,) albeit they be not in 
ſame Plane, they comprehend equal Angles (C and 


Let C A, CB, be made equal to F D, E F, and let DE, 

„ DA, FC, EB, be drawn. Seeing AC, F D, are 

llel and equal, A D alſo and CF will (Ca) be parallel (z) Per 33. 
equal. In like manner I might ſhewBE, C F, to be/ 1. ” 


), J 
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be 
(C 


nſtrz b 


lieu el and equal. Therefore A D, BE, are alſo parallel 

oro and equal, per Axiom 1. Therefore, per 33. J. 1. A B, O) By the 
3. Fare equal. Seeing therefore the Triangles B A C,foregving. 5 
Jia, are Equilateral to each other, the Angles C and Fc) Ber 8. 
ter ate equal. Q. E. D. | BR 


- PROP. XI. Problem. 


0 draw a Perpendic:lar to a given Plane (AB) Fig. 18. 
from a Point given without it (C.) 7p 


Parke Conſtruction. In the Plane AB, draw any right 
7h tie, a5 D F, unto which, from C, erect the Perpendicu- 
all E. Then in the Plane A B, through E, draw AEM 


enaicular to the fame DF. Then to AM, from C, 
the Perpendicular CG. TI fay, that C G is perpen- 
lar to the Plane AB. 
hrough G let H G be drawn parallel to PF. By the 
ntraftian, D E is perpendicular to C E and EM. 
nefore DE is perpendicular to the Plane CE M (2), as (d) Per 4. 
is HG (e). Therefore, by Defin. 3. I. 11. CG is!. 11. 
dendicular to HG. But CG, by the Conttruction, is (e) Per 8. 
perpendicular to EM. Therefore {f) C G is perpen-/. 11. 
lar to the Plane AB. Which was the thing propoſed. ) Per 4. 
dehollum. © In practice thus. Let there be a Cord. 11. 
Ir Rule faftned to the given Point A: And from the Fig. 20. 
lame, let there be deſcribed by the end of it B in the/. 12. 
Pane given, the Circle BC FIL. The Line A K, 
ich connects the given Point and the Center of the 
Circle, will be perpendicular to the given Plane. 

L 3 N 


re will 


GK 
e Pan 
There 
Therel 
AG, 
Ther 


pR( 
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PROP. XII. Problem. prpendi 


to erett a Line perpendicular to the ſa 


Fig. 19. FROM a given Point (A) in any Plane (E] cs l 


Eg. 20. ; 


Fi, 


21, 


and meeting the Plane LQ in E. Then CE (per 8. 4 


Plane. p 


From any Point D, without the Plane EF, make [ 
(by the foregoing) perpendicular to the Plane E F. 4 
B A being joined, draw A C parallel to DB. I fayt 
Thing is done. The Demonſtration is manifeſt fr 
Prop. 8. | EF | 


two 71 
ther be 
0 touch | 
"w/e W, 
allele. 


rom A, | 
ReEF,. 2 
le (fer 9 
ing theref 
V right; 

refore, G 
alſo be pe 


Corollary. 


IN Practice, from the given Point, a Perpendicula 
_ erected to the given Plane, if a Square OK N he; 
plied to the given Point ſana be turned round.] 


PROP. XIII. Theorem. 
I NES drawn from the ſame Point ca 


be both perpendicular to the ſame Pl 'Iy . 
(AB.) = 2 
* - 
For if they were, they would, (by Prop. 6.) be para 
Which cannot be. 5 Plane 
| PROP. XIV. Theorem: * 95 
JT” the jame right Line (A B) be perpendiali * 
to two Planes (FG, L;) the Planes will not, ſe 
parallel. h | vill mee 
Perefore ſe 
5 
Let there be taken in either of the Planes, as EG. w. AB, 
Which is 


Point C, from which let C E be drawn parallel to / 


will be perpendicular to both Planes, FG, LQ. We 
fore if AC, B E. pe joined, the Angles A B, (by De,. 
11) will be right ones, Therefore per 29. J. I.) 4 

B E, are parallel. Therefore ACE B is a Parall*log's 
and conſeqyently CE, which hath been already i1en! 


b. Xl, ; 
perpendicular to both Planes, is equal (per 34. J. 1.) to 
. In the ſame manner I might ſhew that all the Per- 8 || 
aculars to both Planes are equal. Therefore (by Deyn. ö 
(El { 11.) the Planes are parallel. Q. E. D. ˖ | 


e 


PROP. XV. Theorem: 
keV: o right Lines (B A, C A) touching each Fig. 22. 


we ber be parallel to two right Lines which 
&t ils touch one another (E D, F D;) the Planes 


"ſe which are drawn through them will be 
rallel. 


, rom A, let there be drawn A G, perpendicular to the 

cue E F, and let GH, GI, be parallel to DE, DF. 

le (fer 9. J. 11.) will alſo be parallel to AC, AB. 

ing therefore the Angles I GA, H GA, be, by Def. 3. | 
„right; C A G, BAG, will alſo (a) be right Angles. (a) Per 2.7, 
refore, G A, which is perpendicular to the Plane E F, J. 1. 


gau iso be perpendicular to the Plane BC (5). Therefore (b) Per 4. x 
Pl * BC, EF, are, by the foregoing, parallel.“). 11. | 
PROP. XVI. Theorem. 1 
para | | i . [ 
Plane (E HF G,) cutting parallel Planes Fig. 23. | 
(AB, C D,) makes the Sections in them, 
* h G F) parallel. 


wil not, ſeeing they be in the ſame interſecting Plane, 
will meet ſomewhere, by Scho/. Prop. 21. J. 1. as in I. 
 Werefore ſeeing the whole Lines HELI, FG 1, be in the 
ew es? A B, C D, produced, theſe Planes alſo will meet in Per 1. 
Which is abſurd, and contrary to Defir. 8. 4 11. J. 13, 


X | SM 8: 


l 
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is to C D, as BF (e) to FG. Again, the Triangle BH 


7 a right Line (L E) be perpendicular 


Section. CD. Now ſeeing, by the Conſtruction, H 


F. if. 26. 


EvcLiD's Elements. Lib. ib. XI 


5 5 | | For ſec 
PROP, XVII. Theorem. pendicula 


, that t! 


Fig. 24. Parallel Planes cut right Lines (B D and C brint L, 


which fro 
common 
perpendic 
GD, ma 
the Plane 
erected 0! 
Therefore 
drawn fro 
MF and 
of thoſe t 
Plane, A 


proportionally. 


Let the right Lines BH, G D, be drawn in the Pl 
PV, TQ; and likewiſe let B G be drawn meetingt 
Plane RSinF, and let FC, FI be joined. The Plane 
the Triangle BG D cutting parallel Planes, makes the d 
tions C F, DG paraltel, by the foregoing. Therefore} 


cutting parallel Planes, makes the Sections, by the fo 
going, BH, FI, parallel Therefore HI is to IG, 1 
B F to FG; that i is, as I have already ſhewed, as BC 
to C D. Q. E. D. 


PR 0 P. XVIII. Theorem. 


Plaue ( 3 B,) all the Planes which are dra 
through it are perpendicular to the ame Bl 
(AB.) 


Let the Flane G C be drawn through F E, making C 
the common Section with AB; and let the Lines H K 
drawn in the Plane G C, perpendicular to the comm 


If the 1 
at firſt Sig 
For let B 
DAE, eq 
IE. An 
heeting A 
e joined. 
DAE, B 
dual to th 
e equal ( 
0, the | 


perpendicular to the ſame common Section to which Ff 
perpendicular, by the Hypotheſis, K H and F E muſ 
parallel, by 29. J. 1. Therefore H K is alſo perpendict 
to the Plane A B, ger 8. JI. 11. Therefore the Plane G 
is perpendicular to the Plane A B, per Definition 4. 4.1 


PROP. XIX. Theorem. 


F two Planes (M P, G D) cutting each oh 
be both perpendicular to the ſame Plane (Al 


their cotimon Section alſo will be Md 
to that Plane . B. * 


lib. XI. EvctiDd's Elements. 
For ſeeing, by the Hypotheſis, the Plane M F is per- 
pendicular to the Plane AB; it is manifeſt, by Definition 
that there may be drawn in the Plane M F, from the 

G bint L, à Perpendicular to the Plane A B; namely, that 
which from L, in the Plane M F, is perpendicular to the 
common Section EF. Again, by the Hypotheſis, G D is 
perpendicular to that Plane A B; tis evident, in the Plane 
GD, may be drawn from the Point L, a Perpendicular to 


Wherefore the Perpendicular to the Plane A B, which is 
drawn from the Point L, muſt be found in both the Planes, 
MF and G D, and conſequently LK, the common Section 


e thoſe two Planes, M F and G D, is perpendiculat to the 


8, ane, AB. Q. FE. P. 


PROP. XX. Theorem. 


I i 
1 plain Angles (B A C CAD, DA B;) any 
Neef theſe is greater than the third. 


If the three Angles be equal, the Aﬀertion is maniſeft 


% fr sight; and it is as certain, if they be unequal. 
s er let BA D be the greateſt ; and from B A D, cut off 
AE, equal to BA C, and make the Line AC cqual to 


AE. And through E, let there be drawn a right Line 
ceting AB and AD, in B and D, and let BC, DC, 
e joined. Becauſe, by the Conſtruction, the Angles 
BAE, B A C, are equal, as likewi;e the Sides BA, A E, 
nal to the Sides B A, A C, the Baſes alſo B E, BC, will 


e equal (6). And becauſe B C, C D, (c) are greater than (b 
D, the Equal, B E, BC, being taken away, there re-]. 1. 
tains C D greater than E D. But the Sides E A, A D, (e) Per 20. 
ue, by the Conſtruction, equal to the Sides, C A, A D. J. 1. 


Therefore the Angle (4) CAD is greater than the Angle (d) Per 25. 


ue Plane A B. But from the Point L (a) there can be (a) Per 13. 
trected only one Perpendicular to the ſame Plane A B. /. 11. 


IP a ſolid Angle (A) is contained under three Fig. 27. 


) Per 4. 


55 oth AD. Seeing therefore the Angle BAC is equal, by !. . 
( e Conftruftion, to the Angle B AE, thoſe two Angles 
Aict wether, BAC, CAD, are greater than the Whole, 


A b. 2. E. D. 


ERA. 
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PROP: 1. T heorem. 


THE plain Angles conſtituting any folid An RON 


| gle whatſoever, are leſs than four right one Theo 
ö 5 | gures ca 
Fig. 28, Let A be a ſolid Angle; let the right Lines, B C, C ther 4, 0 
DE, EF, FB, be ſubtended to the plain Angles well conſe 
make up the ſolid one, fo that thoſe right Lines be all i Pyramid 
one Plane. Which being done, there is conſtituted a Pyn. ich is Cc 
; mid, whoſe Baſe is the Polygon BCDEF; A is the Top s bounded 
and it is contained under ſo many Triangles, G, H, Lk ontain'd 1 
L, as there are plain Angles which compoſe the ſolid An 2 regula: 
gle A. And now, becauſe the two Angles AB F, ABC legular, v 
are, by the foregoing, greater than the third, FB C; and lanes, 
the two, ACB, AC b, are greater than the third, B C Pe, 
and ſo on: All the Angles of the Triangles, G, H, I. K quiateral 
L, about the Baſe, as taken together, are greater than al Of thre 
the Angles of the Baſe, B, C, D, E, F, taken together dere may 
But the Angles of the Baſe, together with four right ona four, t 
make twice ſo many right Angles, by Theorem 2. Schi Nd Angl, 
after 32. L. 1. as there are Sides, or, which is the ſame, : nd Ang 
there are Triangles. Therefore all the Angles of the Tn gat ones, 
angles about the Baſe, together with four right ones, mak 4 
more than twice ſo many right Angles as there are Tr . bec 
angles. But the ſame Angles about the Baſe, togetig * f 
(a) Per 32. with the Angles that compole the ſolid make up (a) twid e 8 ones 
£2: ſo many right Angles as are the Triangles. It is manifel mititute 7 
therefore, that the Angles which compoſe the ſolid Ang That of 
A, are leſs than four right ones. Q. E. D. composꝰ 
: nd thus t 
Þþ | that 
| 71, ixAngl 
J 15 Corollary. nes, pe, 
T"ROM this and the foregoing, it is obvious to collec * 
that a ſolid Angle may be compoſed of any thend Ga 
plain Angles, which are leſs than four right ones, it ſo Mfnnot 
that any two of them be greater than the other. That 5 
uch leſs « 
| Four Ar 


Abt ones. 


Sc boliun 


b. XI. Fvuciid's Elements. 
Scholium. 


ROM this Propoſition is demonſtrated that famous 
Theorem, That only three regular and equal plain 
gures can contain a Body; to wit, Equilateral Triangles, 
ther 4, or 8, or 20; 6 Squares, and twelve Pentagons. 


Y 5 d conſequently, that there are only five regular Bodies. 
1 Pyramid. which is contain'd under 4; an Oꝶaedrum, 
I hich is comprehended by 8; and an Jcofredram, which 


bounded by 20 Equilateral Triangles; a Cube, which is 


ih ontain'd under 6 Squares; and the Dodecacdrum, under 
. regular and equal Pentagons. Now a Body is called 
0 oular, which is comprehended under regular and equal 


lanes, | 
Demon. A ſolid Angle cannot be compos'd of only two 
zuilateral Triangles; three, at leaſt, are requir'd, 


J. K Of three Equilateral W r meeting in one Point, 
wy here may be conſtituted the ſolid Angle of a Pyramid; 
** four, the ſolid Angle of an Octaedrum; of five, the 


lid Angle of an Icgfedrum: Foraſmuch, as both 3, 4, 
d 5 Angles of an Equilateral Triangle are leſs than 4 


mor gt ones, as is gathered from Corol/ary 12. Projoſition 32. 
' ** And becauſe three Angles of a regular Pentagon, as is 
1 Fi ithered from Corollary, Prop. IT. J. 4. are lets than four 
* : ht ones, three Pentagons, meeting in one Point, will 
= nftitute a ſolid Angle, that of the Dodecaedrum. 5 
| Ang That of the three Squares, meeting in one Point, may 


compos'd the ſolid Angle of a Cube, is manifeſt of itſell. 
nd thus there ariſe five regular Bodies. 

But that there are no more than theſe five, is thus proved. 
dix Angles of an Equilateral Triangle make juſt four right 
nes. For one is two Thirds of one right one; and there- 
re fix ſuch will make, by Corel. 12. Prop. 32. l. 1. 


 colle®W:elie thirds of one right one, that is, four right ones. 
1 2 nd therefore of fix Equilateral Triangles a ſolid Angle 
1 4 


annot be compos'd, much leſs of more. Is 
That of four Squares a ſolid Angle cannot be made, 
ach leſs of more, is manifeſt in itſelf. | | 
Four Angles of a regular Pentagon are greater than four 
Eht ones, For, by Coroll. Prop. 11. J. 4. each of them 


yoliun make 
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make ſix Fifths of one right one. Therefore a ſolid Angle 
cannot be made of four ſuch Pentagons; much leſs of more, 
Nor can a ſolid Angle be compos'd of any other regula 
| | Figures whatſoever, Three Angles of a regular Hexagon 
| by Corellary 2. Prop. 15. J. 4. are equal to four right ones 
For one makes {our Thirds of one right one; and there. 
fore three make twelve Thirds of one, that is, four entire 

| right ones. Therefore of three Hexagons a ſolid Ang 
cannot be made up; much leſs of more. 


to four right ones, three Angles of any other Figure whit 
cyer greater than an Hexagon, as of an Heptagon, Ok 
gon, Sc. will be greater than four right ones. Wherefor 
it is manifeſt, that the reſt of the regular Figures are all in 
capable of compoling a folid Angle; and conſequentl 
that there can be no regular Bodies beſides the five for 


going, | 


PROP. XXII, XXII. 


ARE very prolix, and tedious to Beginnen 
and. ſcarce at any Time come into Uſe. 


PROP. XXIV. Theorem, 


Fig. 29. THE Planes which inal a Parallelopepid an 
Pep 

| (1.) Parallelograms. (2.) The oppoſite ont 
are like. ( 3.) The Planes are equal. 


Part I. The Plane A F, cutting the Planes BD, FU 
[ (a) Per which by Defin. 13. are parallel, makes (a) the Section 
} 16, J. 11.BA, F E, parallel. Again, the Plane A F, cutting th 
| | Planes AH, BG, which, by the fame Definition, are ps 
rallel, (by the ſame) makes the Section A E, BF, parall: 
Therefore BA E F is a Parallelogram. By the like Arg 
ment the reft of the Parallelopepid may be prov'd toÞ 
Parallelograms. | 
| Part II. Becauſe it is manifeft from the firſt Part, t! 
cb) Per AB, BC, are parallel to EF, FG; the Angles Ab\ 
10. J. 11,EFG, muft be () equal, Wherefore ſceing the alter 


he vv 


But ſeeing three Angles of a regular Hexagon are equi] 


ib. XI. 


des allo a 
Are like or 
part III 


Fat 
what 
Parallel 
Propor ti 


OPFÞ 
This 1s « 


Priſm 
FH hath 


P 


Plan 
© fite. 


ito 1499 


| Becauſe 
te equi-di 
lo parall 
ne Plane, 

one Pla 
both cut t 
bewd. 1 
oconſtitu: 


b. XI. EvcLid's Elements. 


des alſo are equal, the oppoſite Parallelograms B D, FH, 
re like or ſimilar. And the ſame of the reft. 

Part III. This is manifeft from the firſt Part, and Fourth, 
u Eighth of the Firſt Book. | 


Al, T73 


\ngle 
Dore. 
gulat 
Agon, 
ones 


here. PROP. XXV. Theorem. 


entire 5 
Ang! | F a Parallelopepid (G FD 1) or any Priſm Fig. 30. 
whatever be cut by a Plane (NP) that is 

Parallel to the oppoſite Sides; there will be this 


equa] 


what 
O MWroportion, as the Baſe (DCP O) is to the Baſe 
refor 0þ FE) ſo is the ſolid(G P) to the ſolid (N F.) 


all in | 
yy” This is demonftrated in the ſame manner as þ. 1. J. 6. 
> fore | 

_ Corollary. 


Priſm cut by a Plane parallel to the oppoſite Planes, 
ner; \ hath a Section like and equal to the oppoſite Planes. 


' PROP. XXVI, XXVII. 
RE not neceſſary. 


id an 


'e Oft 


PROP. XXVII. Theorem. 


Plane paſſing through the Diameters of oppo- Fig. 29. 
ite Planes (AC, EG) cuts the Parallelopepid 


| 
„E 20 equal Priſms. 


zection 
ing i | Becauſe (a) BG, BE, are Parallelograms; C G, A E, (a) Per 
lo parallel betwixt themſelves, and conſequently are in (b) Per 9. 
ne Plane, Therefore the right Lines AC, EG, are (c. 11. 

one Plane, But now that a Plane drawn through them (c) Per 7, 
loch cut the Parallelopepid into two equal Priſms, is thus}, 11. 
lewd, Let the Priſm AE GC DH be underftood to be 


"conſtituted upon its Plane A E CG, that the Angles * H, 
| = 


— ON LIIAD r 1 : , 
r ee ie 
1 we dts 4 7" > 2 — * * 3 


W'* <qui-diftant from the ſame B F. Therefore (5) they are 24. J, 1. 


ä 
8 
— — 


22 3 * 7 

0 DO TR So 
— — —— . 
—— — — 


> > 4 . 1 3 R 
„ i A 4 Cn era Fermacy, _- 4 


39 


r ME Pat nm un tg! bb Dm FRE po 
— — nd r 
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(d) Per 27. 


+ "Yo 


Fig. 31. 
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bend towards the Angles B, F. It is manifeſt, that Mod F EA 
will yet be betwixt the parallel Planes BA DC, F E x oc) are all 
But then D muſt needs fall upon B, and H upon F. þ, | 
let D fall without B, if it may be, and in N. The Ang] 
BAC (4) is equal to the Angle DCA. But DC a; 


equaltoNAC, for it is one and the ſame Angle. Ther HIS | 


fore BAC and NAC are equal: Which is abſurd for 
Therefore D falls upon B ; and for the ſame cauſe, H upy packing F 
F. Therefore the Priſm AE GC D H coincides with t | of che 
Priim AC GEF B, and conſequently they are equal, 
Axiom 7. N | h P 
| | ſ 
PROP. XXIX, XXX. Theorems, F Tc, 
* 
THE Parallelopepids (FEAFK IMC) ai 

(FEBHLOMYI) which have the ſam ng ag 
Baſe (E FIM) and the ſame Altitude, and ci f nude 
| b e made a 
equently exiſt between parallel Planes (E F 1 MByuillelogr 
and (G40 L) are equal. 8 erſected, 
| | nd L. A 
For they either exiſt betwixt the lateral parallel PlanWonfiituted 
EAOM and FGLLI, or not. Let the firſt be ſuppodndicular 
from the 24th of this, and the 8th of the firſt Book, it Hie Solid 
manifeſt, that the Triangles AE B, CM O; likewiſe G FH" is to C 
K IL, are Equilateral and Equiangular to each other Hypot 
Wherefore, as in the foregoing, I might ſhew that tion, as C 
Priſms CMOLIK, and AEB H F G, being laid upon: . I. tl 
each other will coincide, and conſequently, by Axiom 8 P, pe- 
are equal. Wherefore the common Solid FE BHK CM nd GQ 
being added, the whole Parallelopepids FE A G K L MO Solid | 
and FEBHLOMI are equal. Q. E. D. the Soli 
Then let the Parallelopepid F X QE MIP R not exit K, AC 
betwixt the ſame lateral parallel Planes with the Parallek e Solid 
pepid F EAG K CMI. Here, becauſe, by the Hypotheſs elf. W 
GK, AC, RP, QX, are in one Plane, which is parallel lis reato1 
to the Baſe EFIM; let RP, QX, cut GK in L and H jendicula1 
and A C in O and B; and let EB, MO, FH, IL, bf, Then | 
join'd. It is eaſy now to ſhew, that the Planes containing (tir Side 
the Solid FEE H LO MI, are Parallelograms, the oppoyW®" be m 
{ite ones of which are equi-diſtant, and conſequently tha Perpei 
the Solid is, by Defiz. 13. L. 11. a Parallelopepid. But to 1 
MAcISION 


this, by the firſt Part, the Farallelopepids FX QEMIP R, 
| | al 
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dF EAGK CMI, are each of them equal. Therefore 
ey are alſo equal betwixt themſelves. Q. E. D. 


Corollary. 


HIS Propoſition is like to the 35th of the firſt Book; 
for it affirms concerning Solids, what that doth 


et of the Caſes will be like alſo. 
PROP. XXXI. Theorem. 


EG) and in the ſame Altitude (S) are equal. 


Firſt, let the Paralle!opepids have their Sides perpendicu- 
Wir to the Baſes. Unto the Side FG, produced, let there 
x made a Parallelogram G MK H, equal and like to the 
krallelogram AO; and the Parallelogram G M PR being 
erlected, let the right Lines PM, RG, meet K H in Q 


onftituted upon G K, GQ, GP, whoſe Sides are per- 
endicular to the Baſes, and S is their common Altitude. 
he Solid E GS, is to the Solid GPS, as EG, fer 25. l. 
is to G P; that is, becauſe E G, A O are equal, by 
e Hypotheſis, as A O to G P; that is by the Conſtruc- 
Win, as G K is to GP; that is, as GQistoGP, per 
z. J. 1. that is, as the Solid G Qs is to the ſame Solid 
SP, per 25. l. 11. Becauſe therefore the Solids E G 5 
W:1GQS have the ſame Proportion to the Solid GP 8, 
ie Solid EG 8 will be equal to the Solid G Qs; that is, 


K, AO, are equal and like, by the Conſtruction, to 
e Solid A O8, as it appears from 29. J. 11. and even in 
dell. Which was the Thing propos d. Note, That in 
lis reaſoning, the Solids are ſuppos'd to be right or per- 


arallel 
endicular ones. 


nd H 
[ L, be 
taining 
> OpPC 
ly that 
But to 
IPI. 

Al 


ow be made upon EG, AO, Parallelopepids, whoſe Sides 
re perpendicular to the Baſes in the Heighth S; theſe will 
de equal to the oblique ones by the 209th and Zoth. 
Wherefore ſeeing, by the firſt Part, right Parallelopepids 


omching Planes. Wherefore the Demonſtration of the 


1d L. And now let Parallelopepids be underſtood to be 


vthe Solid G KS, per 29. J. 11. that is, becauſe the Baſes 


Then let the given Parallelopepids EGS, A OS, hate 
beir Sides at the Baſes E G, A O, oblique. Let there 


akc 
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D 4rallelopepids upon equal Baſes (A O and Fig. 39. 
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Fig. 34. 


Fig. 35. 
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are equal betwixt themſelves, the oblique ones yill 


equal betwixt themſelves likewiſe. Q. E. B. 
PROP. XXXII. Theorem. 


ALL Parallelopepids whatever of equal Heigh 
are betwixt themſelves as their Baſes, 


Let GO and A be the Baſes, Upon C O make the b. 
rallelogram O E equal to 4. | 
Upon BC, OE, let Parallelopepids be underſtood to 
erected in the Altitude K; theſe therefore will be Parts 
one Parallelopepid, B EK. Therefore the Parallelopep 
O EK, is to the Parallelopepid, B C K, as the Baſe 0! 


to the Baſe B C, per 25. J. 11. that is, by the Conſtruci 


as the Baſe A is ta the Baſe B C. But becauſe the Ba 
OE and A, are equal, the Parallelopepids, O E K an 
A K. are equal, by the toregoing. T herefore allo t 
Parallelopepid, A K, is to the Parallelopepid, B C K, 
the Baſe A is to the Baſe B C. 2. E. b. 


Pt. 1 


THAT which hath here been ſhew'd of Parallelopepi 
will be demonſtrated in the Twelfth Book of Pyr; 


mids, Prop. C. Of all Priſms whatever, in Corollary 


after Propofition 9. Ot Cones and Cylinders, Propoſition 1 
PROP. XXXIII. Theorem. 


1 KE Parallelopepids (HAandCM) art! 
a triplicate Proportion of their bomloga 


Sides (AB, BC.) 


Let the Parallelopepids, A H, C M, be like. Thet 


ſore all their Planes, by Defin. 9. I. 11. are like; and co 
tequently A E, by Defn. 1.1. 6. is to B C, as EB to 30 


and as FB is to B G, fois EB to BO. Moreover! 
Angles of the Planes are alſo equal, by the ſame. There 


fore, let the Solids A H, C M, be ſo placed, that t 


equal Angles CEO, A B E, may be oppoſite, andi 
| | | 2 


), XI. 


nes A B, ( 
d then ET 
w, let Sc 
ines BY a 
zy be one 
allelopepi 
| likewiſe, 
u. as A 
tis, as 1 
BO; tha 
26. ] 11 
erefore th 
ne Proport 
), by the 
tis, per 1 
as it v. 
the ſame, 
25. h 11. 
Ther 
continua 
the Propc 
plicate Cc 
d KB; 
1, of A! 
Proportic 
J. D. 


Corollary 
ontinuall! 
dis a Par 
elopepid | 
cond, 

20 0 U 
lem conc: 
nards, Sc 
3.) © He 
500 ſpp 
me as is 
wich is d 
e other, 
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is A B, C B, may lie ſo as to make one ſtrait Line; 
1then EB, O B will alſo lie ſo as to make one ftrait Line. 
w, let Solids be imagin'd to be conſtituted upon the 
nes B OQand E C, in ſuch ſort that the Solids K B, HA, 
y be one Parallelopepid, and K B, PO, may make one 


„ nelopepid, and P O, C M, may make one Parallelope- 


likewiſe, The Solid H A, is to the Solid K B per 25. 
uu. as AE to BR; that is, per 1. J. 6. as A B to BC; 
tis, as I ſhew'd above, by the Hypotheſis, as B E is 
M30; that is, by the ſame, as EC is to BQ; that is, 
26. | 11 as the ſame Solid K B, is to the Solid P ©. 
erefore the three Solids, HA, KB, PQ, continue the 
ne Proportion. But now the Solid K B, is to the Solid 
), by the ſame, as the Baſe BR, is to the Baſe BQ: 
tis, per 1. J. 6. as B is to BO; that is, as F B is to 
as it was ſhew'd above, by the Hypotheſis; that is, 
the ſame, as the Plane FC is to the Plane BS; that is, 
25. l. 11. as the fame Solid P O again is to the Solid 
Therefore the four Solids, HA, KB, PO, CM, 
continually proportional. Therefore, by Def. 10. J. 
the Proportion of the firſt H A, to the fourth C M, 
plicate of the Proportion of the firſt H A, to the ſe- 
MK B; that is, triplicate to the Proportion, per 25. 
J. of AE to BR; that is, triplicate, fer 1. /. 6. ta 
Proportion of the homologous Sides, AB to BC. 
J. D. . | a | ; 


Corollary (1.) © Hence, if there be four right Lines 
vatinually proportional; as is the firſt to the fourth, 
dis a Parallelopepid deſcrib'd upon the firſt, to a Paral- 
clopepid like, and in like manner deſerib'd upon the 
cond. 5 | 
2) © Upon this alſo depends that moſt famons Pro- 
lem concerning doubling the Cube; of which after- 
nards, Scholium, p. 18. J. 12. 
.) © Hence alſo is to be corrected the Error of thoſe, 
ho ſuppoſe that the Proportion of like Solids is the 
me as is that of their Sides. For the Cube ot a Line, 
ich is double to another Line, is not only double to 
© other, but as eight to one. And the Cube of a 
ne, which is treble to another Line, is not only treble 
dthe other Cube, but contains it 27 Times For 1; 
4: 8 and 1: 3: 9: 27 =, andthe ſame thing is 
7 N 5 00 
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the thing is manifeſt. 
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e to be ſaid of all like Bodies whatſoever ; as will ay 


5* afterwards. Eh ; 
(b.) Hence the triplicate Proportion of any Qu, 


XI. 


hen let t 
llelopepic 
; ht, Th. 


ties whatſoever is the Proportion of the Cubes of, be equa 
« ſame Quantities. Let there be any two Quantities in have th 
« triplicate Proportion of the Quantities, AB, BC; ¶ be ſo lik 
© (hall alſo be as AB Cube, is to BC Cube.] ll Es 

| e be | licular to 1 

Scholtum. to A B. 

. 5 a AN 
THAT wkich hath here been ſhew'd of Parallelopeſ i to A B 

| will be demonſtrated, Book 12. Of Pyramids that is, 
8. Of all Priſms whatſoever, Corollary 2. Prop. 9. WCK is t 


Cones and Cylinders, Prop. 12. Of Spheres, Prop, Wand C K 


is . [are £0L 
PROP. XXXIV. Theorem. || © 
F the Para/lelopepids (B M, CT) be equal, Ml 
Baſes and Altituges are reciprecally proportion HAT ! 


(that is, the Baſe A M is to the Baſe H K, u opepic 
procally the Heighth I. C is to the Heighth A. 
And if their Baſes and Altitudes be reciprii * 2 
proportional, they are equal, Cikore B 
| If they 


Part I. Firſt, let the Sides be perpendicular to the ſſartion of 
If now the Altitudes of the Solids, BM, C K, be e If they! 
| Ies; and 

If the Altitudes be unequal, from the greater, FC,W:c equa 
off FE, equal to B A; and through E draw the Plane | 
parallel to F K. The Baſe A M, is to the Baſe FK. 
25. J. 11. as the Solid B M, is to the Solid EK; thi 


becauſe, by the Hypotheſis, the Solids B M, CK MſHAT h 
equal, as the Solid C K, is to the Solid E K; that pepids 
the ſame, as CG is to EG; that is, per 1. J. 6. as (rds, P- 
to EP; that is, by the Conſtruction, as C F to Prep. 9. 
AY XY n ee 13 — 
Then let the Sides be oblique to the Baſes. Let! 
Parallelopepids be erected upon the ſame Bales in the! 
Height. The oblique Parallelopepid will be equal to! Fm | 
Wherefore ſeeing theſe, by the firſt Part, have their Mp. 9 | 
and Altitudes reciprocal, thoſe alto will be lik! opoſeti 


Q. E. D. 


T 
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hen let the Sides be oblique to the Baſes. Let right 
lelopepids be erected upon the ſame Baſes in the ſame 
it, The oblique Parallelopepids will, per 29. and 30. 
s of MM, be equal to theſe: Wherefore ſeeing theſe, by the firſt 
have their Baſes and Altitudes reciprocal, thoſe alio 
C; be fo likewiſe. 2. E. D. 
ir II. Let the Altitudes be unequal, and the Sides pers 
cular to the Baſes ; and from the greater, C F, take E F, 
jlto AB. The Solid BM is to the Solid E K, per 32. 
a AM is to FK; that is, by the Hypotheſis, as 
to A B; that is, by the Conſtruction, as C F is to 
that is, as C G is to (a) EG; that is, ( as the (a) Per 1. 
iCK is to the fame Solid EK. Therefore the Solids /. 6, 


eloper 
1ds, 


p. 0. 


rop. and C K have the fame Proportion to EK : Therefore (b) Pe- 25. 


are equal. 2. F. D. 1 
. 


al, t 


Corollaries, 


071.0087 HAT Affections have been demonſtrated of Parallel- 

Wl opepids, Prop. 29, 30, 31, 32, 33, 34, do alſo 

ABR 2 Triangular Priſms, which are the Halves of Paral- 

'. Wepids, As is manifeſt from Frop. 28. Therefore, 

Na be Triangular Priſms, which are of equal Heighth, Fig. 37. 


s their Baſes A B. 

If they be like, their Proportion is triplicate to the 
tion of the Sides, oppolite to the Angles. 

f they be equal, they reciprocate their Baſes and Al- 
Is; and if they reciprocate their Baſes and Altitudes, 
„FCO ue equal. | 


Scholium. 


HAT hath here, in Prop. 3a. been ſhew'd of Parallelo- 


that i pepids, will be demonſtrated in the 12th Book ot 
, as Cinids, Prop. 9. Of all Priims whatſoever, Corollary 3. 
i to | 


Prop. 9. Ot Cones and Cylinders, Prop. 15, 


n the! PROP. XXXV. 
* 0 long, and ſubſervient to the following 


e liken 


T 


"ropoſition, which ne will demonſtrate without 


M 2 PROP. 
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PROP. XXXVI. Theorem. 


I the! 
Fig. 38. A Parallelopepid (D H) made of three pronto tl 
onal right Lines (A, B, C,) is equal t 
Paral. elopepid (I N,) which is made of the M P! 
is Equiangular to the former. 
(B,) and is Equiang form 470% 
Let the Baſe PD, of the Parallelopepid DH, hal lee 77 
Side E F equal to A, and the other Side E D equal uml ve. 
And the Side EG, which ftands upon the Baſe equal 
Thus the Parallelopepid D H will be made of the i this is r 
right Lines, A, B, C. Then let the three Sides, LX. pepids, 
XM, and conſequently all the reft, of the Parallelo prop. 
IN be equal to the middle Line B: And the ſolid Mh the! 
X, equal to the ſolid Angle E; the Parallelopepid MThe Con 


will be made of the Mean B, and be Equiangular Hrhe Pro 
former. I ſay alſo that it is equal. 
For, ſeeing, by the Hypotheſis and the Conſtrucio 

| FE is to LX. ſo reciprocally, IX is to DE, the Baſe 
(4) Per 14. ( DF, IL, will be equal. Now, becauſe the 
J 6. Angles at E and X are equal; if they be put within 
(b) Per another, {b) they will coincide; and becauſe of thef 
Defin. 11. Iity of the right Lines, EG, X M, the Points M an HES 
1. 11. will coincide. Wherefore both the Solids will ha ei. 
perpendicular Altitude; to wit, the right Line, wi ſearce 0 

| let fall from the Points M, G, now become one, unt 

Per 31. plane of the Baſe. The Solids therefore D H, IN, P 


J. II. equal. 2. E. D. 
| * E will further obſerve what is of great Uſe, ti than th 
three Lines drawn into or multiplied one by ant 
after what manner ſoever, a Solid of the fame Mag 
15 produced. ps : 
= ABC CAB. Be. 
1 5 2 ME 3 
In the preſent Scheme, the two firſt Letters dely 
Baſe; the third, the Altitude. Let us compare u 
with the ſeconda. | 
I The Baſe A B is to the Baſe C A, per 1. I. 6. ast 
B is to the Side C; that is, reciprocally, as the Hp 
B is to the Heighth C. Therefore, by Pre. 34. 


Scholium. HIS 


ROM w. 
the Dim 
tor Para 
into the 
the Baſe 
d by See 
there w 
ren Prit 
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AgB C is equal to CAB. 
In the fame manner it may be ſhew'd that the firft is 
rope to the third, and the third to the ſecond. 


J 
„ego. XXXVIL Theorem. 


rallelopepids which are like, and deſcribed in the 
hae like manner by proportional right Lines, will 
ual tolfi9mſelves alſo be proportional; and converſiy. 
qualt 
the This is manifeſt of itſelf, For the Proportions of Paral- 
LX, Wipepids, by the 33d of this Book, will be triplicate to 
\llelopMeſe Proportions which, by the Hypotheſis, are equal, 
olid Mich the Lines have betwixt themſelves, 
pepid MThe Converſe is manifeſt of itſelf alſo. 
alar the Propoſition is true of all ſorts of like Bodies, 


ich will appear from Book the 12th, to have betwixt 


rudioWnſclves a Proportion triplicate to that which the Sides 
e Baſe e. | g | | | | 
ſe the 5 | 

N PROP. XXXVIII, XXXIX. 

f the | 
MARE S E contain nothing remarkable, and are 
ill har „ | | 

ge, vll Farce of any Uſe. 


e, unt 


IN, PROP. XL. Theorem. 


HIS is of a ſmall Uk, and indeed no other 
than the 28th Propaſition in another View. 


Uſe, tl 
e by ant | 
e Mag Scholium. 


ROM what hath hitherto been demonſtrated, we have 


ers deliy 
pare uſp 
the Baſe of 100 ſquare Feet, (now the Baſe is mea- 
* f d by Scholium, p. 36, or 41. J. 1.) multiply 10 by 
; the 

. 34. Woven Priſm. 


M 3 The 


the Dimenſion of Triangular Priims, and of Quadran- 
or Parallelopepids ; to wit, if the Altitude be multi- 
into the Baſe. As if the Altitude be of 10 Feet, 


there will ariſe 1000 Cubic Feet for the Solidity of 


_——  —————  — _— 


r rr 


182 Euclib's Elements: Lib, ) 


The Demonftration is eaſy. For, like as a Rechagg 
ariſeth from the Multiplication of one Side by anoths 
ſo a right Parallelopepid is produced from the Heigh 
drawn into the Baſe. Therefore every Parallelopepid is 
produced from the Altitude multiply'd into the Baſe; þ 

ing by 31. J. 11, it is equal to a right Parallelopepid, 0 

ſtituted upon the ſame Baſe with the ſame Heighth. 

Then ſeeing the whole F them is produced fr 

the Heighth into the whole Baſe; the half of the Parallel 

pepid (that is, a Triangular Priſm by 28. J. 11.) will 

Fig. 29. produced from the Altitude multiplied by half the Bi 
to wit, the Triangle IL K. 
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With Us the Eighth. 
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HAT in the foregoing Books we have endeavour- 
ed to periorm ; namely, to bring the Elements 
the Mathematicks into a more ealy and brief Method, 
ll be to be endeavour'd in this Tweltth Book eſpecially ; 
Doctrine whereof is moſt neceſſary, but the Demon- 
tions are ſo prolix, that they commonly make Begin- 
$ almoſt to deſpair. We have ſo propos'd to ourſelves 
remedy this Evil, that in the mean while we will not 
part from the Rigour of Geometrical Demonftration, 
lich Thing, whether or no we have attain'd, the 
ider will underſtand, if he ſhall compare this of ours 

in Euclid's Prolixity. | 

Now, after Euclid had in the former Book declared 
the Elements of Solids, and defined the Meaſures of the 
moſt eaſy Bodies, thoſe, namely, which are terminated 
wth plain Surfaces; In this Twelfth Book he conſiders 
Bodies bounded with curve Surfaces; to wit, Cylinders, 
Cones and Spheres; compares them betwixt themſelves ; 
nd defines their Meaſures. This Book is indeed mott 


profitable, becauſe it contains thoſe principles on which 


the chief Mafters of Geometry, and eſpecially Archime- 
4, have built ſo many famous Demonſtrations, con- 


terning the Cylinder, Cone and Sphere, 
o | 5 D- 
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Fig. 4, 5» 3. If an infinite ri 
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DEFINITIONS. 


F g. 1. l. 12. 1. K Pyramid is a Solid [Z LI] comprehended under 


Triangles A L CJ. [C LF, FL B, BLA] plac 

from one Plane [Z.] to one Point [L] | 
The Plane Z. is called the Baſe, and may be either 
Triangle or Quadrangle, or any other Figure, from each 
the Sides whereof there ariſe Triangles meeting together 

the Point L, which is called the Vertex, or Top. 
As the Triangle amongft Rectilinear plane Figure, 
the Pyramid amongſt ſolid ones is the firſt and moſt fimp 
2. If without the Plane of ſome Circle [C L] there 
be taken the Point LA, ] and from it be drawn the infin 
right Line LA F, ] touching the Circle in C; and this L 
(cke Point [A] remaining fix d) be turn'd about the Circu 
ference of the Circle, until it returns thither, from whe: 
it began to be moved; the Surface deſcribed by the ry 


Line [AC F] is term'd a conical Surface; and the Bod 


which is contain'd under this Surface, and the Circle C 
is call'd a Cone. 
The Vertex of the Cone is [A.] 
The Circle [C L] is the Baſe of the Cone. 
The right Line [A B, ] drawn from the Vertex tot 
| Center of the Baſe, is the Axis of the Cone. 
The Side of the Cone js the right Line [A C] di 


from the Vertex to the Circumference of the Baſe, wit 


that jt is wholly in the Surface of the Cone, is mani 
from the Production of the Figure. 

A right“ Cone is, when the Axis [A BJ is perpendic 
to the Baſe. „ | 

A ſcalene f or oblique Cone, is, when the Axis [AB 


not perpendicular to the Baſe. 


A right Cone is alſo made by a right-angled Trian 
LC BA] turn'd round about one of the perpendicular Si 
[AB] See Fg 2. *VVKAL; 
e right Line [CO F de turn'd abe 
two Circles [ CL, O Q] equal and parallel, until it 
turns to that Place from whence it began to be mov d, 
remains always, whilſt it is mov'd, parallel to it ſelf, 
Surface deſcribed by the right Line [C OF] is called 
Cylindrical Surface; and the Body which is contain d un 
this Surface, and the two Circles, is call'd a Crane 
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The Baſes of the Cylinder are the Circles [CL, OQ J | | | 
e right Line {A B] which connects the Centers of the 1 
uſes, is called the Axis. The right Line [O C] in the 
rface of the Cylinder, touching both the Baſes, is called 


N 


dert 


] pla Side of the Cylinder. | 
A right Cylinder, is when the Axis is perpendicular to Fig. 4. 

either he Baſe. | | 

each A ſcalene or oblique Cylinder, is, when the Axis is not Fig. 5. 


rethererpctdicular to the Baſe, 


A right Cylinder, is alſo made by a Rectangle [O C B A] 


ures, Mirned round about one Side [B A.] See Fig. 4. | 

t inp 4. Like Cones and Cylinders are thoſe, which have their Fig.20,21. | 
ere He [A K, Z. O] and the Diameters of their Baſes [B F, | 
e infin MR] proportional. | | | 
this I 5 A Sphere, is a Solid contained under one Surface, | 
CircuMato which Surface all the right Lines that are drawn from | 
1 when certain Point within the Figure, are equal amongſt them- 7 
the re eres. That Point is called the Center. The Diameter F 
he Boll the Sphere is a right Line drawn through the Center i 


to the Surface on both Sides. | 1 
A Sphere is produced if a Semi-circle be turned about Fig. 6. Fi 
Diameter [A F] which remains in the mean while un- g 
loved. | | | | 
ex to 6. Magnitudes inſcribed into, or deſcribed about, ſome | 4 
1 ſigure, whether they be greater or leſſer than the Figure, | 
>] dn —— 1 


le 


re then ſaid to end in the Figure, when they will at the 
ſe, vi differ from it by a Quantity leſs than any given one 
mani hatſoever, or how ſmall ſoever. 3 

Therefore if thoſe Magnitudes which are inſeribed into 
me Figure, will at laſt fall ſhort of it by a Deficiency leis 
lan any given one whatſoever, the Magnitudes inſcribed 
e ſaid to end in the Figure; and if thoſe which are cir- 
{inſcribed about tome Figure, will at laſt exceed it by an 
 Trianiccefs leſs than any given one whatſoever, they ſhall be 
ular did to end in che Figure. 


endie 
[A B 


n'd an ; | ; | : | 
itil it | | ; 
zov'd, 1 
ſell, ! 
| called | ; 

n dm PROP, 11 
linder. 1 


EvcLiD's Elements. Lib, | 
AY 4 ab. III U. X 


PROPOSITION. I. Theorem, Wi be t: 


more t 


Fig. 6, 2. THE Proportion of like Polygons inſcribed i:. . 
Circle, is duplicate to the Proportion of ji i he 
Diameters (AF, IC.) | EA (ps 
| he Segm 

Let AO, BF; IR, LC, be drawn. Becauſe the polMigles, A 
lygons are ſuppoſed to be like, the Angles (O B A, RLHHgments. 
will (per Defin. 1. J. 6,) be equal; and the Sides OB, Bl the Seg 
proportional to the Sides RL, LI. Therefore in the Tit is, © 
angles AO B, RI L (per 6. J. 6.) the Angles O and Rau will b 
equal. Therefore alio the Angles BFA and L CI, uhid ere be 1 
ſtand upon the ſame Arches, BA, LI, are (per 21, /, j Noble in 
equal. But the Angles, FB A, CLI, in Semi-circles, i Hen out 
Oer 31. J. 3.) right ones. Therefore the other Ang berefore 
(per Corol. q. p. 32. J. 1.) BAF, LIC, are equal. Theme what! 
fore becauſe the Triangles FAB, CI L, are Equianguh il at laſt 
to each other, they are (p. 4. J. 6.) like: and B A will ren one 
to LI, as AF to I C. Now, becauſe, by the Hypotheſſiid in a C 
the Polygons are like, their Proportion will be duplica 
(p. 20. J. 6.) to the Proportion of the Sides BA, LI 
that is, as I have already ſnewed, duplicate to the Proper 
tion of the Diameters AF, IC. Q. E. O. DEE 


Corollary:- Prop, 


Fig. 6, 7. HE Circumferences of like Polygons inſcribed in The Pro 

Circle are betwixt themſelves as the Diameters, nd, is (; 
Seeing it hath already been ſhewed, that A B is to Lameters. 
as AP is to IC; OB will alſo be to RL, as A F to Iibed in 
And ſo of the reſt of the Sides. Therefore all the Sid berefore 
together, will be to all the Sides together, that is, oqffi®portion 
Circumference to another, as A F is to IC. 


A Lemma. 


OLYGONS inſcribed in a Circle, end in a Circle. AK E 
ſcribe a Square, as AC B D. Seeing this is half ant 
Schol. p. 6, and 7. 1. 4.) of the Square which is circumſcrib the De 
it will be greater than half of the Circle. Whereiony monſtrg 


otheſ 
uplicat 
A, LI 
Propot 


hed in 
ers. 

to L 
to IC 
he Sid 


is, ol 


le, I 
half (0 
nſcrib 
re fore 

— 
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lis be taken out of the Circle, there will be taken out of 


more than half. Then each Arch being biſected in E, 


I. H, inſcribe an Octagon: and let FG touch the Cir- 
e in E; which FG, let B C, D A meet in & and F; CF 
ll be a Parallelogram, of which, ſeeing the Triangle 
EA (per 41. J. 1.) is half, this will be more than half of 
be Segment CEA. In the ſame manner each of the Tri- 


gles, AK D, DIB, &c. is more than half each of the 


ments. Therefore all the Triangles are more than half 
the Segments. Therefore if you take theſe out of thoſe, 


iris, out of the Remainder of the Circle, more than 


lf will be taken away. In the ſame way of arguing, if 


re be inſcribed in the Circle, Polygons of Sides always 


mble in Number; I can ſhew that there will always be 
len out of the Remainder of the Circle more than half, 
herefore the Remainder muſt at laſt be leſs than any given 


Mee whatſoever ; and conſequently the inſcribed Polygons 


Il at laſt fall ſhort of a Circle by a Quantity leſs than any 
ren one whatſoever; that is, (per Defin. 6, J. 12.) will 
ud in a Circle. | 


PR 0 P. II. Theorem. 


THE Proportion of Circles is duplicate to the Fig. 6, 7. 


Proportion of their Diameters. 


The Proportion of Polygons inſcribed in a Circle withont 
nd, 1s (per 1. /. 12.) duplicate to the Proportion of the 
meters. But Polygons (by the foregoing Lemma) in- 
nbed in a Circle infinitely, at laſt end in the Circle. 


terefore the Proportion of Circles is alſo duplicate to the 


toportzon of the Diameters. 


PROP. III, IV. 


ARE prolix, and bard for young Beginners, 


and have no other Uſe, than that they ſerve 
the Demonſtration of the Fifth, which we ſhall 
monſtrate much more eaftly without them. 


Lemmata, 
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Eg. 9, 


Fig. 10. 


Lemmata, or preparatory Propoſitions to Prop, 


equal. Wherefore the Sections, OS E, ABC, are ii 


b. XII. 


er, are e. 
11.) is ec 


EvcL1d's Elements; Lib, XI 


| equal tc 

Lemma l. herefore 

1 | thole, C! 
F two e ramids be cut with Planes (O Ste equal 
RX Z) parallel to the Baſes (A B C, IQ) which fal infinitel: 


Planes divide the Sides (C F, QL) proportionally in (EaWine, Th 


Z, then OSE, RX Z will be betwixt themſelves, as Him CI 
Baſes (A C B, IQV;) 2 Wee the Ex 
Becauſe the parallel Planes, OS E, ABC, are cut by i Ine of th 
Planes B FC, A F B, A F C, the common Sections, 5 Wramſcrib 
BC, and OS, A B, and OE, A C, (will be per 16. /. ig than a1 
parallel. Wherefore the Angles O S E, ABC, and $0 V Defin. 


B A C, and O E S, A CB, two and two, are (fer 10. J. 1 


(per 4. 1. 6) In the ſame manner I might ſhew that t 
Sections RXZ,IVQ, are like. Therefore (per 19. / { 
the Proportion of the Section A BC, to the Section O8 


Ria? 


is duplicate to the Proportion of the Side B C, to the Si tha 
SE; and the Proportion of the Section I V Q to RX Z. Weir Ba/ 
duplicate to the Proportion of VQ to X Z. But the pr 

portions of BC to S E, and of VQ to X Z, are the ſan Let the 
for BC is to SE (by Corollary 1. fer 4. J. 6.) as CF de Sid 
EF; that is, hy the Hypotheſis, as QL to ZL; that u into as 
(by the ſame Coroll.) as VQ to X Z. Therefore the P the ſan 
portion of ABC to OS E, is the ſame with the Propotiq hints of 1 
IVQtoRXZ. 2. E. D. tangula 

: VV | eighth, 
Lemma II. Ind now 
OE Df eighth, 
V RIs Ms inſcribed infinitely in a Pyramid (Z CA“ 1. p. 
P which hath a Triangular Baſe, end in the ſame Pyramiſilat is, b 
Let the Side of the Pyramid be divided into a ceraf XE. I 
Number of equal Parts, AB, BG, G F, and through rms inf 
and G, there being made the Sections, G DN and BE bed in 

parallel to the Baſe Z A C; let the Triangular Priſqqhde Baſe 
 BEPMAOand DNK B Q be underſtood to be inſeri l of the! 
ed in the Pyramid. Theſe then being continued withoſ ey at la 
the Pyramid, let there be underftood to be deſcribed aboſi e Pyrar 


Ones, are the Solids IM, X K, HG, which, taken top 


e 


the Pyramid the Priſms C IB A, PX GB, NH FG. Ti 
Exceſſes of the circumſcribed Priims above the inſcrib 


bl 


\ XI. Evel ib's Elements, 


er, are equal to the Priſm CIBA: For HG (per 25. 
1.) is equal to DB, and conſequently HG with X K, 
equal to PX G B, that is, (by the ſame) to ME BA. 
herefore the three, HG, X K, IM, are equal to the 
ſhole, CI BA. But if AF be divided without End into 
ore equal Parts, and conſequently the Number of Priſms 
infinitely encreaſed, A B will become leſs than any given 
ne, Therefore (as it is manifeft from p. 25, J. 11.) the 
im CIBA will become lels than any given one. There- 
re the Exceſs of their circumſcribed Priſms, (and much 


„ 
JP. v 
(O5 
ich (an 


n (Ea 
. 


it by i ate of the Pyramid Z C A F, which is part of the Priſms 
18, d Wrcumſcribed about it) above the inſcribed Priſms, will be 
ö. /. 116 than any given Priſm. Therefore the inſcribed Priſms 
180% Defn. 6. J. 12.) end at laft in a Pyramid. Q. E. D. 
54 U . | | 
ny PROP. V: Theorem: 

Sy Riangular Pyramids of the ſame Heighth have 
the SL that Proportion betwixt themſelves, which 


345 
the Pr 
ne {a 
; CF 

that 
the P 
oporti 


heir Baſes (A ®,R, ESA) have. 


Let the equal Altitudes of the Pyramids be repreſented 
the Side AP, EZ; which, on both Sides, let be divid- 
into as many equal Parts as you will, but fo that they be 
the ame Number; and let there be made through the 


angular Priſms, of the ſame Number, and the ſame 
eighth, be underftood to be inſcribed in both Pyramids. 


eighth, the Priſm L A will be to the Priſm I E (by Co- 


CA 1. p. 34. J. 11.) as the Baſe LOB is to the Baſe INK; 
yramigiat is, by (Lemma 1.) as the Baſe Q RA is to the Baſe 
_certaWXE. In the ſame manner I might ſhew that each of the 
rough Wilms inſcribed into the Pyramid QP A R, is to each in- 


d BEHeided into the Pyramid Z EX, as the Baſe QA R is to 


Pride Baſe S EX. Therefore all of them together, are to 
inſcnil of them together, as Baſe is to Baſeg Wherefore ſeeing 
wa ley at laft end (per Lem. 2.) in the Pyramids themſelves, 
d abol 


7, II 
nſcrit 


PROF. 


vints of the Diviſions, Sections parallel to the Baſes : Let 


Ind now becauſe the Priſms, LA, IE, are of the ſame 


e Pyramids themſelves alſo will be as their Baſes. Q. E. D. 


Fig. 11. 


Fig.12,13, A LL Pyramids whatſoever, which are of el 


EvcLiD's Elements. Lib, 
PROP. VI. Theorem. 


p. XII. 


oular Pyr: 
manifeſt f 

be trip! 
ently the 


Heighth, hade that Proportion betwixt tho g. ; 


ſelves, which their Baſes (AB, C FO) have. 


I 
Let their Baſes be reſolved into Triangles, A, B, C. 4:4) 
O: and the whole Pyramids into Triangular Pyramid HE. 
The Pyramid A X, is to the Pyramid O Z (by the H K H - 
going) as A is to O; and the Pyramid B X, is to the Pn gon { 
mid O Z, as Bis to O (by the ſame.) Therefore the | 
ramids AX, B X, together (that is, the whole PyranfWfirk let - 
AB D are to the Pyramid OZ, as A, B, together, ar iH Q be 
O. By the ſame Argumentation, the Pyramid A BX M6, HL, 
to the Pyramid F Z (by the foregoing) as AB, are to M Pyramic 
And AB X, is to CZ, as AB, is to C. Therefore Au.) be 
is to the three, O Z, F Z, C Z, together; that is, tot wugh E 
whole Pyramid, OF, C Z, as, AB, together, is to O, F,Milopepid 
together. Q. E. D. 55 h of wh 
45 IN ( 
PROP. VII. Theorem. the whe 


the Para 


which hath the ſame Baſe and Heighth. theſe ea 
| les, AB 
he Pyr⸗ 


but if th 
olyed int 


FYERT Pyramid is the third Part of a Prij Aer 


Firſt, let the Triangular Pyramid, BG AC, have! 
ſame Baſe and Heighth with the Priſm, BAC FE O: 
BF, A O, A F, be drawn. The Triangles, B F C, BF\ 
are (per 34. J. 1.) equal. Therefore the Pyramid, BFC AI, F K. 
is equal to the Pyramid, BOFA. For the ſame Real, eafil 
OE AF, is equal to the Pyramid, OBAF; that is, WK, and 
the Pyramid, B O FA, for they are the ſame Pyrami Propor 
Therefore BF CA, and OE A F, are alſo equal. Then the Pro; 
fore all three, BF CA, OE A F, OBA F, or BO Fe Hram 
are equal. Therefore the three together are triple of ou MX to 
B F CA. But thoſe three conſtitute the Priſm, BAC FEZ; at 
That Priſm thereſqqę is triple to the Pyramid, B F C Alnlicate t 

that is, (ber 5.4, 11.) to BGAC, Q. F. D. IM to 
Then let any Pyramid whatſoever have the ſame Ah is tri 
and Heighth with the Priſm, A E FH: The Lines B nion all 
BO, BE, and NI, NG, NH, being drawn, reſolve pole Pyr; 
Prifms into 'Triangular Priſms, and the Pyramid into TiWpbcate t 
| ; ange 


b. XII. EvcLiD's Elements, 


oular Pyramids. Which being done, the Demonſtration 1 
nanifeft from the firſt Part: For each Part of the Priſms 
be triple of each Part of the Pyramids. And conſ- | 
+ thy the whole Priſm will be triple to the whole Pyra- [ 
r W's. 0. E. D. 


PROP. VIII. Theorem. 


* HE Proportion of like Pyramids (O AC, 


yramig 


the fl K HIN) is triplicate to that which the ho- | 
* ons Sides (AB, H N,) have to each other. [ 
the! Beet 
PyranMirt let them be Triangular : The Parallelograms, A M Fig. 16. | 


H Q being perfected, ſet upon them the Parallelopepids, Fl 
6, HL, in the Heighth of the Pyramids; which ſeeing j 
t Pyramids are like, will alſo, (as appears from Deyn. 9. 
lu.) be like. Then let EF, RP, bedrawn; and 
wugh E F, Q B, as likewiſe through RP, IN, the Pa- 
lelopepid will be cut (per 28. J. 11.) into two equal Priſms : 
h of which will be triple to the Pyramids, OACB and 
HIN (by the foregoing). Therefore both together, that 
the whole Parallelopepids, A G, HL, will be ſix- fold 
the Pyramids. Therefore the Pyramids are proportional 
be Parallejopepids. But (per 33. J. 11.) the Proportion 
theſe each to other is triplicate to the Proportion of the 
ls, AB, H N. Therefore ſolikewite is the Proportion 
have 1 the Pyramids. . 
O: ut if the like Pyramids ſhall be polygonal, let them be Fig. 17. 
;, BF Wolved into the Triangular ones, AR, BR, C R and OK, 
3 FCN F K. Lon may from 20. and 5. J. 6. and Defin. 9. 
11, eahily ſnew, that AR is like to OK, and BR to 
it is, WK, and C R to FK. Therefore, by the former Part, 
yramiqe Proportion of the Pyramids, AR, OK, is triplicate 
| the Proportion of IM to PZ: And the Proportion of 
OF Phramids, BR and EK, is triplicate to the Proportion 
: of MX to S Z; that is, again, by the Hypotheſis, of IM — 
- PLOBPZ; and the Proportion of the Pyramids, C R, F K, is | 
F C Alvlicate to the Proportion of XQ to S. T; that is, again, 
Ito p Z. Seeing therefore the Proportion af eack to 
me Bach is triplicate to the Proportion of I'M to PZ, the Pro- 
nes Þ nion ali of all to all (that is, the Proportion of the 
ſolve toe Pyramid, ABC R, to the whole, O E FK) will be . | 
nto TiWhlicate to the Proportian of I M to EZ. Q E. D. | 
angn e | PROP. 


K S >. 4% 
5 - _— = 8 — 
* _ of 1 * 2 — —. 5 ez »# — — — — - i : 
- 2 — 8 — 7 FL 4228 F< I I — p — — -_ : - , — 1 
” . 1 — _— S Fn IE — — — £ — — — 5 — 
0 PP. _— + ——— —-— - 2 8 L Sons — n a Aa - — — —ä—— — — 

— wo . — 1 — a or — 3 — - — — — - — — — — — 

. — — * R . en 22 e yes Weed — — — 2 — . — _ _ " 

- - — — oe —_— B 
— _ . 5 of " * 5 - — 
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PRO pP. IX. Theorem. * 


jon of t] 
ft · 8,19. L. DUAL Pyramids have their Baſes and 4| 4 
tudes reciprocally proportional; and thoſe wiilif, ;roport 
have them ſo, are equal. | {is is fl 
TOs. t is tran! 
Part I. Firft, let the Pyramids be Triangular, B Ac ſeeing 
K HNL: The Parallelograms B E, H N, being perfeq i concer 
upon theſe ſet the Parallelopepids, B F, HP. Theſe wil. 
be (as was ſhewed in the foregoing) ſix- fold of Pyraniif 
which are, by the Hypotheſis, equal, and conſequently MOM 
be equal betwixt themſelves. But now the Altitude I the Mc 
theſe Parallelopepids H K, BA, are the ſame with thok cover 
the Pyramids; and the Baſes BE, HR, are double to L Solie 
pyramidal Baſes, (per 34. l. 11.) BCO, HNL, and A plied in 
ſequently proportional to them. Seeing therefore by real 50 
of the Equality of the Parallelopepids, as B E is to H if the. 
ſo (by the ſame) is reciprocally H K, to BA; it will IMs 2 
be that, as the Baſe B C O is to the Baſe H NL, ſo, 1 bie Fe 
procally, is the Altitude H K to the Altitude BA. C. I., let th 
But if the Pyramids have polygonal Baſes, let then 
reduced into Triangular ones, retaining the ſame Altitudq i and u. 
and theſe will be equal to thoſe by the ſixth. But the! 
ramids thus reduced have, as we have now demonſtrate 
their Baſes and Altitudes reciprocally proportional. The 
fore the given polygonal Pyramids alſo have their Baſes at 
Altitudes reciprocally proportional. Q. E. D. | 
Part II. Becauſe it is now ſuppoſed, that BCOiW: 1. b 
HLN, as HK is to BA; BE will alſo be to HR, n 
H K is to BA. Therefore the Parallelopepids, B F, H 
are (per 34. J. 11.) alſo equal. Therefore their ſixth Pa 
alſo, to wit, the Pyramids BACO, HK NL, are equ 


2. 4 D. 
| Cor ollar ies . | | IR TO 


1 hero has been demonſtrated of Pyramids in Proto and C) 

tion 6, 8, 9. does alſo agree to all Priſms whatſoeve up nde 

ſeeing theſe are (per 7. I. 12.) triple to Pyramids which ta 1 is de 

the ſame Baſes and Altitudes. Therefore, ip of L 

1. In Priſms of the ſame Heighth, their Propertionſ © thei 

the ſame as that of their Baſes. For this was ſhewed ide WI 

Pyramids, Prop. b. ON : lavally 1 
1 a1 


kcond P 


XII. EucLID's Elements. 


The Proportion of like Priſms is triplicate to the Pro 
ion of their homologous Sides, For this was ſhew'd 
erning Pyramids, Prop. 8, 

Equal Priſms have their Baſes and Altitudes recipro- 
| proportional ; - and thoſe which have them ſo are equal, 
is is ſhew'd of Pyramids, Prop. 9 
tis ſtrange that theſe Things 54. pad over by Eu- 
ſeeing they are the chief Things which can be deli- 
eee Rectilinear Solids. 


Scholium. 


ntl MOM what has been hitherto demonſtrated is drawn 
tudes I the Method of meaſuring any Priſms or Pyramids 
thode never. 
le toe Solidity of a Priſm is produced from the Altitude 
and a plied into the Baſe; and that of a Pyramid from the 
bart of the Altitude multiplied by the Baſe. 

Hg ir the Altitude of a Priſm be of 5 Feet, but the Baſe 
will Wins 25 ſquare Feet; multiply 25 by 5. and there ariſe 
o, re cudic Feet for the Solidity of the Priim. | 


Wand upon BAC, the Priſm BE to be ſet at equal 
it the WW! with A H. The Priſms B E, A H will be (by 


. 40. J. 11.) is produced from its Altitude drawn into 
Bales ſe B A C; that is, into A E, by Conſtruction. 

refore the Priſm A H alſo is made of its Baſe A E, 

liplied by its Height, which is ſuppoſed to be equal 
e Height of the Priſm B E. 

ab bam hence, and from the 7th, the Demonttration of 
an A ccond Part i is alſo manifeft. 


A Lemma to Propoſition 10. 


RAMIDS and Priſms, which are inſerib'd in in Cuts 

and Cylinders infinitely, do at laſt end in the Cones 
Cylinders. 

hich h bis is demonſtrated as the Lemma.of Pr -opoſiton 2. with 

| belp of Propoſition.6..and of Cor ullary 1. after Propoſition 


pcrtionif as their Planes inſcrib! d in a Circle, ſo here Priims and 


ſhewed aids which ſtand upon thoſe Planes as their Baſes, be 
, lawally taken away from the Cones and Cylinders. 
3. J N | P R 0 P. 


lary 1. foregoing) equal. But the Priſm B E by 
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rlet there be a* polygonal Priſm, as AH And let Fg ue 
Trangle BA C be pnderftood to be equal to its Baſe 


Fig. 20. 


Eg 20,21. CO NE S of equal Height (B A F, ATI 


the Baſe, for a Cone let a Pyramid, and for a Cylinde 


third Part of the Cylinder, Q. E. D. 


EvucLiD's Elements. Lib, XII. 


PROP. X. Theorem, P 
7 P 


VERY Cone is a third Part of a O¹] . R 
having the ſame Baſe and Height. meters ( 
ame th 
Let a regular Polygon of as many Sides as you plez 


underſtood to be inſcrib'd in the Baſe C L, and upon i the Ba 


Wd, wh 
mids wh 
6, dS M 
1s tripl1 
BL, Q 


BF, Q! 
„the P 


tion of 
e Theor 
to Cone 


of 


Priſm be inſcrib'd. The Pyramid (per 7. J. 12.) wil 
third Part of the Priſm. And if again in the Circle a] 
gon of twice as many Sides be inſcrib'd, and upon it b 
{crib'd for a Cone a Pyramid, but for the Cylinder a h. 
the Pyramid will again be a third Part of the Priſm, 

thus it will always be. Wherefore ſeeing Pyramids e 
a Cone, and Priſms in a Cylinder, the Cone alſo vil 


PROP. XI, Theorem. 


| uw Ot C [11 
as their Baſes (C L, SE.) The fame Nil , 
longs to Cylinders of equal Height alſo. ) ſha 
Prramiids ia into Cones. of caval Height, BS 7 
their Bates, (per 6. J. 12.) But Pyramids do at lengii* Axis 
in Cones. Therefore Cones alſo are as their Baſes. MW. 
ſeeing Cylinders are three-fold of Cones, which hai is Propo 
ſame Baſe and Altitude with them, they alſo will Ne Theor 
their Baſes. Q. E. D. wh | 
5 
Corollary. ut 
LIN 
N the ſame manner it may be demonſtrated, tha 9 
Priſms and Cylinders of equal Height are betwixt! The 
ſelves as their Baſes ; yea, that all cylindrical Bodies . 
lame Altitude; that is, which are produced from u « 
ever Planes multiplied by the ſame Altitude, are be -4 tro 
themſelves as their Baſes. You may reaſon in the * WH 
manner of Pyramids and Cones of equal Altitude, A * 


all conical Bodies whatſoever. 1 
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PROP. XII. Theorem. 


Z R) is triplicate to the Proportion of the 
weters (B F and Q, R) which are in the Baſes. 
ume thing is to be ſaid of Iike Cylinders, 


Oln 


1 plea 
upon it 
-ylinde 
) wil 
cle a] 
on it b 
er a f 
iſm. 

nids e 
fo will 


the Baſes of the like Cones, let regular Polygons be 
bd, which Polygons conſequently will be like. The 
nds which are inſerib'd upon theſe Polygons will alſa 
t; as may be eaſily ſhew'd. Therefore their Propor- 

js triplicate (per B. J. 12) to the Proportion of the 
BL, QE; that is, to the Proportion of the Diame- 
BF, QR. Wheretore ſeeing the Pyramids end in 
the Proportion alio of the Cones is triplicate to the 
ion of the Diameters B F, QR. Q E. D. 

e Theorem is manifeſt of Cylinders, ſeeing they are 
to Cones. 8 - 


PROP. XIII. Theorem. 


a Cylinder (BI) be cut with a Plane (R L, Fig. 22. 
rallel to the Baſes (BY, CI;) one Part, 
„) ſhall be to the other Part, (R I,) as one 

ent of the Axis (A O) is to the other Segment 


XR) 
Thin 


ht, 3 
* Axis (0 F.) 
Zaſes. Ml. : | 5 
ch hau is Propoſition is demonſtrated, as at the firſt of /, 6. 


ſo will 


e Theorem is in the ſame manner true of the Super- 


PROP. XIV. Theorem. 
LINDE RS (AR and CI) of equal Baſes 


4; th M9, GH) are as their A titudes (LZ, 
See Tb ſame thing happens to Cones, 
rom l 


t off from the higher Cylinder AR, the Cylinder 
whoſe Height LE is the iame with SF. Therefore 
I. J. 12.) the Cylinders A O, CI, are equal. Seeing 
ore the Cylinder A O, is to the Cylinder AR, (by 


are be 
in the 


tude, 4 


J Proportion of like Cones (B AF and Fig. ac, 21. 


Fig. 23,24. 


2 —— 
1 ” a — — — - — 


EvcL1D's Elements. Lib, v1 , 
the foregoing) as LE is to LZ; CI alſo ſhall be to 

as LE is to LZ; that is, (becauſe L E and SF are MW) Conf 
by Conſtruction) as SF to LZ. Q E. D. of Equa 
| N to Z. 
W | te Propc 
Corollary. phe 
HE Theorem is alſo true of Priſms, and likes 4 ꝗ — 


Pyramids, and the Demonftration altogether alik 
of Priſms, the thing is demonftrated from Corol. I. 
12. and 25. J. 11. and its Corol. Of Pyramids fron 
and from p. 7. L 12. 


PROP. XV. Theorem. 


Eg. 24,25. DUAL Cylinders (AR, DF) have their 
and Altitudes reciprocally proportional; 
they have them ſo, they are equal, The ſamt 

is true of Cones. 


ders anc 
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tber, 
mtratir 
er mor 


This is demonſtrated, as Prop. 34. 1. 11. only for z 
28. J. 11. there cited, there muſt be cited here Pry 


11. and 13.1, 12. LIN. 
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Scholium. 


EE HEREAS Fuclid hath ſaid nothing of compoun 
Ee. 25, 24. VN portion in Bodies, we ſhall briefly demonffrat 
this Place. . | . | 
1. A Cylinder hath to a Cylinder, and a Priſm 
Priſm, a Proportion compounded of the Proportions 
Baſes and Altitudes. 

Let F D and A R be Cylinders of different Altitud 
in thoſe of equal Altitude the Thing is manifeft.) 
the higher, cut off AO of equal Height with FD, 
let the Proportion be thus; as the Baſe UI is to tht 
MQ, fo FN to X; and as the Altitude ND. 
is to the Altitude BR, ſo is X to Z. We muſt the 
ſhew, that the Cylinder F D is to the Cylinder A 
F N is to Z. The Cylinder F'D is to the Cylindenfþ E. Vn 
(per 11. J. 12) as the Paſe VI is to the Baſe Mel. p 

is, (by Conſtruction) as FN is to X; but the Cylinde > 


is to the Cylinder AR (per 13. J. 12.) as BO to BY 2 


ab, 


be to 


5 
. 


XII. EvcLid's Elements. 


y Conſtruction) as X to Z. Therefore, by Propor- 
of Equality, the Cylinder F D is to the Cylinder A R, 
N to Z. 


f Priſms, but from Cor. 1. p. 9. and Cor. p. 14. 

A Cone hath alſo to a Cone, and a Pyramid to a Py- 
proportion which is compounded of the Proporti- 
\ Baſe to Baſe, and Altitude to Altitude. 


ders and Priſms. 


PROP. XVI, XVII. 


ther, have no other Uſe than to ſerve to the 
rating, Prop. 18. we ſhall demonſtrate in 
er more eaſy W ay, | 


Lemma to Propoſition 18. 


emiſphere ; and let the Radius A Z be perpendicular 
Diameter P V. Cut A Z into a certain Number of 
Parts AM, MN, NZ; and there being drawn 
ph the Points of the Diviſions M, N, the perpendicu- 
nes BO, Sc. Let there be inſcrib'd in the Semi- 
| the Rectangles OBRK, EDHS; which after- 
being continued without the Semi-circle, let there be 
ſtood to be deſcrib'd about the Semi-circle the Rect- 
FTYP, LVBO, QXDE. They will all of 
be of the ſame Height, and the Exceſſes of the 
nſeribed ones, above thoſe which are inſerib'd, will be 
anes FK, LS, X E, VH, TR, which, taken toge. 
make the Rectangle FT VP. For becauſe X E is 


mpount 
onftratt 


Priſm 
5rt10ns | 


Altitude 
ifeft.) 

1 FD, 
8 to the 
N De 
nuſt the 


nder A to the Rectangle L B. that is, OR. Wherefore if 


m—_ AE, VH, TR, taken together, will be equal to the 
Cylinde gle FTYP. If now the Semi-circle, with the Rect- 


ro BM be underſtood to be turn'd about the Radius A Z, 


5 | angies 


te Propoſition may be demonſtrated in the fame man- 
by Prop. 10. and 7. J. 12.) they are third Parts of 


ESE Propoſitions, the moſt prolix of 4 


LINDERS inſcrib'din an Hemiſphere end in the Fag. 26, 


Hemiſphere. Let PZ Y be the greateſt Semi- cirele of 


toDS, thoſe LS, VH, X E, together, will be 
id on both Sides the Planes FK, TR, all thoſe, FK, 


5 in the mean while unmoy'd, the inſcribed Rect- 
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Fig. 27. 


angle F Y ; ſo likewiſe the Exceſſes of the cireumſd 


which is produced from the Rectangle FV. But no 


1 ders inicribed in a Cone, Conoid, Spheroid, Ce. 


Parts as you will, but of an equal Number, and thy 
Ing drawn through the Points of the Diviſions perp* 


on another. Now, becauſe K C is (per Cor. p. 3: | 


EucL ID's Elements. Lib. 


angles E H, OR, will produce Cylinders inſeribed in 
Hemiſphere; and the circumſcribed Rectangles vil 
duce Cylinders circumſcribed about the Hemiſphere, ff 
ing one upon another; and as the Exceſſes of the ci 
ſcribed Rectangles above the inſcribed ones, was the 


Cylinders above the inſcribed ones, will be the CH 


Altitude of this Cylinder will be made leſs than any 
Height; and conſequently (as is manifeſt from 13. 
itſelf will grow to be leſs than any given Cylinder, i 
Radins being divided into more equal Parts without 
the Number of Rectangles, and from thence of Clin 
be infinitely encreaſed. Therefore the Excels of tl 
cumſcribed Cylinders, and much more of the Hemih 
it ſelf, which is only a Part of the Circumſcribed Cyl 
above the inſcribed ones, will at laſt become leſs thay 
given one. Therefore (by Defin. 6. l. 12.) Cylinde 
nitely inſcribed in an Hemiſphere, do at length end! 
Hemiſphere itfelf, Q. E. D. 


Corollary. 
IN the ſame manner it will be demonſtrated, that 


laft end in the ſame. 


PROP. XVIII. Theorem. 


THE Proportion of Spheres is trip icate to tit 
portion of their Diameters (BK, R 2 


The Radinſes A B, YR, being divided into as mam 


lar, &c. Let Rectangles of an equal Number be 
ſtood to be inſcribed in the greater Semi-circles of 
Spheres, which Rectangle being turn'd about, the unf 
Radinſes A B, V R, will be conceiv'd to inſcribe in bo 
Hemiſpheres, a like Number of Cylinders ftanding o 


CE, as CF is to CB; the Proportion of KC to ( 


ib. 
bed in 
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Ws. 10. J. 5.) will be duplicate to that of KC to CF, 
eis, to the Proportion of FC to CB. In like manner 
W: Proportion of ZE to E R, will be duplicate to the Pro- 
tion of X E to ER. But, by the Conſtruction, K C is 
CB, as Z E is to ER. Therefore FC allo is to B C, as 
b to ER. But BC, by the Conſtruction, is to CO, as 
b to ES. Therefore by Equality, F C is to C O, as 
Is to ES. Therefore (by Defin. 4. I. 12.) the Cylin- 
FL, XQ, are like, and conſequently their Propor- 

n is (per 12. J. 12.) triplicate to the Proportion of their 


f, which are the Baſes. But the Proportion of F C to 
I is the ſame with the Proportion which is betwixt the 
II neters of the Spheres BK, RZ; for, as I have al- 

Wil ſhew'd, F C is to X E, as C O is to ES; that is, as 
Ri t RZ, which, by the Conſtruction, are Equi-mul- 
es of thoſe, CO, ES.) Therefore the Proportion of 
Cylinders, FL, XQ, is triplicate to the Proportion of 
x Diameters, BK, RZ. In the ſame manner we might 
nonſtrate that each Cylinder inſcribed in one Hemiſphere, 
2s to each Cylinder inſcribed in the other Hemiſphere, a 
portion triplicate to the Proportion of the Diameters, 
| RZ. Therefore alſo the Proportion of all together, 
l together, is triplicate to the Proportion of the Dia- 
ms B K, RZ. Wherefore ſeeing the Aggregates of the 
jinders do at length end in their Hemiſpheres, the Pro- 
tion of the Hemiſpheres alſo, and conſequently of the 
heres, will be triplicate to the Proportion of their Dia- 
ters, Q. E. D. 8 


Corollary. 


HEREFORE the Proportion of the Diameters being 
known, the Proportion of the Spheres becomes known 


wiſe, As if the Diameter of the leſſer be one Foot, 
at of the greater ten Feet; let the Proportion of one to 


be continued through four Terms, 1, 10, 100, 1000; 
|, the firft is to 1000, the fourth Term, ſo is the leſſer 
ere to the greater. | ; 
The Dimenſion of Cones, Cylinders and of the Sphere, 
ll be exhibited in the following Book out of Archimedes. 
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Sc polium. 


neters, FI, X V, or of the Semi-diameters, FC, 
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let there be found two mean Proportionals X, Z.,, accord 


Sphere whoſe Radius is X, or other Body like to the gi 


to the Proportion of A to X, (by Corollary, Propoſtis 


Ever1D's Elements, Lib. N C ] 


Scholium. 


As like plain Figures are encreas'd or diminiſh'd in! 
given Proportion by one mean Proportional, ſo A 
Bodies are encreaſed or diminiſhed by two mean Prop 
tionals. 40 3 

Let a Sphere, or Cube, or any other Body whatſoef By A] 
be given, whoſe Radius, or Side, is A. Likewiſe let | 
Proportion whatſoever of A to B be given, as the do 
or 2 to 1. A Body is td be diſcovered both double to 
given one, and like to it. | | 

Betwixt the Terms of the given Proportion A and 


80 
Ind Der 


to what was taught in the Scholium of Prop. 13. . 6. 
one, which is made upon the Side X, will be double to 
given one. | | 

For like Bodies, whoſe Radius's, or Sides, are A 
X, have betwixt themſelyes a Proportion which is tripl 


dome ot! 
vented, 


and by Propoſition 12. and 18. L. 12.) that is, th 
(per Defin. 10. I. 5.) which A hath to B. 5 

And this is that moft celebrated Problem which, 
Apollo and Delos, is called the Deliacal Problem; bec 
at the Time of a moſt grievous Peftilence, which wa 


Athens, being conſulted, he gave Anſwer, that the? 


lence would ceaſe, if his Altar, which was of a cuk 


Form, were doubled. Thus Valerius Maximus, L. 8, 
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ind Demonſtrated in a more Eaſy and Com- 
pendious Way. 


To Which are added, 


dome other agreeable Propoſitions, newly in- 
vented, by the fame ANDREW Tacqus 7. 
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R E A D E R. 


LBEIT there have appeared very many 
moſt excellent and admirable Men in the 
Mathematical Sciences; yet the chief Glory of all 
bath always, by @ certain common Conſent, been 
given to Archimedes of Syracuſe. Tho* indeed, 
more there are who commend, than who read 
bim; more who admire, than underſtand him. 
The Cauſes of which Neglect ſeem to be theſe, 


the Bulk and Scarceneſs of Copies, ſome Obſcurity 
of the Tranſlation, which is direfily made out 


of the Greek Language, together with the Pro- 
lixity and Difficulty of his Demonſtrations. J 
jucged therefore that it would be for the Profit 


of ſtudious Learners, if after my Illuſtration of 


the Elements, I ſhould ſubjoin theſe Theorems 
which had been ſelected by me out of Archime- 
des, and demonfrated in a much eafier and 
briefer Way. Furthermore, I have ſelected thoſe, 
which bring along with them both more of Ad- 


miration and of Benefit, and have in my De- 


nonſtration took ſuch a Method, that, J hope, 
be who underſtands the Elements, will, without 
= any 
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To the READER. 
any great Labour, comprebend theſe moſt exce]. 
lent Inventions of the Prince of Geometricians, 
T have alſo added at the End, thirteen Propo- 
fitions, and thereby enlarged the Doctrine of Ar. 
chimedes concerning the Sphere and Cylinder : 
Where, amongſt other Things, I demonſtrate, 
that th: Seſquialteral Proportion is continued in 
the Three Bodies, a Sphere, a Cylinder and Equi. 
lateral Cone; boib the latter being inſcrib' d about 
the Sphere. Moreover, I have added divers Things 
here and there, amongſt which the 12th Propo- 
ſition, and the Corollaries of Propoſition 14, 

are the chief ; and ſeveral Scholiums. Make u/t 
of theſe Diſcoveries whoſoever thou be*ſt, that 
art a Candidate of Geometry; and how much 
tbou haſt improv'd in Euclid, make Proof of in 
Archimedes, And when thou perceiveſt thyſelf 
to be fix d and rais'd upwards in the Contempla- 
tion of the moſt noble Truths, raije up thy Mind, 
while it is thus already lifted up from theſe lower 
Things, yet higher, and direct it to that Truth, 
which is Original, Eternal, Immenſe, and is n0 
other than GOD; by the ine ffable Viſion of 
. whom, I truſt we ſhall bereaflter be made ettr- 
nally Happy. Farewel. 
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DEFINITIONS. 


Or an Explanation of certain Terms: 


] ET chere be a Circle, B ECG, whoſe Center is A, Fig. 23. 
its Diameter BC, which let the 1 Line E G Of the Ta- 
| nter) in D.ble cut of 
Let there be drawn-from the Center the Radiuſes A E, A G. Archime- 
des, 


eut at right Angles, (but not through the 
This being ſuppos'd, 


NOTE, (i.) That a Sector of a Sphere is that which 
6 produced from the Sector of the Circle AEC G, or 
AE B G, turn'd round about the Diameter B C. I OR 

2. That a Segment, or Portion of a Sphere, is that Part 
of it which is produced from the Segment of the Circle 
ECG or EB G turn'd round about the ſame Diameter B C. 

3. The Vertex, or Top of the Spherical Portion E-B G, 
s the Extremity B of the unmoy'd Diameter; the Baſis, 
the Circle deſcrib'd by EG; the Axis, that Part of the 
Diameter B D, which is intercepted betwixt the Top B, 
and D the Center of the Baſe. | N 

4. When I name the Superficies of a Spherical Portion, 
or of a Body inſcrib'd in it, or of a Cone, I always under- 
land it without the Baſe ; and when I ſay the Superficies 
of a Cylinder, I mean likewiſe without the Baſes ; unleſs 
the Word Lache] be adjoin'd to [Superficies ;] for then the 
vaſes alſo are to be taken in. | 


Again, when I treat of Cylinders or Cones, I ſpeak of - Wy 


no other than right ones. 2 
| | xioms 


AxconimEDEs's Theorems. 


Axioms, [lg h. 4 


HE Circuit of a Polygon inſcrib'd in a Circle is 
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Fig. 1, 16. 1. 


Fig. 1. 2. The Circuit of the Polygon deſcrib'd about a Circle 
| is greater than the Circumference of the Cirele. 7 ,7/ 
Fig. 16. 3. And if a Polygon inſcrib'd in a Circle, be turn'd 


3 about the Diameter (A E) together = the Circle, the gu- 
„ y perficies of the Body produced by the Polygon, will be leſs 
/ 0, * — the Superficies of the Sphere. And if a Polygon cir- 


cumſcrib'd about the Circle, be turn'd about the Diameter, | 


| (3 7 7 * | nen , with the Circle, the Superficies of the Body pro- 
e x} uced by the Polygon, will be greater than the Superhcics 
of the Sphere. . | 

g. 17. 4 In like manner the Circuit of a Polygon inſerib d ina 
5 „ Segment of a Circle (D A F) is leſs than the Circumference 
EC. Hof the Segment. And if a Polygon inſcrib'd in the Seg- 
mment, be together with the Segment (A O) turned round; 
_ ,is/the Superficies of the Body produced by the Polygon will 
& * leſs than the Superficies of the Spherical Portion DA P. 
5. The Superficies of a Priſm inſerib'd in a Cylinder, is 


[ F 
F 


B Fig. 3, 6 
| cCies of the Priſm which is circumſcrib'd is greater. 
1 g, 6. And the Superficies of a Pyramid inſcrib'd in a Cone, 
| . + *, leſs than the Superficies of the Cone; but the Superſſcies 
of a circumſcrib'd Pyramid is greater, | 


PROPOSITIONS I, II. 
7 g N 2 128 ; * 1 A ; ' x # 1 THO 2 pl XI N . 7; 5 RT? 
CT n N i WHY a Ee] \ : $1 T5 EN 
= 3 | "PROP. III. Tnebrem. | 
THE Circuits or Polygons circumſerib'd about ani 

inſerib'd in a Circle, do at laſt end in the Cu. 
cumference of the Circle. In like manner the Po). 
gons themſelves do at laſt end in the Circle. 
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Fig. 1. If, to wit, the Arches being biſected without End, more 


Tabl. Ar- and more Sides be circumicrib'd about and inſerib d in the 
Part 


leſs than the Circumference of the Circle. © /+} 


"leſs than the Superficies of the Cylinder; but the Superfi-| 
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Part I. Let there be underſtood to be inſcrib'd in and 
deſerib'd about a Circle, regular Polygons; whether it be 
done to as is ſet down, Prop. 12. /, 4. or as in the preſent 

Figure, the Thing will be the ſame. It is manifeſt (per 
Cee. 1. p. 4. l. 6.) that Flis to CE (that is, the whole 
« Wl Circuit circumſcrib'd, unto the whole Circuit inſerib'd) as 
lis to C A. But IC, the Exceſs of the right Lines IA 
d ore C A, becomes at length leſs than any given Line, if 
1» W more and more Sides be underſtood to be infinitely circum- 
4; Wl (crib'd and inſerib'd; therefore alſo the Exceſs of the Cir- 
- MW cuit circumſcrib'd above that which is inſcrib'd, will at 
r, length become leſs than any given Line, Therefore much 
more the Exceſs of the Circuit circumſcrib'd above the 
Circumference of the Circle, will be leſs than any given 
one. In like manner, becauſe I have already ſhew'd the 
Defe& of the Circuit inſcrib'd, whereby it falls ſhort of 
that which is circumſcrib'd, to be leſs than any given 
Line : Therefore much more will the Defe& of the Circuit 
nſcribed, whereby it falls ſhort of the Circumference of 
that Circle, become leſs than any given Line. 'The Cir- 
wits therefore, as well as that which is inſcrib'd, as well as 
that which is circumſcrib'd, do at length (Def. 6. I. 12.) 
end in the Circumference. Which was the firft Part. To 
demonſtrate theſe Things further is not worth the while, 
keing they are manifeſt enough. = 
Part II. Becauſe it hath already been ſhew'd that the Ex- 
ceſs FI, above the Side EC, becomes at length lefs than 
any given Line (FI is to E C, as IA to C A;) therefore 
alſo the Exceſs of the Square of FI, above the Square of 
EC, will become at length leſs than any given one. But 
4 the Square of FI, is to the Square ot EC, fo (per 20. /. 
6.) is the Polygon circumſcrib'd, to that which is inſerib'd. 
Therefore the Exceis of the Polygon circumſcrib'd above 
that which is inſcrib'd, will alſo become at length leſs than 
and ny given one. Therefore much more will the Exceſs of 
:- ue Polygon circumſcrib'd above the Circle, become at laft 
0 than any given one; and conſequently, the Defect alſo 
ok the Polygon inſerib'd, whereby it falls ſhort of the 
Circle, will at length become leſs than any given Defect. 
Therefore Polygons, as well inſcrib'd as circumſcrib'd, do 
ole at laft (D n. C. J. 12.) end in the Cirele. Which was the 
the ſecond Part, GETS; it | 111 | | ; 


Part 
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3 | rumſerene 
PRO P. IV. Theorem. There 
| ich hath tl 


G Per A Regular (c) Polygon (F I NT N) circumſcribi Nis Alita: 


Defin. 3- 4 about a Circle, js equal to a Triangle who” N 


f n ; yon, and 
- 4. Baſe is the Circuit of the Polygon, and its Height le which 
8+ 1. the Radius of the Circle, 5 dius, I thu 
And a regular Polygon inſcrib'd in a Circle is equal ee 
to a Triangle, which hath for its Baſe the Circuit of i, 07 11 
the Polygon, and for its Height the Perpendicular N ue Polyge 
(AO) let down imo one Side from the Center. | be other 
| Polygon 
Part I. The Radius A B, drawn to the Point of Conta, Wrcfore the 
is (per 18. J. 3.) perpendicular to the Tangent I F. Where- 
fore, if the right Lines AF, AI, AN, Cc. being draun, 
the Polygon be refoly'd into Triangles; the Radius AB 
will be the common Altitude of all; and conſequently it ; ROM th 
manifeſt that the Triangles are equal. Therefore a Trian-Wl under | 
gle, which hath its Baſe equal to the Sum of the Sides FI, Wu to the C 
IN, NT, Er. and AB for its Altitude, will (as is man- Me Circum! 
feſt from 1, J. 6.) be equal to them all, that is, to the whole ference 
Polygon cireumſerib d. 55 ACircle 
Part II. This may be concluded by the fame reaſcning e (CDE 
wie ome; 515250 e oO 2 the 
ee, PROF. v. Theorem. "the ap 
| . . 1 1 3 12 4 ; * 8 ö 18, 
Fig. 2. - A Circle is equal to a Triangle, which hath for its ud —_ 
7 Baſe the Circaniference, and for its Height tber 1. 6)C 
Semi-diameter of the Circle. the Diam 
1 e 2000620 Col3 45 7%, | Prntly the C 
Regular Polygons circumſcrib'd about a Circle, and Ti- Int is, to F. 
angles which have:ifor:their Baſes the Circuit of the Po] · double of 
gon, and for their Altitude the Radius of the Circle, are FW the Diam 


always (by the foregoing Prapeſition) equal. But Polygons z.“ Of 1 

circumſcrib'd infinitely about the Circle end in the Circle, Ide Circle i 

«by.the third of this Book;) and in like manner Triangles any Poly! 

(as I Wòẽill .ſhew by.and-by) which have. fer their Baſe the MEG HI be 

Circuit of the cireumſerib'd Polygon, and for their Altitude, that th 

the/Radius A B, at laſt end in a Triangle, which 50 the Wile Polygo! 
= Circum- 
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:cumfſerence for its Baſe, and for its Altitude the Radius 
3, Therefore (by the firſt) a Circle and a Triangle, 
ich hath the Circumference for its Baſe, and the Radius 
F its Altitude are equal. | 5 
nut that Triangles contain'd under the Circuit of the 
ſe gon, and the Radius of the Circle, end at laft in a Tri- 
nt ole, which is contain'd under the Circumference and the 
dius, I thus ſhew. Triangles under the Circuit of the 
al cumſcrib'd Polygon, and the Radius AB, are to the 
angle, which is under the Circumference and the Radius 
of „ (by 1. J. 6) as Baſe to Baſe, that is, as the Circuit 
af WF the Polygon ro the Circumference; ſince this Triangle 
the other have a common Altitude. But the Circuit of 
Polygon (by the third) ends in the Circumference, 
& Wercfore the other Triangles end in this. 


in, Corollaries. 


tis | ROM this and 41. J. 1. it is maniteft that a Rectangle 

under the Radius, and half the Circumference, is 
so the Circle; that one under the Radius, and the 
ni. Wl: Circumference, is double; that one under the whole 
ole ference and the whole Diameter is quadruple thereto. 


A Circle is to an inſcrib'd Square, as halt the Circum- Fig. 5, J. 4. 


inge (CDE) is to the Diameter; but to a Square circum- 
, as the fourth Part of the Circumference is to the 
meter. 93 5 
For the Rectangle under C D E, and the Radius C A or 
chat is, (by the foregoing Corollary) the whole Circle 
i the Rectangle G FCE, to wit, the Rectangle under 
f and C F (that is, to the inſcrib'd Square BC DE) as 
41. 6.) CDE, half the Circumference is to FG or 
the Diameter; which was the firſt Thing. And con- 
Prently the Circle is to the double of the Rectangle GFCE, 
Tri- at is, to FH, the Circumſerib'd Square) as C D E is to 
oly-W double of the Diameter C E, or as the Quadrant CD 
are o the Diameter CE 


gone ;. Of Figures which are of equal Circumferences, Fig. 30. 


rele, Mite Circle is the moſt capacious. Let the Circumference 
gies! any Polygon whatſoever (as for Inſtance of a Square) 


the t G H I be equal to the Circumference of the Circle. I 
tude ey, that the Area of the Circle is greater than that of 
1 the Wile Polygon, For the Area of the Circle is equal to a 
cum — on . « Triangle, 
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« Triangle, whoſe Baſe is the Circumference, and its | 
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tplied b 
& titude the Semi-diameter FA: And the Area of the] 3 
* lygon is equal to a Triangle, whoſe Baſe is the Compi be Circui 
© of the Polygon; which, by the Hypotheſis, is equal { on for 
« the Circumterence of the Circle, and which hath fei 6hat Mea 
* Altitude the Perpendicular E O, let down from the ( the now g 
« ter of the Circle unto the Side of the Polygon, whilThe firſt 
« ſince it is always leſs than the Radius of the Circle, n: 
c manifeſt that the Area of the Polygon is leſs than 
« Area of the Circle. Q. E. D. And in like man the Circu 
© amongſt all ſolid Figures contain'd under equal Sure | 
* the Sphere may be demonſtrated to be the moſt calf The Ci 
b cious.] Ub of 7 
PROP. VI. Theorem. u, bhp 
THE Circumference of a Circle contains Ie manner 
Diameter leſs than thrice and one ff. inatie 
(or 38;) and more than thrice and . OG 
| 33 | rumferenc 
For the Demonſtration of this Theorem, Archin«Mh te Circ: 
ſumes regular Polygons, one circumſcribed about a Coch of the 
the other inſcribed, and both of them of 96 Sides. less than 
then he ſhews that the 96 inſcribed about a Circle, do Non of 7t 
tain the Diameter leſs than thrice and one ſeventh, and nlequent, 
lequently that the Circumference which is leſs than ie, and of 
doth alſo contain the Diameter leſs than thrice and on rherefore t 
venth. But the 96 Sides inſeribed in the Circumſets, the Di. 
(and eonſequently the Circumference alſo which is g meter gre 
than them) doth contain the Diameter more than ¶ ch there fo 
times $. But this Demonſtration is too long to be bro than . 
in this Place. Nay, if we minded to extend our Geomrhe propo 
cal Reaſoning to Polygons of more Sides ſtill, we may Ie than this 
tract the Limits even now ſet more and more without | 
mit, and ſo come nearer and nearer for ever to the true 
portion. This hath been perform'd by Ludolph a (. 
Grimberger, Metius, Snellius and others. The chief MW 
portions hitherto found J ſhall here ſubjoin. mongſt al 
However, ſince a Tangent of 3o Degrees, multifihe, nearer: 
© by 12, gives the Circuit of a circumſcribed Henxaf g ſuppos'c 
and a Sine of zo Degrees multiplied by 12, 8'*Whes to be 0 
Circuit of an Hexagon, which is inſcribed : Foraſq in the fir. 


: allo as in like manner the Tangent of half a Degree 


1 (er than t 
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s WM iplied by 720, yields the Circuit of a circumſcribed 
e Polygon of 360 Sides; and the Sine of half a Degree, 
mp the Circuit of an inſcribed Polygon of 360 Sides; and 
ual o on for ever: It will not be difficult to underſtand, by 
for what Means many fnch Numbers may be found, out of 
the now given Tables of Sines and Tangents.] 

The firſt Proportion, which is that of Archimedes, is 
Vs; 


The Diameter 7. 
The Circumf. is 22; which is greater than the true. 
The Diameter 71. . 
The Circumf. is 223 ; leſs than the true one, 


The Proportion of 22 to 7, and 223 to 71, if they be 
uced to a common Conſequent, (which is done after the 
ge manner, in which Fractions are reduced to the ſame 
mination) will be thus, 1562 to 497, and 1561 to 


Therefore the Diameter being ſuppos'd 497 Parts, the 
rumference greater than the true one, will be 1862; 
the Circuraterence leſs than the true, 1561. 
oth of them therefore differ from the true, by a Quan- 
leſs than 357 Part of the Diameter. But if the Pro- 
ion of 7 to 22, and 71 to 223, be reduced to a common 
nequent, there will ariſe the Proportions of 1561 to 
ob, and of 1562 to 4906. | 
Therefore the Circumference being ſuppos'd to be 4996 
the Diameter leſs than the true, will be 1561, the 
meter greater than the true, 1562, | 
kth therefore differ from the true Diameter by a Quantity 


bro: than rde Part of the Circumference. 
om ne Proportion delivered by Metius is much more aceu- 
* than this of Archimedes. According to this, 
ou | | 13 5 
iy The Diameter is 1123. 
2 at 


The Circumference 355. 


1ulti 
Lexaf 
gives 
Oral 


gree 
«y 


8 


tes nearer to the true one; for from this, the Diameter 
g ſuppos'd of 10,000,000 Parts, the Circumference 


in the firſt Figure 9, and this by an Exceſs, but a little 
Aer than two ten-millioneth Parts of the Diameter. 
5 Q 2 . But 


amongft all Proportions conſiſting of ſmall Numbers, none 


des to be of 31,415,929, which differs from the true one 


which is the true one, is that ſmall Part of the Diamet 
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But more exact than both, is that double Proportion 
Ludolphus a Ceulens the former of which conſiſts of : 
Figures, and the latter of 30. | 


The Diameter. 
100,000,000,000,000,000,000, 
The Circumt. greater than the true, he Invent 
314,159205,358979,323847. 
The Circumf. leſs than the true. 
314,159265,358979,323846. 


HE mc 
delive 


ET the g 
) have bee 
ſecond, t 
umbers let 
portional. 


The Difference of both the Circumferences 15 one Parti 
of the Diameter denominated from a Number which co 
ſiſts of a Unity and 20 Cyphers; and conſequently, 


well this as that, differs from the true Circumference bu i; if the 
Quantity leſs than is the ſaid ſmall Part of the Diamet th be ſup 
to wit, one hundredth of a millioneth of a millioneth oft each, a 


millioneth Part. u thus, 


The Diameter. 
100000,000000,000000,000000,0000000,000000, 


tiply now 
The Circumf. greater than the true, 


K by the fi 


314159,265358,979323,846264,338327,950289, Fhacter of 
The Circumf. leſs than the true, 
314159,265 358,979323,846 264,338 327, 950288. N finding 


The Difference of both the Circumferences, bety | 
ET the 
delivere 
nd ; the! 
de Number 
u will give 
i it the I 
d to conta 


It; the 1 


denominated from a Number which conſiſts of Unity: 
35 Cyphers; which ſmall Part bears a leſs Proportio 
the whole Diameter, than one little Grain of Sand doth 
the whole Globe of the Earth. For the whole Globe 
the Earth doth not conſift of ſo many little Grains of $a 
as are the little Parts of the ſaid Sort which are contain'd 
the Diameter. 


It is needleſs to go any further. Nevertheleſs you 11 
proceed infinitely, if you be minded to continue Geomeſ ben multi 
cal Reaſoning, an expedite Method of which is deliveredWutt by the 
Saelhiur. | TM tumference 
[The Circumference being ſufpoi'd of ow little t 
| 1,000000,000000,000000,000000,000000,000000 P above; t. 
N The Diameter will be as near as may be, of 4 70 n m 
9,318309,886183,790671,537767,945745,048724 Penn, 2 
5 


Scholi 
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Scholium. 


delivered, are theſe which follow. 


ference, 


ET the greater Term of one of the Proportions which 


x ſecond, the Circumterence in the third; by theſe three 
umbers let there be ſonght by the Golden Rule a fourth 
portional. That is the Diameter ſought. | 
as if the Circumference of the greateft Circle of the 
th be ſuppos'd to contain 25000 Ez; liſb Miles of 2 80 
teach, and the Diameter he ſought; the Terms will 
nd thus, | | 
355—113—25000—7854, | 
iltiply now the ſecond by the third, and divide the Pro- 
i by the firſt; and there will ariſe 7854 Miles for the 
meter of the Globe of the Earth, 


0, 


9. 


8. fend ing out of the Circumference from the 
Diameter, © 3 
ety 
met 
ity . delivered be ſet in the firſt Place; the greater in the 
rtionWnd ; the known Diameter in the third: And by theſe 
doth: Numbers, let there be ſought a fourth Propertional, 
lobe will give the ſought Circumterence. 
„ if the Diameter of the Globe of the Earth be ſup- 


f $a 
zin'dÞd to contain 7854 Engiih Miles; and the Circuit is 


It; the Terms will ftand thus, | 
II 7854 — 25000, 


Auct by the firſt; there will ariſe 25000 Miles for the 
tumference of the Globe of the Earth. 

ow little this Circumference exceeds the true one, was 
above; to wit, by an Exceſs but a little greater than 
wo ten millioneth Particles of the Earth's Diameter; 
i, by g or 10 Feet. But if we uſe the Ladolpbin 
ottion, even the former, the Terms whereof ooo 
| Q 3 — 


7 
Pa- 


Schalit 


HE moft excellent Advantages of the Proportion now 


le Invention of the Diameter from the Circum- 


) have been now delivered in the firſt Place, the leſſer in 


ET the leſſer Term of one of the Proportions above 


ben multiply the ſecond by the third, and divide the 
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of 21 Figures; there will be ſound a Circumference inſenſ 
bly differing from the true, not only when the given Du 
meter is of 7854 Miles, ſuch as is the Diameter of th 
Earth; but alſo although the Diameter be ſuppos'd, of 
100 Millions of thoſe Miles. For this being ſuppos'd, ther 
will ariſe a Circumference differing from the true one by 
Quantity about one hundred millioneth Part of a Foot, B 
if to find out the Circumference of the Globe of the Eart 


we make uſe of the Proportion of Archimedes, the Inter 


of the two Circumferences, the one greater, the other |: 
than the true one, will exceed 20 Miles. Archimedes 
Proportion therefore is not to be uſed but in ſmall Meaſure 
nay, it will always be expedient to uſe that of Meni 
which both conſiſts of ſmall Terms, and is above a 100 
Times more exact. | 


The meaſuring of a Circle, 


HE Semi-diameter multiplied by half the Circunt 
I. rence, produceth the Area of the Circle; as is ma 
feft from Corollary 1. Propoſition 5. of this Book. 
As if the Semi-diameter of the Earth, which conta 
3927 Miles, be multiplied by half its Circumference, 
wit, by 12500, there will ariſe 49,075500, Miles Squ 
for the Area of the greateſt Circle of the Earth. I 
Difference of the circular Area thus found from the true 
had, if the Difference of half this found Circumtere 
from the true halt Circumference be multiplied by they 
ven Semi-diameter ; or the Difference of this Semi- diamet 
from the true, be multiplied by the givenSemi-circumterent 


The Menſuration of Cylinders and Cones. 


F Put this here, becauſe it depends upon the Menſuratl 
of a Circle. A Cylinder therefore, and any Priſm wil 
ſoever, is produced from the Altitude multiplied by the Ba 
A Cone and Pyramid, from the third Part of the Altitu 
multiplied by the Baſe ; for they are third Parts of Cyi 
ders and Priſms, having the ſame Baſe and Altitude n 
them by 10, and 75.4 12. 
Let the Baſe of a Cylinder or Cone, be of 50 Squi 
Feet, and the Height of 100 Feet. Multiply 100 by $ 
and there ariſe 5000 cubic Feet for the Solidity of the C)! 
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nM, Multiply the third Part of the Altitude 100, which 
;! by 50, there 
ity of the Cone. 


PROP. VII: Theorem: 


Wrters have. 


med in a Circle without End, are always betwixt them- 
ies, as the Diameters A F and IC (by Corollary, p. 1. J. 
) But theſe Circuits (by the 3d Propoſition of this Book) 
jd at length in the Circumference. Therefore their Cir- 
inferences alſo are betwixt themſelves as their Diameters. 
BS : | ; | 


PROP, VIII. Theorem. 

THE Superficies of a Priſm, as well that which 
is circumfcrib*d. about, as that which is inſerib'd 
4 Cylinder, is equal to a Rectangle, whoſe Height 
the Side of the Cylinder, but its Baſe equal to the 
weut of the Baſe of the Priſm. any 


ches the Cylinder according to the Lines EA, NF, 
which are the Sides of the Cylinder; but theſe (becauſe 


e Plane of the Baſe, and conſequently right allo (by De- 
pion 3. L. 11.) to the Lines C G, G M, &c. - But they 
WF allo equal betwixt themſelves. Therefore one Side of 
hb Cylinder is the common Height of all the Rectangles 
0, OM, MH, c. Therefore the Superficies of the 
umſcribed Priſm is equal (as is manifeſt from 1. L. 6.) 
Rectangle contain'd under the Circuit of the Baſe of 
MW Priſm, and the Side of the Priſm or Cylinder. 

fart II. The Reaſon of this is the ſame. For the Side 
the Cylinder is again the common Altitude of the Rect- 


es of the inſcribed Pritm. . 


ariſe 16663 cubical Feet for the Soli- 


HE Circumferences of Circles have the ſame gi, 6 
. 3 : . . . 4 
Proportion betwixt themſelves which their Dia-]. 12. 


For the Circuits of like Polygons, which may be in- 


Pact I. The Superficies of the circumſcribed Priſm Fig. 3. 


the Hypothelis the Cylinder is a right one) are right td 
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An *h,* 3a i PROP. IX. Theorem, of ; 1 
ne 1 5 „„ the di 
Fig. 4. THE Superficies of a regular Pyramid cimiſ part I. 


ſcribed in a right Cone, is equal to a Tria| 
which hath for its Bafe the Circumference of t| 


ir the Superfictes of the Cylinder ; and the Suti 


ſcrib'd about a right Cone, is equal to 4 1 
angle, which hath for its Baſe the Circunferm 
(FHLD) of the pyramidal Baſe, but its Heig 
the Side of the Cone (BG.) ny 

And the Superficies of a regular Pyramid i 


about anc 
af a Dt 
can be giv 
zcircumi 
inder, W 
cireumſcri 
given one 
the cylind 
|;s and le 


pyramidal Baſe, but for its Height the Perpe 


dicular (BO) let down from the Top unto avi 1 oh - 
of the Baſe. In the } 
| linder: 
Part I. Let there be drawn unto the Contacts G, N Contuſion. 
M, the right Lines B G, B K, B M. Theſe will all Nn the Min 
Sides of a right Cone, and conſequently equal. And, Mud Pyram 
cauſe, (by the Hypotheſis) the Axis B A is perpendicularppears th 
the Planeof the Baſe FK D, the Plane alſo G B A (ter Wrding to 
. 11.) will be perpendicular to the Plane FK D. Þ | A 
HG (per 18.4. 3.) is perpendicular to A G, the comm EN 
Section of the Planes FK D and G BA. Therefore ET 
(as is gathered from Def 4. 1. 11.) is alſo perpendieuſi I- half 
to the Plane GBA. And conſequently is alto perpendi il alſo be 
lar to BG. Therefore the Side G B of the Cone. is il The rig! 
Height of the Triangle FB H. In the ſame mannert fre the R. 
Side of the Cone will be the Height of the reſt, HBccangle 
L BD, &c. Therefore the Triangle comprehended un le Square 
the Circumference FH L D, and'the Side of the Conꝗ G is equ 
equal to the Superficies of a Pyramid circumſcribed, willſ®) K B, C 
out the Baſe. Which was the firſt part. 
II. The Demonftration of this Part is almoft the ſa : 
- with rhaj-af che former, [NT T1208 rel 
PROP. X. Theorem. (BC) anc 
2 5 0 1 7 
THE Superficies of a regular Priſm circumſcrli - i 
about a right Cylinder, ends (Def. 6. l. 1h; wk 
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ARCHIMEDE s's Theorems: 
f a Pyramid circumſcribed about a right Cone ends 
in the Superfictes of the Cone. 


Part I. The Superficies of regular Priſms deſcribed Fig. 3, 
about and inſcribed in a Cylinder withont end will have at 
aft a Difference betwixt themſelves leſs than any which 
can be given. Much more therefore will the Superficies of 
zcircumſcribed Priſm differ from the Superficies of the Cy- 
inder, which is in the middle between the inſcribed and 
dreumſeribed Superficies, by a Difference leſs than any 
ven one whatſoever; that is. (Def. 6. J. 12.) will end in 
the cylindrical Superficies, whilſt it continually exceeds it 
|;s and lets. | | 
Part IT. This may be ſhewed in the ſame manner from Fig. 4. 
the gth and 3d of this. 1 : | 
In the Figures there are only exhibited the Halves of the 
(ylinder and Cone, left a Multitude of Lines ſhould breed 
Confuſion. But the Cylinder and Cone are to be conceiv'd 
nthe Mind entire, and as having theſe circumſcribed Priſms 
ind Pyramids encompaſſing them. For thus it more clearly 
wears that plain Surfaces circumſcribed are greater, ac- 
ording to the third Axiom. 


A Lemma to the following Propoſition. 
ET AB, C D, E F, be proportional, and let K B be Fig. 7. 
half A B, and E G, double EF; K B, CD, E G, 
ill alſo be proportional. 
The right Line K B is to AB, as E F is to EG. There- 
fire the Rectangle K B, E G Ger 16. J. 6.) is equal to the 
Rectangle A B, EF. But this (by 17. J. 6.) is equal to 
e Square of C D. Therefore alſo the Rectangle K B, 
16 is equal to the Square of C D. Therefore (by 17. J. 
g KB, CD, EG are proportional. 5 5 RIS 
_ PROP. XI. Theorem. £294 , 1 
Circle, whoſe Radius (G H) is a mean Propor- pig. 5, 6. 
SHA; L ; : : g- 55 
tional betwixt the Side of a right Cylinder ” 
(BC) and the Diameter of the Baſe (B D) is equal 
e cylindrical Superficies. | 
Let the regular, and conſequently like Polygons, N M, 
8, be undrſtood to be circumſcribed about the Circles 


N GPH; and upon the Polygon NM, let a Priſm 
| | :+:--WE 
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be conceiv'd to be creed, with which the Cylinder is cu. 
cumſcribed. Becauſe B D, GH, B C are, by the Hypo. 
theſis, proportional, AD alſo, (or AN) GH, and the HE 
double of BC will, by the Lemma, be proportional. Non 7 : 


the Triangle contain'd under AN, and the Circuit of the Recta 


Polygon M N is equal to the Polygon circumſcribed NMHCIrcum fei 
(by the fourth of this Book.) And the Rectangle under | 


BC, or E F, and the ſame Circuit N M, (that is, as is ma. The do 
nifeft from 41. L. 1. the Triangle under the Circuit NMI H, as C 
and the double of BC) is equal (by the eighth of this Book)Mhttis) as the 
to the Superficies of a Priſm cireumſerib'd about the CylinWMſhercfore | 
der. But a Triangle under the Circuit NM and AN, h BC; 
to the Triangle under the Circuit NM, and the double of equal to 
BC (by 1. J. C.) as AN is to the double of BC. There. y wit, th. 
fore the Polygon N M allo is to the Superficies of a Priſm hut the TI 
circumſerib'd about a Cylinder, as A N is to the double oH tae 5t! 
BC. But becauſe I have already ſhewed AN, GH, ande 11th o 
the double of BC to be proportional, the Proportion «lo the T. 
AN to the double of BC is (by Def: 10. J. 5.) duplicate i Numference 
the Proportion of A N to G H. Therefore the Pogo edangle 
NM hath to the Superficies of the Priſm a Proportion duWhill be equ 
plicate to the Proportion of AN to G H. But the Poly\MW From th 
gon NM hath allo to the Polygon like to it, G R Qs, Medangles 
Proportion duplicate to the Proportion of A N to G HWlheretore | 
as is eaſily gathered out of 1, J. 12, Therefore the PolyM 2. The. 
gon NM hath the ſame Proportion to the Superficies of ti e ſame E 
Priſm, which it hath to the Polygon G RQS; which con their B. 
ſequently is equal to the Superficies of the Priſm. In th For the 
ſame manner I might ſhew, that the priſmatic Superficieai the eq 
which are circumſcriptible infinitely about the Cylinder) the cyl; 
are always equal to the Polygons which may be circum eres (by 1 
{cribed infinitely about the Circle GPH. Wherefore ſecingÞCL, S E; 
both the priſmatic Superficies (by the 1oth of this) end Wh of this 
the Surface of the Cylinder, and the Polygons in the Circle] 3. The 
GPH (by the zd of this) the Superficies of the CylindeWequal Baſe 
alſo will be equal to the Circle GPH. 9, E. D. MIL BR 
From this admirable Theorem, a Circle is preſented For the 
which is equal to a cylindrical Superficies. rnces G B 
ä | | | + I. 1.0 
liemſelves 
4. Like 


CorollariesWicmiclyes 
de Diame 
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Corollaries. 


br 3 
the THE Superficies of a right Cylinder is equal to aFig. 5, 6: 
1 Rectangle contained under the vide (B 0 and the 


Circumfe rence of the Baſe. 


The double of B C (as hath been ſhew'd above) is to 
6H, as GH is to BA, or AN; that is, (by the 7th of 
this) as the Circumference P is to the Circumference BN. 
Therefore the Triangle under the firft, to wit, the double 
BC; and the fourth, to wit, the Circumference B N, 
equal to a Triangle under the ſecond & H, and the third. 
owit, the Circumference P, (as appears from 16. J. 6.) 
nu: the Triangle under G H, and the Circumference P, is 
by tae 5th of this) equal to the Circle GP H, that is, (by 
te 11th of this) to the cylindrical Superficies. Therefore 
i the Triangle under the double of BC, and the Cir- 
mference B N, (that is, as appears from 41. /. 1. the 
ectangle which is under B C and the Cireumference BN) 

ill be equal to the cylindrical Superficies. Q. E. D. 

From this Corollary it is manifeſt, that the Properties of 
ectangles are common to them with cylindrical Superficies. 
heretore let this be Corollary 2. 

2. The cylindrical Superficies (B M, QN) which are of Fig. 20. 
te lame Height, are betwixt themlelyes as the Diameters. 12. 
« their Baſes (BF, QR.) 

For the Rectangles under the Clnpmfenines 0 L., SE 

na the equal right Lines FM, RN, to which (by Coroll. 

) the cylindrical Superficies are equal, are betwixt them- 
cumMſlres (by 1. J. 6.) as the Baſes, to wit, the Circumferences 
einge, SE; that is, as the Diameters BF, QR, (by the 

&th of this ) 

3. The cylindrical Superficies C I, A R) which hive 
qual Baſes, are betwixt themſelves, as their Altitudes 
I, BR) 

For the Rectangles contain'd under the equal Circumfe- Bie. 23,24. 
rnces GB, MQ, and the Sides TI, B R, to which (by J. 12. 
roll, l.) the cylindrical Surfaces are equal, are betwixt 
tzemfelves (by 1. J. 6.) as TI, BR. 

4. Like cylindrical Surfaces (B M. R I) have betwixt F.g. 20, 21. 
emſelves a Proportion duplicate to that which (B F, QR)L. 12. 
le Diameter of the Baſes have. 
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Seeing the Cylinders are ſuppos d to be like, MPF y 

be to I Q (by D-fin. 4. J. 12.) as BF is to QR; 44 

(by the 7th of this) as the Circumference CL to the G 

cumference 8 E. Wherefore the Rectangles alſo which 0 

contain'd under the Circumferences CL, SE, and the Sid 

M F, IQ, will be like; and conſequently they will hay 
betwixt themſelves (by 20. J. 6.) a Proportion duplicate t 


ter, Th 
ſe ABN 


HE 


that which MF hath to IQ; that is, B 
— A 3 4 9 F 
Taerciore the cylindrical Surfaces alſo have the * V _ 
The ſame 5. Cylindrical Surfaces (B M. RI) have betwixt then x * 
Figure. ſelves a Proportion compounded of the Proportions of thi q Baſe, th 
Sides (FM. IQ) and the Diameters of the Baſes (B p — 
| QR)) as is ma nifeft from 23. J. 6. and the 7th of this. 
Fig 24,25. ©: If cylindrical Surfaces (A R, F D) be equal, as th 
h 12. e 3 rh is to the Diameter (FN) fo reciprocal F 
y 14. J. 6.) the Altitude (FH) will be to Itituc . 
(B R) and converſly. _ * a Eo EY Circle 
7. Laftly, from the ſame firſt Coro/lary is had the M tional 
ſure of a cylindrical Superficies; to wit, if the Circunk wu the 1 
rence of the Baſe be multiplied by the Altitude, As if ti S 
aun Wes of " 3 Circumference of the Baſeo OY 
6; multiply 20 by 6, there ariſe 120 8 —_ 
cylindrical Superficies. malen kenn 
5 | eumſcrib'. 
| | jd circum! 
PROP. XII. Theorem. dygon E 
. HE Superficies of a right Cylinder is to th _ 
' Baſe (ABN) as the Side of the Cylinder (C Ie. 10. / 
is to (B O) the fourth part of the Diameter of M., But 
Baſe. | HE | | id the Cir 
2 5 ne Circui 
Let & H be a mean proportional betwixt BC the Height ah 
and B D the Diameter of the Baſe, and eee, aa ebay 
Lemma before Prop. 11. of this) a mean Proportional be 13 
N A N and the double of BC. The Circle G PH, oi a | 
the Radius G H, is. (by the 11th of this) equal to the B 1 
2 cylindrical Superficies C D. But the Circle G PH [he oh 
ath to the Baſe of the Cylinder AB N a Proportion dupli- "i er 
cate (by 2. J 12) to the Proportion of GH to AN; that, 0 ey 
is, the ſame which the double of B C hath to the Radius 2 
{ 


B A (by the Hypotheſis, and Def. 10. / 
o — hy p 3 * * * 5.) that 18, the 
fame which BC hath to B O, the fourth Part of the Dia wx the © 
— d. l 
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' villifeter, Therefore the cylindrical Superficies alſo is to the 
at ig 
Cir deter. 2. EZ. D. 
Sid 
hay 
te HE Superficies of a Cylinder which hath its Sides 
QR equal to the Diameter of its Baſe, is four fold of the 


Corollary: 


ile. 


hem Baſe, the Superficies of the Cylinder will be equal to 
| tf: Baſe. Both theſe are manifeſt from the Propoſition. 


( Þ 
15. 
8 the 
cally 
1tud 


PROP. XIII. Theorem. 


tional betwixt the Side (BC) of a right Cone, 
u the Radius of the Baſe (AC) is equal to the 
al Superficies. 1 


Mez 
umf 
if thi 
iſe 


r ths 


rumſcrib'd about the Circles A CG, OPL, and a Pyra- 
id circumſcrib'd about the Cone to be erected upon the 
dygon EF. | | 5 

Becauſe, by the Hypotheſis, A C, or A G, is to OL, 
0 L is to BC, the Proportion of AG to B C, will 
fa. 10. J. 5.) be duplicate to the Proportion of AG to 
L. But as AG is to B C, ſo is the Triangle under AG, 
ad the Circuit E F, to the Triangle under B C and the 
ne Circuit EF. Therefore the Proportion of the Tri- 
gle under A G, and the Circuit E F, to the Triangle 


) ti 
CB 
lle 


ightWier B C, and the ſame Circuit, is alſo duplicate to the 
y (by oportion of AG to OL. But the Triangle under A G 
* nd the Circuit E F is equal to the Polygon LF (by the 


lt of this:) And the Triangle under B C and the ſame 
cut EF (by the gth of this) is equal to the Superficies 
the circumſcribed Pyramid. Therefore the Proportion 


> the 
PH 
upli- 
that 
adius 
the 
Dia- 


etel, 


portion of the Polygon EF to the Polygon I N, which 
by the Conſtruction, like to it, is (Der 1. J. 12.) alſo du- 
ate to the Proportion of AG to OL. Therefore the 

| | Polygon 


| / F St 


ſe ABN, as B C is to BO, the fourth Part of the Dia- 


But if the Side be a fourth Part of the Diameter of 
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Let regular Polygons, E F, I N, be underſtood to be 


the Polygon E F, to the Superficies of the Pyramid, is 
o duplicate to the Proportion of A G to OL. But the 


Circle, whoſe Radius (OL) is a mean Propor- Fig. g; 8. 
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Polygon E F hath the ſame Proportion to the Superficie, fi the Side 
the Pyramid, and to the Polygon IN, which conſequent which are 
are equal. In the ſame manner I might ſhew, that tu 6. Tho! 
Superficies of Pyramids, which may be circumſcribed aho,Mneters of 
a Cone infinitely more and more, are always equal to Poly rich hav 
gons which may be circumſcribed infinitely about the Circ All whit 
OPL. Wherefore ſeeing both the Surfaces of Pyramids þ teduced t. 
the 10th of this) do at laft end in the Surface of the Con ut of the 
and Polygons (by the zd of this) in the Circle OPL, 6M 7. Laftl 
Superficies of the Cone and the Circle OP L, ſhall likeyiW multipl 
be equal. Q. E. D. 5 bile, As 
From this excellent Jheorem a Circle is found which Wic Baſe | 
equal to a conical Surtace, | | zo Square 
| - ration is! 


Corollaries. 
Fig. 9, 8. 8 HE Superficies of a right Cone, is equal to a T 


THE 


angle comprehended under the Side of the Co 
[B C] and the Cireumference of the Baſe [C G.] 425 the 
Let O L, the Radius, be a mean Proportional betui . 84, 
AC and BC. Then becauſe (by the 7th of this) the C ? Daſe, 
cumference CG is to the Circumference P, as the Radi 
AG is to the Radius OL; that is, by the Hypotheſis, ; Between 
OL is to BC; the Triangle under the firſt, to wit, tl OL be 
Circumference CG, and under the fourth B C (as appe: BC to 
from 16. J. 6.) will be equal to the Triangle under the { 7 (De fin 
cond, to wit, the Circumference P, and the third 0 ; the Rad 
that is, (by the 5th of this) to the Circle O PL; that ii the Pr 
to the conical Superficies (by the 13th of this) BC (by 2.“ 
Q. E. D. | dconſeq 
From this Coro//ary it appears that conical Surfaces ha . The 
the fame Properties with Triangles. And ſo it follows, D is to 
Fig.20,21, 2. That the conical Superficies LB AF, QX RI havin 
i. their Sides [B A. QX] equal, are betwixt themſelves 
the Diameters of their Baſes [B F, QR.]J And, 
Fig. 23,24. 3. Thole which have equal Baſes, C F T, AZ B, aH HE 
. i2: betwixt themſelves as their Sides [C F, AZ.] And, equilg 
4. Thoſe conical Superficies [BA F, Q Z R] which a 1 | * 
Fig. 20, 2 1. like, have betwixt themſelves a Proportion duplicate to thi ar ( 
J. 12. Which is betwixt the Diameters of the Baſes. And, 
The 5. All conical Superficics whatſoever have betwixt the | For the 
5 fame {elves a Proportion which is compounded of the Proportio _- tot 
ure. © Vs Mg 2 * 
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{the Sides [B A, QZ] and of the Diameters [BF, Q RJ 
iich are in the Baſes. And, 
6, Thoſe which are equal have their Sides and the Dia- 
eters of the Baſes reciprocally proportional ; and thoſe 
zich have them ſo, are equal. 
All which is demonſtrated from Corollary 1. as above we 
kduced the Corollaries concerning the cylindrical Surface 
Met of the firft Corollary there. | 
7. Laftly, we may meaſure a right conical Surface, if Fig. 25, 
xe multiply the Side FC by half the Circumference of the} 12. 
biſe, As if the Side be of 5 Feet, the Circumference of 
ie Baſe of 20; multiply 5 by 10, and there will ariſe 
o Square Feet for the conical Superficies. The Demon- 
ration is manifeſt from the ſame firſt Corollary, 3 
1 


| {1a af FL, ho: 
PRO P. XIV. Theorem. J 2. fr; 
TH E Superficies of a right Cone is to the Baſe, Fig. 8, 9. 
as the Side (BC) is to (AC) the Radius of this 
jt! Baſe, | 


Between the Side BC and AC, the Radius of the Baſe, 
OL be a mean Proportional. Therefore the Proportion 
{BC to AC, is duplicate to the Proportion of O L to 
\C (Dein. 10.1. 5.) Now (by the 13th of this) a Circle 
the Radius OL is equal to the conical Snperficies C B D. 
Bat the Proportion of this to A CG, the Bale of the Cone 
k (by 2. J. 12.) duplicate to the Proportion of OL to AC; 
nd conſequently is the ſame with the Proportion of BC to 
C. Therefore the Proportion of the conical Superficies 


acbb is to the Baſe A C G, as BCisto A C. C. F. D. 
havin | | | 1. 1 
my = | Corollaries. 


B, 2H E Superficies of à right Cone produced by an Fig. 27. 
equilateral Triangle turned about the Perpend i- 
| Wilar (X A) is double to the Baſe (D T.) 


For the Side K B is equal to B D, and conſequently 
wble to the half of it A B, which is the Radius of the 


ale, 
2. The 


out. 1 
S 


— 
—— a or ne n- 
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Fig. 24 · 


Fig. 24. 


equal; and conſequently B D is the Diameter of the Squa 


lar AB (by 26. J. 1.) bites ED. From which, and th 
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; E parallel 
1 5 et C F be 

2. The Superficies of a Cone produced by a rigHH v, it i 
angled equicrural Triangle (E BD) is to the HH, 1. 
as in a Square the Diameter is to the Side. ng 
| prove the 

e Acctangl 
| to the Re 
D, But t 
N A, Q 
„ that u 
| that unc 
u under. B 
d eonſequ. 


il to BN 


For the Perpendicular B A being drawn, the right Ang! 
B (by 26. J. 1.) is biſected, and conſequently ABD 
half right, But ADB is alſo an half right Angle (by ( 
rol. 11. p. 32. J. 1.) Therefore DA, BA, are (by 6. 1 


AK, whereof AD is the Side. Now the ſame AÞ 
the Semi- diameter of the Baſe PT, ſeeing the Perpendicy 


Fourteenth, the Corollary is manitett, 


3. The Superficies of the right Cylinder ( K 
is to the Superficies of the right Cone (G BN 1 
as the Side of the Cylinder is to ha the Side 
[ 

the Cone. T we Rad? 
For the Superficies of the Cone, G BN, is to the Bi 'N . 
MI, as the Side BN is to QN, the Semi- diameter of ii. / th 
\ Baſe (by the 14th of this) that is, as half the Side BN Wia/ Sir 
to the fourth Part of the Diameter G N. But the Bas g. V 

M I (by the 12th of this) is to the Superficies of the C 35 
linder G K, as the fourth Part of the Diameter is to NR le G F b 
the Side of the Cylinder. By Equality of Proporta x 5 | 
therefore the conical Superficies G BN is to the cylindrica, 1 ; 

Superficies G K, as half the side of the Cone is to VIA wi 
the Side of the Cylinder. O. E. B. E 
22 other to 1 

| | | the Lem 
A Lemma to what follows. | the Res 

| | | | | > B 
'N a Triangle, as NP V, let there be dravn QD p 13 
I rallel to NV. : 5 = al 

I fay, that the Rectangle under PN and NV is equal! 1 07 0 
the Rectangle under PQ, Q D, together with the Re dectangle 
angle under NQ, and the two NV, QO put together Nd K. * 
Draw N A perpendicular to the Side NP, and equal 'Gh;.. QN 
NV; and the Rectangle N O being completed, let thi, / 6.) 


Diameter PA be drawn, Then from Q let there be Wo | 
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x parallel to NA, which may cut PA in B. Through 
et C F be drawn parallel to NP, Becaule A N 1s equal 
gh NV, it is maniteft that Q B alſo is equal to Q D, (from 
rv 1. P. 4. J 6.) Therefore the Rectangle ON is 
e Rectangle P NV, and FQ is PQ D. It remains, that 
prove that the Rectangles O B, E. C, BN, are equal to 
Rectangle under NO, and the two NA, BQ; that 
to the Rectangle under NQ, and the two Lines NV, 
b. But that is maniicft; for the Rectangle under N Q_ 
NA, Q B is equal (per 1. J. 2.) to theſe three Rectan- 
„ that under NQ and CA (that is, the Space EC) 


ng! 


* | that under NQ and NC (that is, the Space B N) and. 
dl under. NQ and Q B, that is again the Space B N, 
* {conſequently the Space OB, which (per 43. J. 1.) is 


al to BN, The Propoſition therefore is maniſeſt. 
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T 

WF right Cone be cut by the Plane © S B, paral-s; 
il 0 Z O; I jay, that the Circle GH M 
ue Radius & H is a Mean betwixt Part of the 
N,, and . D, NV taken together, the Ra- 
of f the Circles ©, SB, VZO, is equal to the 
BN Wa! Sr face intercepted betwixt the parallel Circles 


e Ba | 
ie C B, NZ O. 
) NN 
zortio 
1drici 


2 NK 


let G F be the Mean betwixt PNand NV. Likewiſe 
GK be the Mean betwixt PQ and Q D; and let there 
leſeribed the Circles G FL, GK T. This (by the 13th 
this) will be equal to the conic Superficies Q P B. and 
other to the Superficies NO P. The Rectangle PNV 
the Lemma) is equal to the Rectangle b Q D, together 
the Rectangle under NQ and N VQ D, taken toge- 
f. But becauſe (b, the Conſtruction) G F is a mean 
portional betwixt PN, NV; the Rectangle PN Vis. 
alto the Square of G F (by 17. J. 6.) And becanic 
qual Mx! (by the Conſtruction) a Mean betwixt PO, Q D, 
e Red dectangle (by 17. J. 6.) PQ is equal to the Square 
ether e K: And becauſe G H, by the Hypotheſis, is a Mean 
qual Mit Q N and QD, NV taken together, the Rectangle 


let 117, / 6.) under QN, and QD, NV, taken together, 
> draw p is 


Q 


D pa 


a — ola tv ag 
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Fig. 13, 


i qual to the Square of G H. Therefore the Square; 


Fip. 13. 
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nes (by t. 
nt B A, 
erefore ( 


G F is alſo equal to the Square of G H, and to that 0 
G K. Therefore ſeeing Circles are betwixt themſelves ſb 
2. J. 12.) as the Square of the Radius's, the Circle GL HCN, N 
will alſo be equal to the two Circles G K T, G H M take / 6.) as 

together. But (by the 13th of this) the Circle GLH K L, ſ 
equal to the conical Superficies NP O. Therefore the eo M to M 
cal Superfices NP O is alto equal to the two Circles GK Wd as DC 
and GH M. Fut QP R, one Part of the Superfci./. 5.) as 
NP O, is (by the ſame) equal to the Circle GK Waiſtgquent: 
Therefore the remaining Part, which is comprehended HG, DO, 
twixt the parallel Circles ZZ, SS, is equal to the Ci ) arc to 
G HM. Q. E. D. 0, O E, 

) as B K 
e togeth 
retore ( 
10 and a 
fr, is eque 
I. D an 


A Lemma to what follows. 


IGHT Lines (B H, CG) which in the Circle interce 
equal Arches (B C, H G) are parallel. 
For let C H be drawn. Becauſe the Arches BC, H 


are, by the Hypotheſis, equal; the alternate Angles allo PF 1 
29.1.3.) BHC, G CH, will be equal. Therefore ET 5 
28. J. 1.) BH, and C G are parallel, Q. E. D. Ne 
PROP. XVI. Theorem. ES 

: L & PAAh X XIE. © i . 

T, ET there be inſcribed in a Circle a reg” © 
Figure of an even Number of Sides, and , whe 

zt be 3 let E B be drawn from the U 55 4 
tremity of the Diameter unto B, the End of tue q F O, Pe 
next to the Diameter: and let the right Lines Þ * Seg 125 
CG, D F, join the Angles which are equal) dil one Si 
from A. 9 Lune. 
T ſay, that the Reftangle con 1a under the! half the 
ameter A E, and the Subtenſe E B, is equal t Demonſtir 


Rectangle of one Side of the inſeribed Figure AB 7 
B C, Cc. and of all the joining Lines B H, Arr tere! 
D F, taken together. a regular 
| lumber Fo 
remaining 
der with t 


Draw CH, DG: Becauſe BH, CG, DPF interceÞ: 
26. / 3.) equal Arches BC, HG; CD, GP, f 


r —— — A —8 


e 0 
It 0 
$(h 
V 
take 
. 
col 
i K 
rfici 
K 
ed 0 
Circ 
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nes (by the Lemma) will be parallel. By the ſame Argn- 
nt B A, CH, DG, E F, are parallel. All the Triangle; 
ercfore (by 27, and 15. 1. 1.) BAK, KHL, LCM; 
80 NDO, OF E, are Equi- angular. I herefore (by 
|, b.) as B K is to K A, o is HK to K L; and as H K 
o K L, fois C M to ML; and as C M is to ML, fois 
Mto MN; and as G Mis to MN, ſo is DO to ON; 
das D O is to ON, ſo is FO to OE. Therefore (by 
J 5.) as one of the Antecedents B K, is to one of the 
nlequents K A; ſo all the Antecedents BK, K H, CM. 
6, DO, O F, (that is, all the joining Lincs B H, & G; 
F) are to all the Conſequents A K, K L, L M, MN. 
0, O E, (that is, to the Diameter A E.) But (by 8. 
Jas B K is to A K, ſo is EB to BA. Therefore as all 
e together BH, CG, DF, are to A E, ſo is E B to BA. 
refore (by 16. 4. 6) the Rectangle under B A on one 
t, and all the joining Lines BH, C G, D F, on the 
tr, is equal to the Rectangle w hich i is under A E and E B, 
I. D. ö 


PROP. XVII. | 
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xxl 


4 A £3 44 
T heorem. An. 


ET there be inſcribed in DAF a Segment of Fir. 14. 
a Circle, whoſe Baſe DF is perpendicular to 
Diameter AO E, a Figure equilateral, and 
m even Number of Sides; and let there be 
mp, 4s in the foregoing, the Line E B. 

ſay, that the Rectang e comprehended under E B 
JO, part of the Diameter, wh.ch is the Axis 
the Segment ; 1s equal to the Reclangle, which is 
one Side of the inſcribed Figure, and all the 
ig Lines BH, CG, Cc. taken rogether with | 
U half the Baſe 'DF. ha : 


Demonſtration i is the ſame with that of the foregoing. 


Lemms 1. to what follows. 


ET there be inſcribed in the greateſt Circle of a Sphere Fig. 13. 
a regular Figure, which bath its Sides meaſured by — 

number Four; and ftands about the Axis AE; which 
remaining unmov'd, let the Circle be turn'd round 

er with the Fignee 


P 2 1 ſay, 


[FT LF. 


0 
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this a Figure having all the Sides equal, the Baſe excep 


Tag th v/ 0 INN PR OP. XVIII. Theorem. 


all the conical Surfaces inſcribed in the Sphere. 


ArxcuiMEDES's Theorems, 
I ſay, that there will be inſcribed in the Jars a Br 


contain'd under conical Superficies. M, toge 


It is manileſt (ice Den. 2. 1 12.) that B A, H A, HM Bund ot ( 
wiſe DE, EF, deicribe entire Superficies of right Co and I 
Then, becauſe the Lines C B, GH, and G P, CD, bee taken 
produced, do concur on both Sides in the ſame Point of Moder A B 
Diameter A E, which is in like manner to be drawn Meether . 
and cuts the joining Lines perpendicularly : It is allo mz pothelis 
feſt that the ſaid Lines C B, G H, c. do deſcribe pati equal t 


right conical Suriaces which are intercepted betwixt the {WC and th 


rallel Circles, which the Tops of the Angles B „C, D, dee Comp: 


in the Spherical Superficies. 01 at 4 
Qa A 
Lemma 2. 3 


M., D Q 
mares th 
the abov 
ay He we 
ples. it n 
gether. 8 
emlelves: 
nbed of t] 
gether wh 


ET DAF be the greateſt Section of a Segment! 
Sphere whole Axis is AO. Let there be inſcribe 


and let it be turn'd round about the Axis A O. 
I fay, that a Body contain'd under conical Supei 
will be inſcribed in the Spherical Segment. 
This is proved as the foregoing Lemma, 


13. £; ET tle ſame Things be ſuppoſed which wo 8 ” 
the firſt Lemma: and let the right Line (Wee: A B. 

be drann from the Extremity of the Diameter N portiona 
the End of the Side next to the Diameter. bY ol th 

I /ay, that a Circle, the Square of whoſe Ri age 

(J) is equal to the Rectangle AE B, contained ih is int; 

the Diameter A E, and the Subtenſe E B, is equ = 

dine Col 


t Circle oj 
That is a Circle whoſe Radius (I) is a mean Proporii Surface, 
betwixt AE and EB. e Diam 
Biecauſe the right Lines BH, C G, D F, are equal m the Ra, 
right Lines B K, CM, DO, taken twice, (by Ie Spher 
the Rectangle ander one Side of the Figure inſcribed! P 
greateſt Circle, (to wit, under A B, or B C, or C.! ET + 
DE) and under all the joining Lines together, B H, E + 7 

D F, is equal to the Rectangle under A B and B K, toy % T he 
U be ar 


with that which is under B C and the Compound of B 
4 E) 


Meter. 


ArxcurtmiDEs's Theorems, 


M, together with that which is under Cb and the Com- 
ound ot C M and DO, together with that which is under 
E and DO; for fo each ot the Lines BK, CMand DO, 
e taken twice. But (by the 16th of this) the Rectangle 
nder A B and all the joining Lines B H, C G, DF, taken 
gether, is equal to the Rectangle AEB; that is, by the 
ſpothelis, to the Square of I. Therefore the Square of 
$ equal to the Rectangles under AB and B K, and under 
C and the Compound of BK and C M, under C D and 
be Compound of C Mand D O, and under D E and DO. 
ow let P be a mean Proportional betwixt A Band B K, 
dQ a Mran betwixt BC and the Compound of B K and 


„ bi 


of 
VI ( 
) ma 
Part: 
the 
del 


M, DO; 8, a Mean betwixt D E and D O. The 
wares thereof of P, Q, R, 8, (by 17. J. 6.) are equal 


ent ( 


dy ſhewed the Square of I to be equal to the ſame Rec- 
ples. it muſt alſo be equal to the Squares of P, Q, R, S, 
gether. Seeing therefore (by 2. J. 12.) Circlesare betwixt 
kmielves as the Squares of their Radius's ; the Circle de- 
bed of the Radius I, will alto be equal to all the Circles 
zether whoſe Radius's are P, Q, R, 8, as is manifeſt from 


We 
ye ( 
eter 


t 13th of this) equal to the conical Superficies which the 


portional betwixt A B the Side of the Cone, and BK the 
ius of the Baſe; and S is a mean Proportional betwixt 


N D and DO; and the Circle of the Radius Q is (by the 


Ned 
5 £qu 
yt. 


Kh is intercepted betwixt the two parallel Circles of the 
meters CG, B H, becauſe Q is a Mean betwixt B C 
the Compound of BK, C M: And for the ſame Cauſe 
t Circle of the Radius R is equal to a Segment of a coni- 


roportWourtace, which is intercepted betwixt the parallel Circles 


qual 

wa I, ie Sphere taken all together. Q. E. D. 

ribed | PROP. XIX. Theorem; 

gn ET the ſame Things be ſuppoſed which were 

K, t in the ſecond Lemma, and let the right Line 

1 of BY be drann from the Extremity of the Diaime— 
(4E) to the End of AB, the Side next to the 
Meter. | PS | 1 jay, 


M; and Ra Mean betwixt C D and the Compound of 


the aboveſaid Rectangles. Wheretore ſeeing I have al- 


, 6. But the Circles of the Radius's P and 8, are (by 


ies A B, ED, have produced; foraſmuch as P is a mean 


c 0: this) equal to that Segment of a conical Superficies 


e Diameters CG, DF Therefore the Circle deſcribed. 
m the Radius I, is equal to the conical Surfaces inſcribed 
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Fig. 15. 


Fig. 17. 


Ax chiuEDES's Theorems, 7p 
18 


Mo ſay, that a Circle, whoſe Radius is a nM ſuregoin 
Proportional betwixt (E B) and (AO) the Ax 
of the Segment, is equa! to all the conical Superfly , 
inſcribed in the ſpherical Segment DA F. [ 1 bob 
| | | 50 
The Demonſtration is altogether theſ ame with that of iii 7 Na. 
foregoing; only for Propoſition 16. let Propoſition 15. be cit rann 
PROF. XR. Theorem. End F 


(,ONICAL Superficies inſcribed in a Sphere, J 4/1 tt 
at length end in the Superfictes of the Sphere. I/ 
. Wit eng. 


Let there be given a Superiicies as ſmall as you will, 2M: . 
Diamete 


Tt is manifeft that within the ſpherical Superficies ACE( 
there may be given tome other Concentrical thereto, whi 


falls ſhort of this by a Quantity leſs than X. Let ACE For if 
DPLM, he the the greateſt Circle of both, as cut witMyreateſt C 
Plane through the Centre. Let there be drawn the DianMproduce « 
ter ADE, and in D let NQ touch it, If the Arch AAB beco: 
be bilected in C, and again the Remainder be biſected, ¶ ¶onſequet 
ſo on, there will be left at laſt the Arch A B (as is maniMpeter A | 
of itſeli) leſs than the Arch AN. If to this Arch the g m wie: 
Line A B be ſubtended, it is manifeſt, that it will not e IE, B E, 
to the Circumference PD ML, and that it will be a Sid re much 
an Equilateral Figure of an even Number of Sides inſcri , E, whic 
in the Circle CA GE, no Side whereof reacheth unto tſtngth by 
Circumference P DM L. Wherefore if all be turn'd roi Circle alc 
about the Diameter AE, it is manifeſt that there will bel BE, will! 
ſeribed in the exterior ſpherical Surface conical Suri is A E 
which include the ſperical Surface, which is concentrical lat is, wi 
the other. and conſequently, by Axiom 3. of this. are great This, w 
Becauſe therefore the ſpherical Surface DP L M falls ſhqfemouſtra, 
of the ſpherical Surface A CE G, by a Quantity lefs th bu 
the given one &; much more will the conical Suriaces i I 
ſhort of the ſaid ſpherical Surface ACE G by a {wan 
leſs than the given one X, and (by Defin. 6 J. 12.) con was 
quently will end in the Superficies A CEG. 2, E.D. whoſe . 
PROP. XXI. 'Theorem. md the 
CONE AL Superficies inſcribed in a ſpherica' iſ y 


ment D A F, end in the ſpherical ouperficie 
the Segment itſelf. — 3 


— —— 


This may be demonftrated by the ſame Reaſoning as the 
foregoing was. 


PROP. -XXIL Theorem, 


IH was demonſtrated, Prop. 18. that a Circle Fig. 16. 
whoſe Radius is a mean Proportional betwixt the 
Diameter A E, and the right Line E B, which is 
lrawn from the Extremity of the Diameter unto the 
End of the ide A B, next to the Diameter, is equal 
re, 4 the come Superfictes inſcribed in the Sphere. 
re, MW I/, that this Circle ( ſee Def. 6. l. 12.) ends 
i length in a Circle, whoſe Radius is A E, the 
Diameter of the Sphere, Les 


For if more and more Sides be infinitely inſcribed in the 
zreateſt Circle (which then being turn'd round abont A E, 
produce conical Superficies) it is maniteft, that the Side 
AB becomes at length leſs than any given right Line, and 
conſequently that the Subtenſe EB approaches to the Dia- 
eter AE within a Diftance leſs allo than any given one; 
rom whence it comes to paſs that the Difference of thoſe 
AE, B E, becomes likewiſe leſs than any given one. There- 
dre much more ſhall the mean Proportional betwixt A E, 
BE, which is always greater than B E, differ ſrom AE at 
ength by a Defe& leſs than any given one. Therefore the 
Circle alſo whoſe Semi-diameter is a Mean betwixt A E and 
BE, will at lenght differ from a Circle whoſe Semi-diame- 
er is AE, by a Defect leſs than any given one whatſoever, 
lat is, will end (De. 6. J. 12.) in it. Q. E. D. 

This, which is clear enough of itſelf, there is no need to 
emouſtrate more operoſely. | 


PROP. XXIII. Theorem. 


T was demonſtrated, Prop. 19. that a Circle, rig. 17. 
whoſe Radius is a mean Proportional betwixt E B 

ms the Axis of the Segment A O, is equal to all 

the contcal Superficies inſcrived in the ſpherical Por- 
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T ſay, that this Circle ends in a Circle, whoſe Ri 
dius is the right Line A D, drawn from the Verte 
of the Segment unto the Circumference of the Cir 


DF N, which is the Baſe of the Segment. 


For becauſe it now appears from the foregoing Demo 
ſtration that EB doth at length end in AE; it vill alſo! 
manifeſt that the mean Proportional betwixt E B and A 
doth at length end in the mean Proportional betwixt A 
and A O, that is, (by Coroll. 2. p. S. I. 6.) in AD itſel 
It is therefore manifeſt that the Circle alſo whoſe Radius 
a mean Proportional betwixt E B and A O, doth end int 
Circle of the Radius A D. . E. D. 


A Lemma to the following Propoſition, 


TT Þ the Diameter of one Circle be double to the Diamei 
of another, the one Circle will be tour-fold to the oth 
This is manifeſt irom Prop, 2. J. 12, and Defin. 10.1, 


| OLA M RO pP. XXIV. Theorem. 


9 THE Superjicies of every Sphere is four-foid 


Fig. 16. the greateſt Circle of the ſame Sphere. 


This moſt noble Theorem of Archimedes, we ſhall, fro 
what goes betore, expeditiouſly demonſtrate in this manne 

Let an Ordinate Figure, the Sides whereof are meaſure 
by the number Four, be underſtood to be inſcribed in t 
greateſt Circle of a Sphere about the Diameter A E. I. 
this Figure be turn'd round about A E, and fo produce co 
cal Surtaces inſeribed in the ſpherical Surface, and let E 
be drawn. It hath been demonftrated above (18. of thi 
that all conical Surfaces inſcribed in a Sphere are equal tot! 
Circle, the Square of the Radius whereof is equal tot 
Rectangle A E B, that is, whoſe Radius is a mean Prop 
tional berwixt AE and EB. And this will always happe 
although the Inſcription be infinitely continued. Whereſo 
ſeeing the inſerib'd conical Surſaces, (by 20. of this) wil 
length end in the ſpherical Surtace, and the Circle who 


Radius is a Mean betwixt A E and EB, will at length el 


(by 22. of this) in the Circle whoſe Radius is A E; t 
ipherical Surface itſelf alio (by 2, of this) will be eu 
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[emma, te 

He that 
bore uſed 
much {hor 


RON 
bath 
the Geom 
btain'd; | 
of a Sphe 
Diameter. 


| TE at 
ric 


ind it is! 

et! 
ording to 
j 4. As, 
etound t 
ly, 49,0 
90.325,0 


ncal Surfa 


2. The 


erence of 


Kees, A 


it of 7,8 5 
e greate 
urface w. 
X 25, OOo: 
The De 


is for 5 
the Circui 
hat Coro! 


HE: 
(as 1 


i the rig 


ARrcHIMEDES?s Theorems, 


tp the Circle of the Radius A E, that is, by the foregoing 
[;ma, to four times the greateſt Circle ACE G. Q. E. D. 

He that ſhall read Archimedes, will find that the Way 
etre uſed in demonſtrating this moſt noble Theorem, is 
mich ſhorter and clearer than that of Archimedes, 
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Corollary: 


ROM this admirable Theorem, whereby Archimedes 
bath purchas'd to himſelf an immortal Name amongft 
the Geometricians, a Circle equal to a ſpherical Surface is 
tain'd ; that, to wit, whoſe Semi- diameter is the Diameter 
la Sphere, or whoſe Diameter is double to the Sphere's 


Diameter. 
E are now well provided for the meaſuring of a ſphe- 

\ rical Surface, the chief amongſt all Curve ones. 
nd it is perform'd theſe two Ways. 2 

1. Let the greateſt Circle of the Sphere be meaſured, (ac- 
ding to Schol. Prop. b. of this) and let it be multiplied 
4. As, if the greateſt Circle of the Orb of the Earth 
etound to contain 49.075,500 ſquare Miles, or more ex- 
ly, 49,088,250 ſquare Miles, then, according to this, 
96,325,000 ſquare Miles are contain'd in the whole ſphe- 
al Surface, | | 

2. The Diameter of a Sphere multiplied by the Circum- 


Scholium. 
met 
oth 
0. |, 


2 


I, fro 


nanne af 
a ſurWrcnce of the greateſt Circle gives you the ſpherical Super- 
in cies: According to which, if the Earth's Diameter con- 


lit of 7,8 53 Miles, and coniequently the Circumference of 
e greateſt Circle conſiſts of 25,000, the whole ſpherical 
urface will be in the ſame Miles 196,325,000; for 7,85 3 


E. 
CC C0 
et E 


of hig 25,000=1906,325 000. 
1] toll, The Demonſtration appears from Corel. 1. Prop. 5. of 
tos; for a Rectangle under the Diameter of a Sphere, and 


ne Circumference of the greateſt Circle, is according to 


ropo : 1 
hand Wat Corollary four- fold of the greateſt Circle. / * * | 
ere PROP. XXV. Theorem ASME 


) wil 
e wil 
gth en 
E; 4 
e ecu 


HE Surface of any ſpherical Portion whatever E. 17. 
(as DAF) is equal to a Circle, whoſe Radius 
i the right Line (AD) drawn from the Vertex of 

the 


0 Door FI | ' 
Ya 


| 


1 


Sides, the Baſe being {et aſide, be imagin'd to be inſcrib'd i 


perpendicular to the Axis (BG;) each Segment « 
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the Portion to the Circumference of the Circle (Da a 
FN which is the Baſis of the Segment. Ang 


it upon 
proportie 
and H I. 
of this) 
the ſa me 
ment of 
drical Su 
Then 
elindricz 
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betwixt t 
And fr 
Coro 
* cumſcy 


Let a Figure, Equilateral and of an even Number 


the Section of the greateſt Portion about the Axis A O; thi 
Figure being turn'd round about A O, will inſcribe conic 
Surfaces in the Portion. Let the right Line E B be dray 
alſo as above (in 18 and 19 of this.) All the conical Su 
faces now inſcribed are equal {by the 19th of this) to th 
Circle whoſe Radius is a mean Proportional betwixt E Ban 
the Axis of the Segment A O. And this will always hay 
pen if the Inſcription be infinitely continued. Wherefor 
ſeeing both the conical Surfaces inſerib'd in the Segmenten 
at length (by 21. of this) in the ſpherical Surface of th 
Segment, and the Circle whoſe Radius is a Mean betwix 
E Band AO, ends (by 23.) in the Circle of the Radiy 
A D; the ſpherical Surface of the Portion alſo D AF G 
2. will be equal to the Circle of the Radius A D. Q. E. 

This is another of the more noble Inventions of Archin 
des, which, as the former, we have demonſtrated in a muc 
ſhorter and clearer Way, than he did. 


PROP. XXVI. Theorem. 


ALY THE Superficies of a right Cylinder circumſeri/Wbich ;; 
. 


equal to the Surface of the Sphere. 


about the Sphere (as the Cylinder H SV) Manonet 

It follo 
of the {p] 
are equal 
theſe (by 
elves, wt 
Ec. have. 


LE. D. 


And if a Cylinder and Sphere be cut by Plau 


the cylindrical Surface will be equal to each Segme 
of the ſpherical Surface. 


Part I. Becauſe the Side H of the Cylinder is (by ti 
Hypotheſis) equal to PS, the Diameter of the Baſe; th 
cylindrical Surface HS will be (by Coroll. p. 12. of thi 
four-told of the Baſe ; that is, of the greateſt Circle of th 
Sphere inſcrib'd in the Cylinder; of which, ſeeing (by th 
24th of this) the ipherical Surface it ſelf is alſo four-fok 
this will be equal to the cylindrical Surface, 2. E. D. 

Part II. Let the right Lines B O, G O, be drawn. he 
cauſe the Angle BOG (by 31. J. 3.) is right, as being th 
| ng 


RO) 

1 betw 
ome anoth 
rom the 
From t! 

a ipherica 
be Spher, 
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angle in the Semi-circle, and O Calls perpendicular from 
t upon BG, BO (by Coroll 2. f, S. I. 6.) will be a mean 
proportional betwixt G B and B C, that ie; betwixt I T. 
and HI. Therefore the Circle ot the Radius BO (by 11. 
of this) will be equal to the cylindrical zurtace HT. But 
the ame Circle is alſo (by the ioregoing) equal to the Seg- 
ment of the ſpherical Surface O BK. Ihe etore the cylin- 
drical Surface H T, and the ſpherical O E K, are equal. 

Then becauſe it is ſhew'd in the ſame manner that the 
glindrical Surface H X is equal to the ſpherical QB R, 
the remaining cylindrical Surface IX will be equal to the 
remaining ſpherical Surface QO K R, which is intercepte 
betwixt two parallel Circles. | 

And from theſe thePropoſition is manifeſt of all Segments, 

[Corollary. © Hence the Superficies of a Cylinder cir- 
* cumſcrib'd about a Circle is double to the Baſes. ] 


PROP. XXVII. Theorem. 


THE Segments of a ſpherical Surface divided pig, 18. 
by parallel Circles have that Proportion a- | 

mongſt themſelves, which the Segments (B C, C D, 

$D4 AE, EF, FG) of that Diam ter (BG) 

cr10Wpbich is perpendicu/ar to the parailel Circles have 

V) Fononeſt themſelves, 


It follows from the foregoing. For by that the Segments 
of the ſpherical Surface O BK, QOKR, MQRN, Cc. 
ie equal to the cylindrical HT, I X LN, Sc. But 
theſe (by 1 3. / 12.) have the ſame Proportion betwixt them- 
elves, which the Segments of the Axis BC, C D, DA, 
4 c. have. Therefore thoſe alſo have the ſame Proportion. 

E. D. 


| Scholium. 


F ROM hence the Proportion of Zones and Climates 5g. 19. 

I' betwixt themſelves becomes known. For they are to 

me another as the Segments of the Axis, which are known 

tom the Table of Sines. 15 | 
From the ſame alſo we learn to meaſure the Segments of 

a ipherical Surface. For becauſe both the whole Surface of 

lie Sphere is known from Schol. Prop. 24. and the Propor- 

| | | | tion 


236 


: } 
nay 
* 1 
1 
1 
1 
« ; 
3 
5 
4 : 
1 : 
1 
* 
4B 
. [ ; 
4 1 
* 
ot ; 
1 
: 
y W 
1 
3 
* 5 
a} k : 
2 
* 
Fl 
435 \ 
Tk þ 
1 b 
7 
by 
4 
\ : 
1. 


AgcHIMEKDES'Ss Theorem]. 


| | pane leſs 
tion of the Segments, the ſame as that of the Parts of thMW:l0vgh 


of themſe 


Axis, is alſo given; it is manifeſt that each of the SegmensM* 
tor grant. 


become known. 


Now both the foregoing, and all the reſt of the Theorem The Pe 
which follow, are altogether ſingular and admirable, ang be comn 
| well worthy that thoſe who are ſtudious of Geometry ſhouldWii* Ba les 
give all Diligence to underſtand them. 0 * 
| | trom the 
A Lemma to the following. re (by t! 
155 planes; t 
* R a Plane (Q N) touch a Sphere in (O) a right Line af the Pe 
Fig. 19. 1 (AO) from the Center to the Contact, is perpendiculaſi kadius of 
to the Plane. | - poſed equ 
Let Q N, the touching Plane and the Sphere, be cur there 
through the Contact with two Planes, which in the SpherdWic alſo equ 
may produce the Circles OG, OD, but in the Plane Oc) 6. /. 
the right Lines CO, IO, which ſhall touch the Circles inMyhole Po 
O. Therefore by 18. J. 3. AO is perpendicular to boi te ſame 
10 and CO, and conſequently by 4. J. 11. perpendicua e Sphe. 
; to the Pane ON. Q E. D.. id Angle 
bf j A: 2 | | equal to 
Eg. ac, 22. L VERY Sphere is equal to a Cone (Z O) wii 3 
21 Altitude (K O) is equal to the Radius of iS M 1 ſaid 
Sphere; and the Baſe (Z) equal to the Superfih & N) as 
of the Sphere. 5 5 5 | the Sphe 
EE D. 
Let ſome Polyedral Body be underſtood to be circum But th 
ſcribed about the Sphere, and let the ſolid Angles thereof The Sur 
be cut off by new Planes touching the Sphere. Which bein Sphere, 
done, there will ariſe another Polyedral Body containing th X of the 
Sphere, but leſs than the former, and conſiſting of morgurtaces 
Angles, and having a Surface compounded of moreTangenFZ © is, | 


Planes in Number, but leſs in Magnitude. If the {ol Sphere; 
Angle of this Polyedrum be again cut off by new TangenWand con 
Planes, and the Angles of the third Polyedrum thence ariſinꝗ Cone, w 


| likewiſe, and fo on for ever; it will come to paſs at lengil Coro/!. 
that both the Polyedrum will exceed the Sphere by a Soliq; tie Pyray 
leſs than any given one whatſoever; and the Surface thereoY} The D 
compounded of Tangent Planes (which, as I (aid, are eniYaltoget 
leſly leſs in Magnitude, and more and more in Number tha which in 
they were before) will exceed the ſpherical Surface alto — 
| Plaue 


—ů onong =» 2-1 ny AG: 99>" 
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anc leſs than any given one whatever, Both which Things 
|:hough they might be demonſtrated, yet becauſe they are 
i themſelves manifeſt enough, I ſhall for Brevity-ſake take 
for granted. Theſe Things being thus ftated, we proceed. 

The Polyedrum now defin'd is compounded of Pyramids, 
the common Top whereof is the Center of the Sphere, and 
the Baſes are Tangent Planes, which conſtitute the Surface 
of the Polyedrum. And becauſe the right Lines drawn 
from the Center A unto the Contacts of each of the Planes, 
ire (by the foregoing Lemma) perpendicular to each of the 
planes; therefore the Height of all the Pyramids, where- 
of the Polyedrum conſiſts, will be equal; to wit, A B the 
zadius of the Sphere. If therefore the Plane X be ſup- 
poſed equal to the Surſace of the Polyedrum itſelf, and upon 


z alſo equal to the Radius of the Sphere AB; it is manifeſt 
(by 6. J. 12.) that all the aboveſaid Pyramids, that is, the 
whole Polyedrum are equal to the Pyramid X N. Afﬀeer 
the ſame manner all the reſt of the Polyedrums containing 
the Sphere, which from the perpetual Abſciſſion of the ſo- 
id Angles will ariſe one after another infinitely, are always 
equal to the Pyramids (repreſented by X N) the Altitudes 
whereof MN are the Radius of the Sphere; but the Baſes 
equal to the Surtaces of Polyedrums encompaſſing the 
Eiphere, Wherefore ſeeing at length both the Polyedrums 
s I ſaid above) do end in a Sphere, and the Pyramids 
(XN) as I will ſhew by and by, do end in the Cone Z O; 


the Sphere alſo (by 1. of this) will be equal to the Cone, 


it there be erected a Pyramid at the Height MN, which 


EE D. | 

cum But that the Pyramids X N end in a Cone I thus ſhew : 
hereo The Surfaces of Polyedrums end in the Surface of the 
being Sphere, as it was taken for granted above. But the Baſes 
ng tha X of the Pyramids XN, are always ſuppos'd equal to the 
mor surfaces of the Polyedrums ; and Z the Baſe of the Cone, 
angenſ 2 © is, by the Hypotheſis, equal to the Surface of the 
e (oli sphere; therfore the Baſes X alſo will end in the Baſe Z; 
angenſſ and conſequently ſeeing the Pyramids XN to be to the 
ariſinq Cone, which, by the Hypotheſis, is of equal Height (by 
engilY Coroll. Prop. 11. J. 12.) as the Baſe X is to the Bale Z, 
a Sol the Pyramids alſo will end in the Cone. . 
thereof The Demonſtration of this Propoſition and the following, 
re end altogether diverle from that which Archimedes made ule of, 
er tha vhich indeed is very ſubtil and ingenious, but prolix and 
[to by f | dithcult ; 


Plaue 
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difficult ; to which there are premiſed two Poſitions that 
|| are manifeſt, and eleven Propoſitions, beſides others, not; 
9 few, on which they depend. But the Theorem itſelf 3 
propounded by Archimedes, is thus; Every Sphere is four. 


planes 
CG, is 
Ius. Le 


told of a Cone, which hath a Baſe equal to the greateſ - 855 
| Circle of the Sphere, and its Altityde equal to the Radins, , ee 
| t Scholium. 2 452 
il ROM this noble Theorem is deduced the Menſuration rater th 
1 of the moſt noble of ſolid Figures. For if the fixth Then le 
| Part of the Diameter, or the third Part of the Semi-diame: dere. B 
| ter be multiplied by the Surface of the Sphere, alreadi nal to a 
known by Schl. Prop. 24. there will ariſe the Solidity of id its Ba 
the Sphere. | 8 8 ny Cox 
Suppoſe the Superficies of the Earth be found to containiſ 1 eqn⸗ 
196,325,000 ſquare Miles, and let the third Part of th: . . 
Semi- diameter conſiſt of 1309 ſuch Miles. Multiply the hich 1s le 
two Numbers together, the Product 256,989,4 25, % ene, wh. 
will be the Number of the cubic Miles of the Earth's $0- x . ab 
lidity, | 
For ſeeing a Sphere (by this Prop.) is equal to a Cone ble the re 
whoſe Altitude is the Radius of the Sphere, and its Baſe 
the Surface of the ſame Sphere, and the Solidity of the 
Cone (by Schl. Prop. 6. of this) is produced from the third : 
Part of the Altitude (that is, of the Radius of the Sphere) EEING 
multiplied by the Baſe (that is, the Surface of the Sphere) ) to the 
the Sphere's Solidity alſo is obtain'd from the third Part G equ 
the Radius multiplied into the Superficies. : ECG, 


' 1 A A | ititade is 
eo. alu PROP. XXIX. Theorem. oor the 
Mo : E VERY Sedlor of the Sphere is equal to a Cont, 

* whoſe Altitude is the Radius of the Sphere, aul 


| the Baſe the ſpherical Superficies of the Sector. | 12 V 

| | Sector 
, | Firſt, let the Sector A EC G be leſs than an Hemiſphere. hom Sch / 
1 Let a right lind polyedral Body be underſtood to be circum- Ius be mu 

ft ſcrib'd about the Sector. Now, if all the remaining Rati0-Which is al 

. cination be carried on after the ſame manner as was done n ircle of th 
| the foregoing, the Thing ſought will be concluded in the Ene E a 
Þ# ſame manner. This Thing alone will require to be ſhew'd, ector, if it 

; | npon which indeed the whole Reaſoning depends; to wit, it be gre, 


that the Superficies of the Polyedrurp, which is W 
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s tha planes on every Side, touching the Surface of the Sphere 
not G, is greater than the Surface ECG. Which is done 
If, a us, Let another equal and like Surface be conceiv'd to 
tour, {et to the Surface ECG encompaſsd with touching Planes 
eatelW the very ſame manner as the other is. There will now 


Axiom 3. of this) the whole Surface compounded of 
lanes, be greater than the whole ſpherical Surface. There- 
re half the Surface compounded of Planes will allo be 
ater than half the ſpherical Surface E CG. 

Then let the Sector A E B G, be greater than an Hemi- 
ere. Both Sectors taken together, are (by the foregoing) 
wal to a Cone whoſe Height is the Radius of the Sphere, 
id its Baſes the whole Superficies; that is, (by 11. J. 12.) 
two Cones, which have the ſame Height, but have their 
les equal to the Segments of the ſpherical Superficies 
CG, EBG. But one of the Sectors AE CG, that 


q ch 15 leſs than an Hemiſphere, 18 by part J. equal to a 
one, whoſe Altitude is the Radius, and its Baſe the Sur- 
s 90. ECG. Therefore the other Sector EA BG, is equal 


the other Cone whoſe Height is the Radius, and its 


Cone de the remaining ſpherical Surface EBG. C E. V. 
Baſe | | 

f the Corollary. 

third | 


her EEING (by 25. of this) the Superficies EC G is equal 
) to the Circle of the Radins C G, and the Superficies 
BG equal to the Circle of the Radius BG; the Sectors 
ECG, and AEBG, will be equal to Cones, whoſe 
Ititade is the Radius of the Sphere, and their Baſes, Cir- 
es of the Radius's C G and BG. | | 


 Scholium. 


Sectors and Segments of Spheres ; of Sectors (as appears 
om Schol, Prop. 6. of this) if the third Part of the Ra- 
; us be multiplied by the ſpherical Surface of the Sectors, 
lich is already known from Schol. Prop. 27. or by the 
Ircle of the Radius C G or BG; and of Segments, if the 


eu Webor, if it be lets than an Hemiſphere; but added theretoy | 
uu it be greater, | 5 
nded | | The 


ROM theſe Things is deduced the meaſuring both of Fig, 23. 


one E A G be meaſured, and be taken away from the 
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- the other Line K N. 


J .o let the Altitude O B of the other Segment | 
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Fig. 18, The Segment (M QR N) which lies betwixt two Circle | 
whether parallel or not parallel, is meaſured ;. if the S % I. T 
ments QB Rand MB N already known, be ſubftracie}Wre O N 
one out of the other. we equa 
PROP. XXX. Theorem. oh 
„ „ there 
Fig. 23. AN Hemiſphere (E OB D) is double to | 3. 77 
Cone (E B D) which bath the ſame BHT G 5 

and Altitude with ſelf. | brment 

The Cone, whoſe Baſis is the Hemiſpherical Superfici hd in 

E OB D, and its Altitude the Radius A B, is to the Conf Fart I. 
E B D (by 11. J. 12.) as Baſe is to Baſe; that i is, as the h@rough tl 

miſpherical Surface E OB D, is to the greateſt Circle P ere the 

Therefore ſeeing the hemiſpherical Superficies EO BDHCiangles 

double to the greateff Circle (by 24 of this) the Cone alt is (by 

which hath the Superficies EO B D for its Baſe, and iB (by 

Radius A B for its Altitude, is double to the Cone EB Mole in t 

But (by 28. ot this) the Hemiſphere is equal to a Coifiiſcauſe th 

which hath the Radius for its Altitude, and the hemiſphi m the r 

i rical Sup: rficies for its Baſe. Therefore the Hemiſphere I will be 
1 alto double to the Cone E BD. Q. E. D. e duplics 
„ te Propo 
| Ard &) 4 IL PRO P. XXXI. Theorem. 0 by Go 
1 NG FE T a Sphere be divided into two Segmen 3 1 
er 1B 05 IS K G, by the Plane 1 9) Gfkss tot 
| BIA which doth not paſs through the Center A; als, DB 
( let the Diameter B O K te perpendicular to if 85 | 
cutting Plane. 4 g 5 

As the Altitude O B of the Segment, I L Wlicate t. 

, is to the Radius of the Sphere A B; ſo . J 12 


O K, the Altitude of the other Segment, be ma ut þ 
» AS Te 


: ins IO. 
In like manner, as O K, the Altitude of Mi for the 


Segment IS K G, is to the Radius A K or A FCircle 
bs. 61 
Wins BI; 

tor AI! 
ied, as v 


A, and t 


ſnade to the other Line B D. Which That 
being ſuppoſed, 1 ſay, 1 
| . 


* 
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1. The Cones ING and I D G whoſe Attitudes 
mw ON, OD, and 19D GT, their common Baſe, 
we equal to the ſpherical Segments. 5 


2. Jhere is the ſame Proportion of the Segments 
there is of the right Lines DO, NO. 

3. The Segment IS KG is to the greateſt Cone 
IG inſcribed in it, as M O is to K O; and the 
nent ILB G is to the greateſt Cone I B G in- 
4 in it, as D O is to BO. 

Fart I, Let the Sphere and Cones be cut by a Plane 
ough the Diameter B K. There will be produced in the 


pere the greateſt Circle BLK G, and in the Cones the 
B D langles BIG, IK G. And becauſe B O K, the Diame- 
ie alis (by the Hypotheſis) perpendicular to the Circle QT, 
nd 180 B (by Def. 3. J. 11.) will be a right Angle. The 
E B Higle in the Semi-circle is alſo a right one (by 31./. z.) 
| Colfcauſe therefore in the Triangle B I K, there is drawn 
nilphMWÞm the right Angle, I O perpendicular to the Baſe B K; 
here L will be to 1 O, as (by 8. . 6.) B K to K I. Therefore 


e duplicate Proportion of BI to I O is equal to the dupli- 
te Proportion of BK to K I; that is, (becauſe B K, K I, 


the Proportion of BK to K O. 
Then becauſe OB is (by the Hypotheſis) to B D, as 
) Cris to the Radius AB; by Inverſion it will be always 
; as, U B is to B O, as ABtoOK; and by Permutation 
% PB is to BA, as BO to OK; and by compounding 
s, D A is to BA, as B K is to OK. Becauſe therefore 
IL plicate to the Proportion of BI to TI O, and conſequently 
fo 2. . 12.) equal to the Proportion betwixt the Circles 
e madrid by the Radius's BI, IO; DA will alſo be to 
A, as the Circle of the Radius B I, to the Circle of the 
ins 10. Therefore the Cone under the Altitude D A, 
of [id for the Baſe, the Circle of the Radius I O; that is, 
or A WCircle Q, is equal to the Cone under the Altitude B A 
nent s. 12.) which hath for its Baſe the Circle of the 
Thin Wins BL; that is, (by Corel. 29. of this) the ſpherical 
Wor AIBG. Wherefore if the ſame Cone I A G be 
ed, as well to the Sector A I BG, as to the Cone under 
h and the Circle QT, the Wholes will be equal, to wit, 
Q the 


1. 
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0 by Coroll. 2. p. 8. J. 6. are three Proportionals) equal 


ave already ſnew'd the Proportion of B K to O K, to be 


- — cmd : gh —— — 3 — 1 


Iig. 24. 
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the ſpherical Segment IL BG, will be equal to two Cone, Wiſe MI 
whereof one is that which is under the Baſe AQ and the bat is, t 
Altitude D A. and the other 1 G is under the {ame BA of t! 
QT, and the Altitude O A, But theſe two Cones (by che Sp 
J. 12. make up the Cone IDG. Therefore the Segment id of the 
ILBG will be equal to the Cone IDG. 2. E. D. the C) 
By the ſame Reaſoning, the Segment IS K G will t 4, o. 
equal to the Cone I N G, with this only Change, that ti Thereti 
Cone I A G, which before was added, be now iaken awayMaperficie 
Part II. This is manifeſt ont of the firft. For the Cone to 2. 

IDG and IN Gare betwixt themſelves (by p. 14. 1, 12. 
as are DO and NO. Therefore the Segments allo I LBG is an 
IS K G, equal to thoſe Cones, are betwixt themielves, 1 upon th 
the right Lines DO, NO. bh Cylin 
Part III. This likewiſe is maniſeſt from? the firſt. Fo many ot 
the Cone I D G is to the Cone I BG, (by the,tame) as DWhere ple: 
is to BO. Therefore the Segment allo I LBE G, which ss one ar 
equal to the Cone 1 DG, is to the Cone IB G, as DOM of the 
to BO, | | | mftrated 
Scholium. | e Surface 
ROM the firſt Part of this Propoſition there ariſes anqcks and 
ther Way of Meaſuring ſpherical Segments, and that {us Exan 
very ealy one; if, to wit, the Cones I DG, ING, Sphere 
meaſured ; which will be done, if the third Parts of i a righ 
Tight Lines DO, N O be drawn into the Circle QI. 3 

E . P | Solidi 

110 , V PROP. XXXII. Theorem. 3 


4 Right Cylinder (G K) is both in Solidity and! 2 9a 4 
whole Superficies to the Sp ere about which i "rk 
circuimſcribd, as 3 to 2. 


Ker, is cc 
wateral 
ungs, wit 
vonder 
ul ſubjoin 


Let BQ be the common Axis of the Sphere and Cyiil 
der, and EB D the greateſt Cone inſerib'd in the Hemiipi 
EO B D. Becaule the Cylinder E K (half of GK) is 
10. J. 12) triple to the Cone E B D, while the Hemiſpbe P} 
is double to the ſame Cone, (by 30. of this) it is maniß 
that the Cylinder E K is to the Hemiſphere as 3 to HE $; 
Thercfore alſo the whele Cylinder G K, is to the wit Superfy 
Sphere QE B D, as 3 to 2. Which was the firſt Part. e Soho 

Then becauſe the Side of the Cylinder K N is equal Per 
G N the Diameter of the Baſe, its Superticies without! Let AK 1 
Bates will be four-fold (by Cerell. p. 12. of this) 2 Sphere, 


- 
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ne Wiſe MI, and conſequently taken together with the Baſes, 
he hat is, the whole Superficies of the Cylinder, will be ſix- 
Zac of the Baſe MI, which is equal to the greateſt Circle 
11M the Sphere. But the Superficies of the Sphere is four- 
nent ad of that greateſt Circle. Therefore the whole Superficies 
the Cylinder G K is to the Superficies of the Sphere, as 
| b4ſWto 4, or as 3 to 2. Which was the other Part. 
t the Therefore a Cylinder is both in Solidity and the whole 
Wa perficies to the Sphere, about which it is circumſcrib'd, 


one; to 2. Q. E. D. 

12 Scholium. 

Boris an Argument what a great Value Archimedes puts 
5, ll upon this Theorem, that he would have a Sphere inſerib'd 
za Cylinder ſet upon his Tomb. And perhaps amongft 
many other famous Diſcoveries, this chiefly and above all 
hers pleas'd him for this Reaſon, to wit, becaufe there 
s one and the ſame rational Proportion both of Bodies, 
1d of the Surfaces which contain them. We have de- 
mftrated a like Identity of Affection betwixt Rings, and 
c Surfaces of Rings, in the Fourth Book of our Cy lin- 
eg andWcks and Annularies, Prop. 13, 14, 15. And another ia- 
us Example of the {ame hath alto offer'd itfelt to me in 
e Sphere itſelf. For I have found, that like as a Sphere 
oa right Cylinder which encompaſſeth it (which will ne- 
arily be Equilateral) as 2 is to 3, and this both in reſpect 


Fo 
5 D. 
nich! 


DV 


ulateral Cone encompalling it, that Proportion which 4 
ch to 9; and this both in regard of Solidity and Super- 


C2798 11 \ 
251 es. From which this alſo follows, That the ſeſquialte- 


ich it 
er, is contained in three Solids, Sphere, Cylinder and 
5 uilateral Cone. The Demonſtration of both which 
d Cyin ungs, with ſome other 'Theorems of my own, in which 
mülpleß wondertul Nature of the Sphere will more appear, I 
) 5 Wl ſubjoin in the thirteen following Propoſitions. 


nv PROP. XXXIII. Theorem. 


mani 


s 3 t0 HE Superficies of a Sphere is double to the , 5 
he wall Superficzes of a ſquare Cylinder inſcrib'd in the &. . 


C Part. Ne Sphere. | 


$ equal EASY 

irhout let AK L be the Square inſcrib'd in the greateſt Circle 
is) of here, from which turn'd round, there is deſcribed a 
— . N quatre 
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Schdity and Surface; fo likewiſe the Sphere hath to an 


Proportion found by Archimedes in the Sphere and Cy- 


8 B 


* 4 * by 
jo. - —. 22 » - A. 
of — 
—— Io xe. AE — — 
— — . - * 
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ſquare Cylinder; and let A be drawn as a Diameter com 

mon ſo the Cylinder and Sphere. Becauſe the *quare A 

is (by 47. J. I.) equal to the equal Squares AK, KL, 

will be double to one AK. Thereſore alto the Circle of thi Por 
Diameter A L, is (by 2./. 12.) double to the Circle. whoj 12 
Diameter is A K; to wit, to the Circle C N. But the 8, 
perficies of the Sphere is (by 24 of this) four-fold to th 1 


» _— . . 4 2 1 ( . ; 
Circle whoſe Diameter is AL; for that is the greateſt Cid S1de 


hd 


of the Sphere, ſeeing AL is the Diameter ot the Spherd the Baje. 
Therefore the Superficics of the Sphere is eight-fold of th 
Circle C N. But becauſe LK, K A (by the Hypotheſis) a Becaul: 
equal, the cylindrical Superficies A C L is (by Coroll. p. 1B G 
ot this) quadruple of the Circle C N. Therefore fince H rtion ti 
Superficies of the Sphere is eight fold of the ſame Citi the Co 
it will be double to the cylindrical Superficies Q E. [ mical Su 
[1S mani! 


PROP. XXXIV. Theorem. LBG i 
I E Superſicies of a Sphere hat h that Propoi M. Su 
p 7 p 


eing the 


to the whole Superficies of a ſquare Cy. inder iſs (by 1 
ſcriÞd in it, which 4. hath to 3. n will a] 
| bY as BG 
Let the ſame Things be ſuppos d which were in the fu 

going Demonſtration. Becauſe, by the Hypotheſis, LI P 

the Side of the Cylinder, and A K the Diameter of! 
Baſe thereof, are equal, the cylindrical Superficies C Ly LE. 
be quadruple (by Coroll. p. 12. of this) to the Baie C hath | 
and conſequently the whole Superfſi:tes of the Cylinders Mt 7; e4 
both Baſcs CNandSL, as 6 is to 2, But the Superti, 33 : 
of the Sphere is to both Baſes together, C N, S8 L, as 8 = 
to 2, ſeeing in the foregoing it was ſhew'd that it is too e,, 
Faſe as 8 to 1. Therefore the Superficies of the Sphere e in 4 

to the cylindrical Superficies C L, as 8 is to 5, or 4 to 
9. E. 5. I The 1 
Corollary. Foregon! 
| * Wever, 2 


# 5 H E whole Superficies of a right Cylinder deſcri wal Supe 
about a Sphere, is to the whole Superficies of TINEA 
Equilateral Cylinder inſcrib'd, as 2 is to 1. For the citeu Fart II.! 
ſerib'd is to the ſpheric Superficies as 12 is to 8, by 32. A the © 

this.) But the Spheric is to the inicrib'd, as 8 is to 6 id abou! 

this preſent Propoſition, Therefore the Circumſerib'd 1s ea a Cor 

the Inſerib'd, as 12 is to 6, or 2 to l. | Ne the s 

| | 3 PRC GT 
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P R ® P. XXX XV. Theorem. 


Portion of any ſpherical Superficies whatever (15 Fig. 26, 
IL BG 15 hath the ſame Proportion to the Sit- er 25. 
prfct 's of rhe greatef inſcribed C ne, which (B G) 
te Side of the Cone hath to (S 2 the Radius of 
e Baſe, | 


1 Becauſe (by 25. of th 10 the Snperficies of the e 
þ. 11 LBG is equal to the Circle of the Radius BG; the Pre- 

bY nion thereof to O LT, cha t is, to the Bale of ele and 
Cid the Cone, will! be d. uplicate to the Proportion of the 
Z. J el Superficies I BG to the fame Baſe Q. Therefore 
is manifeſt, (b Definitica 10. J. 5) that the Superficies 
LB G is to the conical Superficics 1B G, as the {ame 
mica! Superficies I B G, is to the Baſe QT, Wheretore 
king the conical Super#cies 1 G, is the Baſe QI, as 
G (by 14 of this) 15 to G O, the Snperficies of the Por- 
in will alſo be to the conical Superfcies IB G inſerib'd in 
as B G is to G O. 0. E. D. | 


PR OP: XVI. Theorem. 


* HE Superficies of the Hemiſphere (EO BD) Fig. 24. 
> C hath that Prop: tion to E BD) the Superficies | 
der hg eateſt right inſcribed Cone, which in a Square 


Dia meter Nath to a Side; and that Pro hort ion to 


„ 288 
ic to 0 Superſicles 07 4 lite Paws circuinſcribed, as the 
Sphere C in 4 *quare hath to the Diameter. 


Jy & 10 5 | | . — 
| J. The DemonRration of the firſt Part is manife from. Fr | Fis, 6. 4+ 


toregoing. For EOD the Superſicies of any Portion 
atever, and conſequently of the Hemiſphere, is to the 
kcal S -nperficies incnv'd.as bo D is to DA. But B A D K 
4 ware whole Diameter is E D. and the Side DA. 

fart II. Let EB C be half of the Square cireum{crib'd 


deſcrit 


es of 


e ciccu bs *. . . jy * g . 

by 32. Ut the Circle; (Whole Center 18 O) which! HB 8 being 
6 60 6 d about the Axis A B, let there from thence be pro- 
rib'd 1s ed a Cone circum! Cres about the Hemi phere Now, 


aſe the Square EC 1s (by 47.1. 1.) double to the Square 
r GJ, tlie Cirel: of che Diameter EC aus is (by 2, 


U 
1 Q 3 /, 12.) 


og one «9 


The fame 
Figure 
with Fg. 
13. . 8. 


E C is equal to the hemiſpherical Surface. Wherefore ſeeing 


BE is to E O, the Radius of the Baſe; it will be allo to thi 


and the Proportion of O to R will be duplicate to the P: 


as O is to R. Therefore by Equality of Proportion, f 
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J. 12.) double to the Circle whoſe Diameter is GI, that i, M euperficies o 
to the Circle H G DI. But (by 24 of this) the Superficie cone EBC 
of the Hemiſphere included in the Cone EB C, is doublWphere is to 
to the ſame Circle. Thereſore the Circle of the Diameteſiz in a Squa 
here, as v 
ſquare Rhom 
Diameter. 


the conical Superficies E B C is (by 14. of this) to the Circ 
of the Diameter E C, to wit, to its own Baſe, as the Side 


hemiſpherical Superficies inſcribed in it, as B E is to EO N 
that is, as the Diameter in a Square is to a Side. . E. I TH E Sn; 
PROP. XXXVII. Theorem. contains 


1 Sphere hath the ſame Proportion to a qu the Super 


conical Rhombus circumſcribed about it, bit 

in reſpef of the Solidity and Surface, which 1 
Square the Side hath to the Diameter. 

Let the S jure EB C F be circumſcrib'd about HGD. 


the greateſt Circle of a Sphere, from which Square 
turn'd round about the Axis B F, let a conical Rhom) 


This is m: 
Portion BG! 
if this) as B 
ippos'd to be 
nently doub] 
þ alſo double 


encompalling the Sphere be produced. PR 
As EB, a Side of the Square (ſee Fig. 6. J. 4.) is to HHH E Su 
Diameter EC, even ſo let S be made to R; (lee Fig. 11, Saperfici 
5.) and let thisProportion be continued through four Term c. 
S, k, Q, O. the Proportion then of S to O will be tr! 16 to 9. 


; 7 1 5 8 5 h 7 o E 
cate to the Proportion of S to R; that is, of E B to . 


teral Cone i 
ie Sphere a! 
lirough this, 
Teateit Circle 
K D, one Si 
the Cone ( 
 Perpendicul: 
ill be a right 

o the Rectan 
ecauſe the Sid 
. 15 J. 4.) 
ugle K AO, t 
ie Square 0. 
quare of the 

e of the Squa 
ll be to the 


portion of O to Q, or of R to S; that is, of EC to E. 
and con(equently (by 20. J. 6.) O is to R as the Square“ 
E C is to E B; from whence (by Schl. Prop. 6. and 7. 14 
O is double to R. Theſe | hings being thus ſctled, let il 
ephere E B C F be underftood to be circumſcribed about tl 
conical Rhombus. Thus the Sphere H G D will be totl 
Sphere EB CF (by 18. 1. 12) in the triplicate Proporti 
of the Diameter G Lor EB to the Diameter E C; that! 
(as I have already ſhew'd) it will be as S to O. But d 
Sphere E E CF is to the conical khombus inſcribed init 
30 of this) as 2 is to 1; that is, (as I have ſhew'd aboi 


Sphere HG Dl is to the tame Rhombus which is deſerib 
about it, as S is to R; that is, as in a Square the Side! 
is to the Diameter EC. Which was the firſt Part. Th 
from the iccond Part of the toregoing, it appears, thai! 

| | Ne St1 Cri 


. —Ä re EEE 
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wperficies of the Hemiſphere is to the Supericies of the | J 
Cone EB C, and conſequently the Superiicies of the whole ! 
there is to the Superficies of the whole Rhombus E BCP, { | 8 
b in a Square the Side is to the Diameter. "Therefore the BE 
where, as well in Sclidiiy as in the Superficies, is to the = iy 
guare Rhombus E BC F, as in a Square the Side is to the 1 
diameter. 2. E. D. | BY 1 
PROP. XXXVIII. Theorem. 118 
THE Superficies of the Port on (B @ K D) which Hg. 27, 8s Ii 
contains an Equi ateral Cone (B KD) 1s double = 
wn Yy 5 | 48. 
0 the Superficies of the ſajne Cone, | 
| ; = | 
This is maniſeſt from 38. For the Superficies of the 1 
portion BG K D is to the infcrib'd conic Superficies (by 35. _ 
if this) as BK is to B A. But becauſe the Cone BK D is - '' 
ippos'd to be Equilateral, K B is equal to B D, and con e- = 
nently double to B A, Therefore the Superficics BG KD 


þ alſo double to the inſcribed conical Superficies. Q E. D. 
PROP. XXXIX. Theorem. 


HE Superfictes of a Sphere is to the who.ep;,. 27. Wa 
Superficies of an Eqiilateral Cone inſcribed in it, = 1 
16 70 9. 29 


Let Z be the Center of the Sphere, and B K D the Equi- | 
tteral Cone inferibed, and K Z A O the Axis common to | $ 
e Sphere and Cone if the Sphere and Cone be cut 
lirough this, there will be produced in the Sphere the 
reatelt Circle, and in the Cone, the Equilareral Triangle f 
K D, one Side whereof will be the Diameter of the Baſis | i' 
the Cone QT. And becauſe the Axis of the Cone K A \ 3: 
perpendicular to the Baſe QT, BAK (D=J. 3. J. 11.) I 
il be a right Angle. Therefore the Square of B A is equal - 
h the Rectangle KA O. (Lorol!, 1. 5. 17.4. 6.) Now 
ecauſe the Side of the Equilateral Triangle cuts off (Corel, 's 
p. 15 J. 4.) a fourth Part of the Axis A O, the Rect- 1 
ugle K A O, that is, the Square of B A, will be triple to BE 
ie Square of A © (by 1. J 6.) Wherefore ſeeing the © 
quare of the Radius Z. © is (Coroli. 3. p. 1. J. 2.) quadru- 
e of the Square of A O, ihe Square of the Radius 20 1 
ll be to the Square of the Radius BA, as 4 is to 3. 9 

eee Q 4 Therefore 19 


— iwÜĩ˙—Z— 
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Fig. 28. 


the Circle QT, to wit, its own Baſe, as 2 is to 1; an; 


as 16 is to 3, the Superficies alſo of the Sphere DG w 


D Ecaulſe, (by Coroll. 5. Pr. 1 5. J. 4) the Side B Dofth 


Sphere BP M, the Equilateral Triangl- DO F, by which 
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Therefore the Circle OB K is alſo (by 2. J. 1 1.) to th 
Circle QT, as 4 is to 3. Therefore four Circles, O BK“ 
that is, (by 24 of this) the whole ſpherical Superficies Dg 
is to the Circle QT, as 16 is to 3. But (Corel! p. 14,9 
this) the Superficies bf the Equilateral Cone BK D jt 


let there alſo 
ole D O F, £ 
concentrical 
duced to N. 
25 is ma niſeſ 
BK. Wher 
plicate (by 2 
the Circle B 
But it hath a 
tion, that th. 
Baic of the E 
4 is to 3. 
Circle BPM 
whole Surta« 
of this) triple 
the Cone is n 
the Superfici 
this) ot the ſ- 
Equilateral C 
to which it is 
Corollary 

that the A 
about a Sp 
* Sphere E 


conſequently the whole Superficies of the Cone BK þ 
that is, including 1ts Baſe, is to the Baſe, to wit, the Circ 
QT, as 3 is to 1, org to 3. Therefore, ſeeing I hay 
ſhew'd that the Superficies of a Sphere is to the ſame Circ 


be to the whole Superficies of the Equilateral Cone, as | 
is to 9. 2, E. D. . | 
Or otherwiſe thus. 


Equilateral Triangle cats off a fourth Part of the A 
A O, the ſpherical Superficies BO D will be a fourth Þ, 
by 27. of this, and conſequently the Superficies D G Dj 
three fourth Parts of the Superficies of the whole Spher 
Wheretore if the whole Superficies be ſuppos'd to be if 
the Superficies BG K D will he 12. But (by the foregoing 
the Superficies BG K D is double to the conical Superfici 
BK D, and conſequently is to it, as 12 to 6. Theret 


the whole Superficies of the Sphere is to the conical BK 2. That 
as 16 is to 6. Then becaute the Superficies of the Cui one and a; 
BK D (as being Equilateral) is (by Gorol. 1. Pr. 14 of ti {crib'd abc 
double to the Baſe QT, it is mamniieft, that the conical as 310 1, 
perficies BK D (to wit, without the Ba'e) is to the who 3. © That 
Superficies of the Cone, as 2 is to 3; that is, as & to , an half of 
Therefore by Equality of Proportion, the whole Superfici“ cumſcrib'd 
of the Sphere is to the whole Superficies of the Equilatem“ to T, v 
Cone inſcrib'd, as 16 to 9. 2. E. D. | the conica 
PROP. XL. Theorem. [5 9 Tour” 
THE Snperfictes of the Sphere bears the Prepi P 


tion to the whole Superficies of an Equilater TH E w. 
Cone circuimſeribed abour it, that 4 doth to 9. circum 


Whole Supe 
Let there be circumſcrib'd about the greateſt Circle o wha vp . 


tyrn'd round about the Axis O A E, let there be produced: 


ä A A By the fore 
Eguilateral Cone circumſcribed about the Sphere. : 


one DOP ci 


ArxcnuimMEgDEs's Theorems. | 


249 — 
et there alſo be circumſcribed about the Equilateral Trian- þ | 
ole DO F, the Circle N V LO E, which, as is manifeſt, is 1 
concentrical to the former; and let the Axis OA B be pro- 
duced to N. Becauſe BN is a fourth Fart of the Axis O N, | | 
s is maniſeſt from (Corol. 5. Pr. 15, J. 4.) ON is double to 4 
BK. Wherefore the Proportion betwixt Circles being du- 
plicate (by 2. J. 12.) of the Proportion of the Diameters, 
the Circle BP M will be to the Circle NDL O F, as 1 to 4. | 
But it hath already been ſhew'd in the foregoing Demonſtra- 
tion, that the Circle ND LO F, is to the Circle QT, the 144 
Bate of the Equilateral Cone inſerib'd in che Sphere FL, as | 1911 
4 is to 3. Therefore, by Equality of Proportion, the | 
Circle BPM as to the Circle CT, as 1 is to 3. But the | | 
whole Surface of the Cone DO F is (by Corel. 1. Pe 14. 1 
of this) triple to QT. Therefore the whole Superficies of Sl 
the Cone is nine-fold of the Circle BP M. Wheretore ſeeing 
the Superficies of the Sphere IP is quadruple (by 24. of 1] 
this) ot the ſame Circle BP M, the whole Superficies of the - 
Equilateral Cone DO F is to the Superticies of the Sphere | 
to which it is circumſcrib'd, as 9 is to 4. Q. E. D. 

Corollary 1. © From this Demonſtration it is manifeſt i 
# that the Axis B O, of an Equilateral Cone, circumſerib'd | S 
about a Sphere, is one and a half of the Diameter of the = 

90 


* * 
— — ⏑ ne a 


Sphere E K, or as 3 to 2. . | 
2. That QT, the Eaſe of the Cone DO P, is alſo © 
* one and an half of both Bates of the Cylinder circum- 1 
* {crib'd about the ſame Sphere. For T is to BPM, | 
*as 3 to 1. Therefore Q is to BP AM twice, as 3 is to 2. | 
3. That the Superficies of the Cone DO F is one and 


Han half of the Superficics of the Equilateral Cylinder cir- BY B 
cumſcrib'd about the fame Sphere. For that * is couble # PI Oo ES 
to QT, while this is quadruple to BPM +, Theref i /W | 
i tO 1, whlle this quadruple 1 5 ere Ore .,/ 1. p. 3 1. 3 ö [3 
the conical Superficics will be to the cylindrical, as twic 11 


: ; 5 © + 24 and 
c 3 to four times 1; that is, as 6 to 4, or as 3 to 2. 26 of this, 
PROP. XLI. Theorem. 
THE whole Superficies of an Equi ateral Cone Fig. 2; W 
circumſcribed avout a Sphere, is quadruple to the © 
whole Superficies of 4 Cuue inſcribed in the fame - 
phere. | 


"I 


By the foregoing, the whole Snperfcies of the Equilateral 17 
one POF circumicrib'd, is to the Superficies of the Sphere, „ 
48 ; 
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as 9 to 4; and the Superficies of the Sphere is to the whole 
Superficies of the inſcribed Cone S K T, as 16 to 9 (by 39 
of this.) Therefore by Permutation of Equality ot Pro 
portion, the whole Superficies of the circumſcribed Equi. 
lateral Cone is to the whole Superficies of the Equilateral 
inſcribed, as 16 to 4, or as 4 to 1. Q. E. D. 


PROP. XIII. Theorem. 


Sphere hath that Proportion to B K C, an Equi- 
** lateral Cone inſcribed in it, which 32 hath tog. 


Let the Sphere and Cone be cut by a Plane paſſing through 
the common Axis K O, producing in the Sphere the greatel 
Circle O FK I, and in the Cone the Equilateral Triangle 
B K C. Then a Plane being drawn through the Center A 
perpendicular to O K, let the Hemiſphere FG K I be cut 
off, in which let the greateſt Cone FK I be underſtood to be 
inſcribed. Now becauſe (by Cor. 5. p. 15. /. 4) the Side 
BC of the Equilateral Triangle cuts off a fourth Part of th. 
Axis OK, PK will be to AK, as 3 to 2, that is, as 9 
6. But the Baſe Q is to the Circle O F K I, that is, t 
the Baſe N D, as 3 to 4, that is, as 6 to 8, as appear 
from what was demonſtrated, Prop. 39. Wherefore ſeein 
the Proportion of the Cone BK C to the Cone FK I, 1s (by 
Schel. 2. p. 15. J. 12.) compounded of the Proportion of th! 
Altitude PK to the Altitude A K (that is, of the Proportio 
of 9 to 6) and of the Proportion of the Baſe QT to tht 
Baſe ND (that is, of the Proportion of 6 to 8) the Cont 
B K C will be to the Cone FK I, as 9 to 8. Wherefon 
ſeeing (by 30 of this) the Sphere C G is quadruple of th 
Cone F KI, the Equilateral Cone BK C will be to Sphert 
CG, as9 to 32. 2. E. D. 
PROP. XIII. 


Theorem. _ 


A N Equ lateral Cine circumſcribed about a Sphere 


EPS 3 N „„ „ in Equilat 
is eizht-fold of an Equilateral Cone inſcrived 8h x te 


the ſame 9phere. 


Let S K T and DO P be the Equilateral Cones inſeri 
and circumſerib'd, and let O K B be the common Ax 
Then let as well both the Cones as the Sphere be cut by 


wi 


lane paſſing 
Iquilateral ! 
ne Triangle 
leſcrib'd the 
woduced un 
ateral Triar 
e fourth Pe 
double to B K 
ther Equilat 
he Axis B K, 
changing, 
\ O is double 
SCK.. Th 
neles, DOF 


ers of the c 


lroportion be 
DOF, SK J 


heir Proporti 


neters DF a 
VOF will þ 


PF 
A Sphere 
of Sol; 


OF circy 


The Spher 
one SK ii 


ping) SK T, 
de Equilatera 
to 72. 
is to DO 
21s to 72, t 
donſtrated th: 
uperficies of z 


Therefore 


That there: 


Pere and Cy 
onſtrated in a 
to wit, that 
waitics betyi 
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lane paſſing through the Axis; their Sections will be two 
(quilateral Triangles, and the greateſt Circle BP M. About 
te Triangle DO F likewiſe let there be underſtood to be 
eſcrib'd the Circle ND OF, and let the Axis O KB be 11 
roduced unto N. Now becauſe the Side D F of the Equi- 1 
ateral Triangle doth (by Cor. 5. p. 15. J. 4.) cut off NB. 

te fourth Part of the Axis ON, it is manifeſt that O N is 

ſouble to BK. In like manner, becauſe the Side S T of the 

ther Equilateral Triangle cuts off B C, the- fourth Part of 

he Axis BK, N O will be to B O, as B K is to C K; and B 

y changing, as NO is to E K, ſo is BO to CK. But 

O is double to BK. Therefore B O is likewiſe double 

o CK. Therefore becauſe of the Similitude of the Tri- 

ngles, DO F, SKT, DF and ST allo, to wit, the Diame- 

ers of the conical Baſes will (by 4. J. 6.) be in a double 

froportion bet wixt themſelves. Wherefore ſeeing the Cones | 

DO F, SK T, be like, and conſequen:ly (by 12. J. 12.) ws 
heir Proportion is triplicate to the Proportion of the Dia- | AS I 
neters DF and 8 T; which is that of 2 to 1, the Cone 3 
of will be to the Cone 8 K T, as 8 to 1. 2. E. D. me 


PROP. XLIV. Theorem. 
A Sphere bath the ſame Proportion both in reſpect Fg. 28. 


of Solidity and Surface to the Equilateral Cone = = 
O F circumſcribed about it, which 4 hath to . 9 


— ad 
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. 
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LE 
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The Sphere TP is (by 42 of this) to the Equilateral 1 
one SK I inſcribed in it, 1 to 9. But (by the fore= 2% , 118 
ing) S K T, the Equilateral Cone inſcribed, is to DOF, * . 1 
te Equilateral Cone circumſcribed, as 1 is to 8, that is, 
to 72. Therefore by Equality of Proportion, the Sphere = 
eis to DOF, the Equilateral Cone circumſcribed, as || 
21s to 72, that is, as 4 to 9. But in Prop. 40. we de- 
donſtrated that the Superficies of a Sphere is to the whole 
uperficies of an Equilateral Cone circumſcribed, as 4 is to 
Therefore a Sphere, both in Solidity and Superficies, is 
an Equilateral Cone circumſcribed about it, as 4 is to 9. 
E. D. | | | 
That therefore which Archimedes was ſurpriz'd at in a 
ere and Cylinder encompaſſing it, we have alto now de- 
10 Wonftrated in aSphere and an EquilateralCone encompaſſing 
de wit, that there is the ſame rational Proportion of the | | 
Y nalkies betwixt themſelves, which there is of the Surfaces. | 
= = For | 


— — e 
5 3 I — - 
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For as he found that the Sphere is to the Cylinder, as wel 
in Solidity as Superficies, as 2 to 3; fo we have non 
taught, that the Sphere is, in reſpect both of Solidity au 


| Surtace, to an Equilateral Cone encompaſſing, as 4 to 9, 


But from hence we ſhall, without much Labour, demon. 


_ fate, that the very Proportion, to wit, the Seiquialter;, 


$44 the Fi- 


gure fre- 


fixed to _ 


Treatiſe. 


which Archimedes ſhew'd to be betwixt the Sphere and Cy. 
linder, is continued by the Equilateral Cone circumſcribed 
both in the Solidity and Superficies; and ſo we ſhall put an 
End to the preſent Work. | 


PROP. XLV. Theorem. 
AN Equilateral Cone circumſcribed about a Sphe + 
and a right Cylinder in like manner circih. 


cribed about the ſame Sphere, and the ſame Sphere 
itſelf, continue the ſame Proportion; to wit, the d 


 quialteral, as well in reſpect of the volt lity as of th: 


the ſame Sphere, in reſpect of their whole Sur.aces, their 


whole Superficies. 


For by 32. of this Book, the right Cylinder G K encon- 
paſſing the Sphere, is to the Sphere, as well in reipects 
Solidity, as of the whole Superficies, as 3 is to 2, or as 
to 4. But by the foregoing, the Equilateral Cone B AD 
circumſcribed about the Sphere, is to the Sphere in bot 
the ſaid reſpects, as is to 4. Therefore the ſame Cone! 
to the Cylinder, both in reſpect of Solidity and Surface, 3 
g is to 6. Wheretore thele three Bodies, a. Cone, Cylinder 
and Sphere, are betwixt themſelves, as the Number 9. 0, 
4, and conſequently continue the ſeſquialtcral Proportion, 


Q. E. P. . 
Ce RO P. ALVI. 


H E fame ſcſquialteral Proportion holds bet wixt al 
Equilateral Cone and Cylinder circumſcribed avout 


ſimple Surfaces, their Solidities, Altitudes and Paſes. 
This Propoſition is mani feſt as ta the whole Surfaces ans j 
lidities from the foregoing; as to the fimple Surfaces, ji 
Cor. 3. Pr. 40. of this; as to their Altitudes and Baʃ⁴ 
2. of the ſame 49th Propoſition.) 
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PRACTICAL GEOMETRY. 
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— 


in TWO PARTS. 


The FIRST contains an Eaſy, Brief and In- 


dependent Demonſtration of certain Select and 


moſt Uſeful Propoſitions in EUCLID. 


The SECOND contains a Synopſis of all the 


Problems in the preceeding Book; with a Sup- 


plement of ſundry choice Problems in Practical 


Geometry. 


For the Ufe of young Students in the Mathe- 
maticks, 


8 By 8. F. 


DUEL LN: 


Printed in the Year MDCCLXXI. 
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APPENDIX: 


PART L 


E. often find that EucL1D, for the de- 


monſtrating one important Propoſiition, 


hath made uſe of a long Chain of others, which 


have no other End, but to demonſtrate that 
principal One: If we can all at once demonſtrate 
thoſe capital Propoſitions, without ſuch a Jong 
ſeries of preparatory Demonſtrations ; we ſhall 
doubtleſs retrench many uſeleſs Things, gain 
Time, and render this Appendix of ſome Ser- 
vice to the young Student. 

There are two primary Propoſitions, of which 
Des Cartes writes in a Letter not yet printed, 
as hinted in Page 65. of Dr. PELL's Algebra; 
In ſearching Fe Solution of Geometrical Queſti- 
ons, I always make uſe of Lines, Parallel and 


Perpendicular, as much as poſſible, (i. e. as ma- 
iy Lines as are uſeful) and I confider no other 


Theorems, but the 47th, L. I. and 4th, L. 6, 
ef Euclid; and I am not afraid to ſuppoſe a- 


Ay 


Fr 
, 
by 


Ui 
0 


| 
f 
| 


A-pÞ PiP-N-D 1X 


ny unknown Quantities, that { may reduce the 
propoſed . ro ſuch Terms, as to depend 
on no other Theorems, but theſe two. _ 
Obſerve in how great Eſteem the ingenious 
Des Cartes held theſe two Theorems ;. to the firſt 
of which, moſt of the preceding Propoſitions 
EvcLiD are preparative, and which we ſhall 
Eſſay to demonſtrate independently of any of 


them. 
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PROP. XLVII. Theorem. 


IN every right-angled Triangle (AB C) the 
Square of the Side (A O) which is oppoſite to 
e Rig ht-angle, is equal to the two Squares of 

tbe other Sides (A B and BC) taken together, 


In this are two Varieties; Firſt, when the two Sides AB 
ind B C are equal. 
On the Side A C erect the Square A C D E. on the Side 


quare BC EF. 

Demonſtration. *Tis evident at firſt View of Figure 1. 

that one half of the Square of A B or B C, is an cxact 

harter of the Square of A C, conſequently four halves of 
de Squares A B and B C, which are both their whole 

quares, are equal to four quarters of the Square of A C, 

zhich is the whole Square of A C. Q. E. D. . 
Secondly, when the Sides A B and 5 C, are unequal. g;, 

Make two equal Squares B DE F. B. 

BD, equal to A B and B C, the two leſs Sides of the given 
angle; in the firſt, on A C, erect the Square A CIK; 

" the other, on A Band B C, erect the Squares ADB L. 


b C and B CH MN AB; and laſt of all, draw the 
D. ies A C and BG. | WISE | 


R Demons 


G H on the Line 3 


B erect the Square A BD G, on the Side B C erect the Fig. 1. 


2. 


— hint e 
* a ys * * = 
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pI ND 1-8, 


4. H H=BBjPP. 2. E. D. 


A like uſeful Theorem of ſignal Service in the whol 
Theory of Compound Motions, I ſhall ſubjoin. 


In every Parallelgram the Sum of the Squart 
of the two Diagonals is equal to the Sum of l 
Squares of the four Sides. 


To prove this by Trigonometry requires 21 Operation 
by Analyſis, or Algebra 15. which N. Lagny has reduce 
to 7 Steps. | 


Howbe 


Demonſtration. Firſt, Tis evident from the Con ſtructial Howbeit 
that the Squares B DE F and B D H are equal. from this ſin 
Secondly, *Tis obvious at firſt View, that the Squate or equal Ba 
B D E F exceeds the Square of A C by four right-angleiſſcompared v 
Triangles, whoſe Baſe is =A B and Perpendicular EC In this ar 
and conſequently, by An om 7. equal to one another, andi right ang 
the given Triangle AB C. Then the 

Thirdly, »Tis equally evident, B D G H exceeds thut now der 
Squares of A Band B C, by tour right-angled Triangle Secondly, 
whoſe Bate is=A B and Perpendicular=B C, and conſe oblique, dr. 
quenily, by Axiom 7. equal to one another, and the give ing Per pe 
Triangle ABC, and allo to the four right-angled TriangleÞequal. Allo 
aforeſaid. i | | EC, being 

Fourthly, Wherefore, by Axiom 3. if from Equals, (Hach of the 
Squares B DE F and B DG H) be taken away Equals (he -B C call » 
four right-angled Triangles in each Square) the Remain - 
will be equal (the Square of A C in one Equal to the Square 
of A B and BC in the other.) Q. E. D. 

5 00 
Or Alzebrically, thus: $10 A1 
| | 1 | 7 

Let the biggeft Square made of the Sum of the SileM/ + 8 5 

88 | | | 
DA BB B br fay, H H=B BCP P. 4 TAS ” 
QB C=PP = | _ 
1. S S=H Hz B C, which 2 B C=4 Triangles 8 
2. S S = B B-PP-þ2 B C, by B+CxB-C. * contignou 
3- H H+2B CAB B-jPP+2 BC. Di over 


"the doubl 
0 vide, and 


dicular fro 


" either wit! 
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z right angled, | 

Then the Propoſition is evident from the 47th, I. Euclid, 
juſt now demonſtrated, | | : 
Secondly, But when the Angles of the Parallelograms are 
oblique, draw the prick'd Lines AG, BF, CH, DE, which 
being Perpendicnlars betwixt the ſame Parallels, are all 
equal. Alſo GB and D H, which are alſo equal to A F and 
EC, being perpendicular betwixt the equal Parallels, let 
ach of the firſt 4=y and each of the laſt 4—=z, allo A D 
=} C call x; conſequently B Ex. 


Demonſtration, 


W B CC =X * 5 | | 
TA Dx xXx. 5 by OB D=y y+xx+22—2x V, 


4 Sides. 


0 


1 


OD C=yy+zz. 


wn 2 3 3+2 X T2 2 K. Sum Dia. q. 2 y3-þ2 x x-þ2 x x. 


„ 2 


3 


— — - = — 


Corollary. Hence tis plane, the Square of the longer 
Diagonal exceeds the Sum of the Squares of the two 


contignous Sides, exactly by as much as the Square of 


"the ſhorter Diagonal wants thereof; that is to jay, by 
"the double Rectangle x z, whoſe Length is the longeſt 
Side, and Breadth equal to the Diftance that the Perpen- 
*dicular.from the oppoſite Angle falls from one End of it, 
"either within or without the Parallellogram. 


* EUCLID. 


ABD xx. "I QA Cy par ET. 
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nll Howbeit the Reaſonableneſs of this Theorem may appear Fig. z. 
from this ſingle Conſideration, that all Triangles on the {ame 
nor equal Bale, and betwixt the ſame Parallels, are equal, 
«compared with the 12th and 13th of the ſecond Book. 
(In this are two Varieties ; Firſt, when the Parallelogram 


* 
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Fig. 4 


proportional. 


cide, and the Line A C fall on the Line AE, and A Bon 


„I EN D170 


$4+$4+$5333++S$54+3$++4++ $344 +++ 244 2434 7. 
EU Book VI. 
d d +++ 5$$$$$32 +344 N mery, wi 
. | | | : howbeit, 1 

rP R O P. IV. Theorem. tion there 

Quarter 


Riangles which are Equiangular to one ang parallel to 
ther, are like or fimilar, that is, habe their {take the D 


Sides alſo that are oppoſite to the equal Angles 4 471 
raw \ 


This I take to be the ſame with the firſt Definition of 
the jame Book. | 
And that fimilar Triangles (ABC, A DE) have ther. Throug! 
correſponding Sides proportional, I ſhall illuſtrate from *29us and 
Figure 4. therefore t! 
Let the Triangle A BC be laid on the Triangle A DF, the externa 


ſo will the Angle .A, becauſe equal in both, exactly coin- ite Angles, 
equal to P 


teriphery, 
BZ, which 
fourth of t! 


AD, by Axiom 7. and becauſe the Angle CS Angle E, 

and the Angle B= Angle D, the Side B C will be paralle 

to DE, by Defn. 1. Book 6. | 
Then ſuppoſe A B a third of AD, ak B F another «BC; a 

third, and Parallel to DE draw F G, then parallel to A D LE.D 

draw G H and CI; by which Parallels, the Sides A E and 

D E will al/o be divided into three equal Parts, by Axiom 12. Nete, If 


Therefore it will hold as, rant, then 
v this Com 
AB:AD::AC:AE AC: AE::AB:AD ee third of 
12 5 15 1 oY 12 

y that is, . Re i I Loeſt the f. 
AB: JAB::AC:3AC yAC:3AC::AB:;AB, ale to ſome; 
— 5 — le followin! 

AB: AD: Beal: DE * CB= DI: DE:: AC: AE | 
4 „ 3 „ 9 3 9 5 15 * That t! 
| that is, 85 that is without th 
B: AB:: PI :3DI DI; 3DI:: AC: 3 A0 the interce 


enge betwi 


0 G, whie 


2. E. U 
Ti 


APP E N 5 rs 
To Trifett an Arch of a Circle B C. 


This has been by ſundry Antient and Modern Geometri- 
cians accounted impollible to be done by the Euclidean Geo- 
metry, which makes uſe of only a Circle and ſtrait Lines; 
howbeit, we will attempt it, and afterwards a Demonſtra- 
tion thereot. | 
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Quarter the Circle, and extend the Diameter B G to P, Fg. 5. 


parallel to it, drawn C X and CR parallel to EX; then 


take the Diameter B G in the Compalles and move the Ru- 
ler on the Point C, till F P be exactly equal to BS, then 
draw C F OP, ſo will G O be a third ot B C. 


Demoiſtration, 


Through the Center draw O E Z. Now becauſe E O is 
Radius and EP the Diameter, and the Angle FEP is right; 
therefore the Lines FO, E O, PO, are all equal, and al. o 
the external Angle FOE =-2 PEO. the two internal oppo- 
ſite Angles, or 2 Z EB, which is Vertical, and conſequently 
equal to PEO. But FOE, that is, CO Z; being in the 


heriphery, is meaſured by half the Arch C Z; wherefore 


BZ, which is the Meaſure of half the Angle C O Z, is a 
fourth of the whole Arch C Z. and conſequently a third 
of BC; and therefore G O=B Z is alſo a third of B C. 
E. D. 5 5 | 


Nete, If the Arch to be triſected be greater than a Qua- 


tant, then triſect its Complement to 180, and the third 
v this Complement, taken from 60 Degrees always leaves 


lie third of the Arch required. 


-Left the foregoing Demonſtration ſhould appear too con- 
ae to ſome, 1 will attempt it aiter another Manner, from 
lie following Lemma. | 


„That the Meaſure of the Angle CP B, at a Point 
without the Circle is equal to half the Difference betwixt 
" the intercepted Arches C B and OG, or to the Differ- 
enge betwixt half their Sum C O2, and the leſs Arch 
OG, which is the ſame. | 


R 3 For 


Ar DN N 5 1 . 


For B Z=O G, becauſe Vertical Angles, by 1s. /. 1, 
then is C Z the Sum of the intercepted Arches C B and 
OG. and CO Z, the Angle at the Circumference, the 
Meature of halt the ſaid Sum, by 20. 1 3. which C OZ, 
being external, is equal to the two internal and oppoſite 
Angles O E Pand OP E, by 32. J. 1. but the Meaiure of 
O E P is OG, the leſs Arch: Now, if C O Z=0O G, and 
the Angle OP E= CP B, I fay, CP B muſt be equal to 


the Difference betwixt C OZ and OG. Q. E. D. 


Corollary. In the ſaid Triangle EO P, If the Angle 


* at E and P be both equal, then will O G be a third o 
*©BC; becauſe O G will be half of C O Z, or a fourth o 
© the whole Arch C Z, and conſequently a third of B 
«= CZ, for trom the whole C Z, take away B Z; 
© remains B CS . It remains only to prove the Angle 
E and Pare equal. | 


| Becauſe FE is a right Angle by Conſtruction the Cen 
ter of the Semi-circle FE P will tall in O. which bile 
F P, the Diameter, which is double E O, the Radius 
conſequently all three, FO, EO, P O, are equal Radius 
of the Semi- circle FE P aforeſaid; and becauſe E O an 
P O are equal, the Angles at the Baſe E and P, by 5. 
are equal. | 


$$$$$$$$$$$$-$$$$$+$$444 


A Synopſis of the moſt uſeful and famons Pro 
poſitions zz ELI Ds firſt S. Books, 


} OOK I. has Propoſitions 32, 35, 37, 41, 44, 45, 47. 
11, — * — 4,5, 6, 12, 13, 14. 8 
III. — 16, 20, 21, 22, 31, 32, 35, 30 
IV. - — 16, 11, 12, 13, 14, 16; 16 


v. 5 15, 16, 17, 18, or the fort 
; | going Compend. thereq 
VI. All the firſt 6, 8, 13, 14, 16, 19, 31. 
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Extraordinary Propoſitions not to be met with in 
EucL1D, whoſe Demonſtrations are omitted 
on purpoſe to Exerciſe the Genius * Joung 
ll Mathematicians, 


ol | 
ad . N every Triangle the Rectangle of any tuo Sides is 
tg equal to the Rectangle of the Perpendicular from the 


aid Angle, and the Diameter of the circumicribing Circle, 
. e. as Perpendicular : one Side: : other Side: Diameter. 

ll 2. The Area of any Triangle about a Circle is equal to 

ol che Rectangle of the Semi-diameter, and halt the Sum of 

ol the Sides 

3. An Hexagon in. ©ribed is a Mean betwixt a Trigon in- 

WM (cribed, and a Trigon circumſcribed, E- fic de paribus, 

i 4. In any Triangle the Difference of the Squares of two 
sides is equal to a Rectangle of the Baſe, and that Segment 
of the Baſe, which parted, in the Middle of the other Part 

1 # Perpendicular falls. 

i 5. The Square of the Mean, and the Square of half the 

5 Dificrence ot the Extremes together, is equal to the Square 

Wot the half Sum of the Extremes. 

5. If in a Circle two Lines be inſcribed, interſecting each 

cher, the Rectangles of the Segments of each Line are 
equal ; and the Angle at the Point of Interſection is mea- 
ſured by halt the Sum of its intercepted Arches. 

7. It toa Circle two right Lines be adicribed, from a 

Punt without the Rectangles of each Line, from the ſaid 

0M Point to the Convex and Concave are equal, and the Angle 

at the Point is meaſured by half the Difference of the inter- 
cepted Arches. 


8. If in a Cirele three right Lines ſhall be inſcribed, one 


of them cutting the other two, then the Rectangles of the 
degments of each Line ſo cut, are directly proportional to 
tie Rectangles of the reſpective Segments of the ſaid cutting 
48 

Mi plain ＋ riangle be inſcribed in a Circle, the An- 


and if it hath one right Angle, the longeſt Side of that 
Triangle ſhall be the Diameter of the Circle. 


0 . Eajy 


ls are one half of what their oppoſite Sides do ſubtend ; 
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Faſy Equations ariſing by comparing tuo unequal 
ſitions of the Second Book of K.UcL1D are invented, 


Numb. 


= 9 | : 3 
EY Fanat: In Species, 
I I Dur En 10 
| 2 X=M—H 4 = 
1—# 3 | m=2—x 7= 
POO 4 n oy 
2px 5 f . 7= 
EE 6 | n=m—x zZ= 
{ 1+2 - 24 2m N- -& 14 
| I—2 8 za = & -& 1 6 
7— 9 * = T7 | 7= 
- | 1 
8 E —X 35 
— 1 n | = 
3 hy 2. 
| T—x* 11 | =I * 10 
7 12 | x=2m—z | 4= 
| 8x 1 2=2n+x 102xz 
I 35 —27 14 |} X=Z—2z | 4= 
2XXx 15 xx n- xn | th= 
3 X 4 16 an rs mn——20m—2n f 12 
5X5 17 bun xx Caxn En 42 — 


= 10— 4 


In Numbers. 


7-3 
1 
10— 3 
10— 7 
4+ 3 
3 X 
lo 4 


o 4 


28—12 
100Þ21—790—30 


Quanti 
Let m 


The Re: 


1X6 
1X 
I xm 
In 
IXI 
2X2 


7x8. 


: 16424+ 9 


Quantities and Numbers, wher eby moſt of the Propo- 


App E N PD IX. 


Let mM=7 n=3 2 lo and x=. 
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The Reaſon. —_ In Species. 
1x6 18 | zb=bm+br 
IX 19 | zz=2zm+zn 
1X 20 am mim , mn 
IN 21 [zn un un 
IXI 22 | 22z=mm--2mn un 
2X2 23 | xx=mm==2mn-|-nn 
7x8 24 aun = x 
8 VY—XX 
a Fenn 25 | my==—— 
| 4 4 4 
| Xx E xx 
25 — 26 — 2 9 — 
4 4 4 
IX 2 | 27 zx mm-. 
27 Tn 28 ⁊x un = mm 
3 * 3 29 fm Sg Y- 2 n- un 
29 zz 30 fam T2 xe un 
24 | xx 31 ann xx x 
122423 32 | 2zxx=2mm+2m | 
R ＋ xx 
J Sm un 
| 2 | | | 2 | 


— no 


Propoſitions of the. 
| Second Book 


—— 


K n 


10 


And ſo infinitely. | 
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S to the Demonſtration of theſe Practical Prol lems, 
EN I have purpoſely omitted them, that the young Student 
may exercile his own Genius, in making Application of, 
and recollecting what he has already learned trom the fore- 
going Books oi EUCLID; to awaken the Mind, to whet 


the Appetite of our Mathematical Student, and to amuſe 
and improve him in caſy and practical Problems of Geo- 


metry, is the main Deſign of this Appendix. 

And leſt we go over what is already done, I think it not 
amiſs to give a Synopſe; of all the Practical Problems both 
in the Propoſitions and Cotollaries of the foregoing Book, 
referring to the Book and Propoſition where they may be 


found 
In the Firſt Book. 


ROPOSITION 1. On a given Line to make an Equi- 
lateral Triangle. | 
To meaſure. . "ae: ble Diftances, ſee 4. and 26. alſo 
L. 6. Prop. 8 
2. 'To draw a "300 equal to a given one. 
3. From a greater to cut off a leſs. 
4. To play at Billiards. 
6. To meaſure acceſſible Altitudes, ſee 33. alſo L. 6. 4. 
9. To biſect an Angle. 
10. To biſect a Line. 
11. To erect a Perpendicular, and L. 3. 31. 
12. To let fall a Perpendicular. 


15. That Rays of Light reflected, take the ſhorteſt Courſe. 


19. A Globe can reſt no where, but in the Point it touches 
the Earth. | 

22, To make a Triangle of three Lines given, 1 

| 22. 10 
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22. To make an Angle equal to a given one, 
To meaſure a given Angle. 
To lay down an Angle of any Number of Degrees. 
27. To meaſure the Compaſs of the Earth, ſee 4. 2. 6. 
31. To draw Parallels. 
32. To determine the Parallax of the Stars. 
To find the Number of right Angles contained in tlie 
Angles of any right-lined Figure. 
33. The Demonftration of Compound Motions, 
34. To divide the Area of a Parallelogram. 
36. Figures of equal compats may have different Area's. 


38. To divide the Area of a Triangle; that Bodies move 


equal Area's in equal Times. 

40. And are urged by à Centripetal Force. 

41. To find the Area of a Triangle, L. 2. 13. 

42, To make a Parallelogram with an Angle equal to a 

given one, and e.ual to a Triangle given. 

44. On a given Line, to make a Parallelogram equal to a 
Triangle given, and to have an Angle equal to one given. 
To demonſtrate Geometrical Diviſion: 

45. On a giv en Line, and with a given Angle, to make a 

Parallelogram equal to any itrait-lined Figure. 
To find how much one ftrait-lin'd Figure excceds another, 

46. To make a Square on a give in Line. 

47. To add any Number of Squares. 

To take a leſs Square out of a greater; any two Sides 
of a right-angled Triangle, to find the third. 


The Origine of the Table of Sines Tangents and Se- 


cants. See E. J. . I. , Tc; 
In the Second Book. 


11. To cut a Line in extreme and mean Proportion, L. 6. 30. 
14. To find a Square equal to any right-lined Figure. 


In the Third Book, 


1. To find the Center af a Circle. 
12. To find the Point where two Circles touch each te 


16. To demonſtrate the infinite Diviſibility of a ſtrait 


Line. See L. I. 47. 
17. To draw a Tangent to a Circle, 


20, To 
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20. To demonſtrate, the Sides of Triangles are in ſuch 
Proportion as the Sines of their oppoſite Angles. 
To meaſure tlie Diſtance of the Sun or Moon. 
21. How the ſame Line, at different Piſtances, may appeat 
bol the ſame Length. 
22. About what Quadrangle a Circle can or cannot be de- 
ſeribed, L. 6. 4. 


25. To perfect an Arch into a Circle. 


30. To biſect a given Arch. 
31. To prove whether a Square be true. | 
33. On a Line to form a S-gment capable of any given 
Angle. 1 CS 
34. From a Circle, to cut a Segment containing any given 
Angle. | | 


35. Certain Geographical Paradoxes ſolved; to draw a 


Circle through any two Points in another given 
Circle, which ſhall diametrically cut it. 


In th: Fourth Book, | 


1. To inſcribe a Line in a Circle, 
2, To inſcribe a Triangle in a Circle. 
3. To circumſcribe a Triangle about a Circle, 
4. To inſcribe a Circle in a Triangle. 
5. To circumſcribe a Circle about a Triangle. 
6, 7. To inſcribe and circumſcribe a Square in or about 
a Circle, | 
8, 9. Toinfcribe and circumſcribe a Circle about a Square, 
10. To make an I'coſceles-Triangle, whoſe Angle at the 
Baſe is double the Angle at the Vertex. 
11. To inſcribe a regular Pentagon, or any other Polygon 
in a Circle: On a given Line to deſcribe a Pentagon, 


x2. To cireumſcribe a regular Pentagon, or any Polygon, 


13, 14. To inſcribe in, or circumſcribe a Circle about a 
regular Polygon. | 

15. Ona Line given to deſcribe an Hexagon, or to infcribe 

| it, or an Equilateral Triangle in a Circle. 


16. To inſcribe a regular Quindecagon, or innumerable 


regular Figures, 
On a given Line to deſcribe any regular Figure, 


What number of regular Figures will fill a Space, i. e. 


whole Angles about one Point, juſt make 360 me 
? 


14. To d 
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In the Sixth Book. 


I. To divide a Trapezium. 

6. Jo make Similar Triangles. 

9. To divide a Line in a given Proportion. 
O 


Parts equally. 

11. To find a third Proportional to two given Lines, alſo 

| the Sum of infinite Proportionals. 

12. To find a fourth Proportional to three Lines given. 

13. To find a mean Proportional, or two Means betwixt 

tvo given Lines divers Ways, L. 12. 18. 

14. To demonſtrate the Inverſe Rule of Proportion. 

16. To demonſtrate the direct Rule of Proportion, 

18. On a right Line to deſcribe a Polygon like and alike 
ſituate, to a given one. Hence the drawing and 
reducing Maps. See 20, 217. 

19. Similar Figures are in a duplicate Ratio of like Sides. 
See 20. 1 14. . 

25, To make a Polygon equal to a given one, and like to 

another given one. | 

31. To add or ſubtract right-lined Figures, and to ſquare 
the Lunets of Hippocrates: | 


In the Eleventh Book. 


11, To draw a Perpendicular to a Plane. 

12, To erect a Perpendicular on a Plane. 

21. A Demonſtration of the Five regular Bodies. 

33. Like Bodies are to each other, as the Cubes of their 
homologous Sides, L. 12. 9. 


In the Tweifth Book, 


18. To encreaſe or diminiſh Solids, 


By this Synopſis, and the following Appendix, it will 
appear what a large Apparatus towards a Syſtem of Praci- 


62. Grometry is already Extant in our Language for want 


of which there has been, theſe many Years paſt, no ſmall 
Complaint: E:pecially if to this be added LeClerc's Geo- 


metry, Hawncy's Complete Meaſurer, and Langley's Prac- 


tical Geometry; to the firſt of which, 1 am not alittle in 
debt for ſeveral of the following Problems, 
Problem 


. To divide a Line as another is, or into any Number of 
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Problem J. 


155 'TO divide a right Line (A B) into any Num- 


ber of equa! Parts, fuppoſe 8. 

For this Purpoſe have in readineſs a Number of equi- 
diftant Parallels drawn end numbered from © to 12 or 20, 
with the diftance of A B given Set one Foot of the Com- 
paſſes on the Parallel marked 0.0. and turn the other till 


it touch the eighth Parallel; unto which two Feet apply a 


Ruler, and draw the Line A B, which the Parallets will 


equally divide into eight Parts, . V/. D. 


This is ſo plain and caſy, as not to need any Figure. 


Problem II. 


TO find the Area of a plain Triangle, having 
the three Sides, without a Perpendicular. 


Add the three Sides, and take half that Sum; then ſub- 
tract each Side ſeverally from that half Sum: Multply 
thathalf Sum and the three Differences continually, aud 


out of the laſt Product extract the ſquare Root, which is 
the Area of the given Triangle. Tg 


Or, 


Having the Diameter of the inſcribed Circle, multiply | 


it by a fourth of the Sum of the three given Sides for the 


Area ſought. | 
Problem III. 
AVING the Area of any Triangle, to find 
= the Diameter of the inſcribed Circle. 


Divide the ſaid Area by. a fourth of the Sum of the three 
Sides; the Quotient is the Diameter of the inſcribed Circle. 


Problem IV. 


F reduce any Figure into a Square; or ts 


make a Square equal to a Parailelogram, Tri- 
angle, Trapezium, Poiygon or Circle, &c. 


By the Rules of Menſuration, caft np their Area's, the 
ſquare Reot whereof is the Side of the Square ſought. 
Or 


_ vw — RY OI, — As o 


Conſide 
their Are: 
Geometrie 
the Side © 


D Z FI 40 1 41 Aq DDE $241enbo you $o1enbd] ; 
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© & 2 | 5 
8 2 | [ ParallelogramreGiangled, 2 = The Length and Perpendicular| 
23 Rhombus, — — — Care | 
3 2 : | Breadth. 
1 & 8 Rhomboides, — — — : 
38 Triangle, — — — — FP haſe and half Perpendicular. 
„„ Ea. 5 Pran um I Diagonal and half of both Per- 
a = SEES ² Things, | THREE tt pendiculars. 
| D 2 2 =& which multiplied, / Cirel . | Half Diameter and half Peri- 
8 8 "ng produce their Area cle, TO | | phery. OW 
8 5 in a | | Pol F dare Half Perimeter and the Perpen- 
"4 8 . Bien, | | 5 dicular from the Center. | 
| 3 3 Half the Arch and half the 
* 8 „ | Diameter. 
i S Chord, and two Thirds of the 
O \ I V. Sine. 


N. B. Tf it be an irregular Figure, reduce it into Triangles, or Trapezia's, by drawing 
Lines within from Corner to Corner; then reduce the ſaid Triangles, Ec. int 
Squares, which Squares add by 47. 1. or 14. 2. Euclid. p 


— 


Conſider what two Things mult 


their Area: Between tho 


Geometrical Mean by Li- 
the Side of a Square equal. 
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Problem V. 


TO find a ſtrait Line (E T) nearly equa! to the 
Arch of a Quadrant (B C.) | 


Biſect the Quadrant B D in F, and draw B F; to B P 
erect the Perpendienlar A Bon B; then ſet A C from C tol, 


ſo will E I be nearly equal to the Arch of the Quadrant 
B D or B C. | 


Or, Ry 
Biſect B D in F, and B C in G, then with the Diftance 


K F, on the Center K, draw the Arch HFG, ſo will the 


Line H I be nearly equal to the Semi- circumference, and 
E I to the Quadrant, as before. | 


N. B. Archimedes demonſtrated, that the Circumference 
is to the Diameter leſs than as 22: 7. and greater than 
2132 to 7; within which ftrict Limits, many Years ago, 
it was found in whole Numbers to be as 9: 10: : Chord: 
Arch of a Quadrant, | 

Suppoſe then that the Diameter g, its half 3. 5, the 
Square of which is 12.25; which doubled, is 24.5, whoſe 
ſquare Root is 4.949, the Chord of the Quadrant; then 
ſay, as 9 : 10 :: 4X4.949 : 21.995, the Circumference, 
which is greater than 2177, or 21.985. Again, 4.95 is 


ſomething greater than the Chord, which x 40, and divide 
by 9, as above, gives 22; ſo that by this Proportion, as 


9: 10. a like Aniwer with Archimedes is allo diſcovered, 


i. 8. leſs than as 22: 7, and greater than as 213? to 7. 
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Concerning Squaring the Circle, I offer home 
few Eaſy and Practical Obſervations fol- 
om ing. ES | 


1. A Circle is equal to a right-angled Triangle, whoſe 


A Bale is the Circumterence of the Circle and its Per- 
bendicular the Radius of it. | 
t 2. Every Polygon circumicribed is greater, and every 


Polygon inſcribed is leſs than the Circle. 

3. The Compaſs of a Polygon circumſcribed is greater, 
ind inſcribed is leſs than the Circumference of a Circle. 
4. This right-angled Triangle aforeſaid, will be leſs than 
| Wy Polygon circumſeribed, and greater than any inſcribed : 

Becauſe the Circumference of this Circle (which is the Baſe 

of this Triangle) is greater than the Compaſs of any in- 
» WI cribed, and leſs than the Compais of any circumſcribed Po- 
hon; therefore it will be equal to the Circle. 


Becauſe every imaginable inſcribed Figure, which is leſs 
than the Circle, is alto leſs than the Triangle; and every 
eireumſeribed Figure, greater than the Circle, isalſo greater 


e 

nan the aid Triangle likewiſe ; therefore the ſaid Triangle 
1 Wi equal to the Circle: But actually to find a right Line ex- 
„ ztctly equal to the Circumference, is not yet diſcover'd Geo- 


s Wnetrically. 


$ Howbeit, I ſhall offer an ealy Approximation to the 


„ Wjoung Student, whom I deſire to account the Circle a Poly- 


gon of 1000, 10000 or 43200 Sides, i e. the half Minutes 
in 360, ſo ſmall a Part of a Circle will inſenſibly approach 
to, or become very nearly a ſtrait Line; nay, the Product 
of the Sine and Tangent of one minute multiplied by the 
ſaid 43 200, will agree in the laſt 7 Figures, i. e. 6283185, 


Radius is 1000000, to the like Number of Figures exact- 
ly, and may to as many more Places, if we add the two 
products together, and take the half for the Circle's Gir- 
cumference, which will be leſs than the Tangent-Produd, 


or circumſcribed Polygon, and greater than the Sine-Pro- 


duc, or inicribed Polygon. F 
| For, 


whereby we obtain the Circumference ct the Circle, whoſe 
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and inſcribed in a Circle, do at laft end in the Circumfe. 


at the Figure, and half rhe ſaid Complement is the Anglg 


are Multiples of that at the Top. 
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For, according to the preceding third Propoſition out of 
Archimedes, the Circuits or Polygons circumſcribed abou 
A Table 


rence of the Circle; in like manner the Polygons themſelye, 


do at laſt end in a Circle. nn 
0 

1 12 8 0 Sid 
To this T ſubjoin certain Practical Remark OR 
on Regular Pylygons, their Angles aul ; 
Sides. 5 

6 

Rat Polygons may be delineated ſeveral Ways 7 
Firſt, By the Angle at the Center; Secondly, By the 8 
Angle at the Figure; Thirdly, By the Angle of the Tri- 9 
angle at the Bale. | 10 
To find Each. | 1 
I2 


Divide 360 by the Number of Sides, the Quotient is the 
Angle at the Center, whoſe complement to 180 is the Ang: : 
To in(cri] 
ly as Tabu. 
he Given P 
To deſeri 
oper; ſay 
c00 : : ſo 1 
ght 500, 


at the Triangle: By this one may make a Table of Angles 
for as many Polygons as he pleaſes. | 
| * 2 of odd Number of Sides are inſcribed in Circle 
by the help of Jſceles Triangles, whoſe Angles at the Bal 


Double the Angle at Pentagon. 


If the Angle) Triple, Cthe / erter, the ) Heptagon. Wr 3 

at the Baſe be ) Quadruple, ( Baſe will be) Enneagon. 3 
| Quintuple, the Side of a ( Endecagon &*%*7 C 
The Number of Degrees of the Angle at the Vertex, Draw the 
found by dividing 180 by the Number of Sides in the Po, the F of 1 
gon to be inſcribed, the Quotient gives the ſaid Angle wo ough 
which doubled, tripled, &c. will give the Angle at the Bale . Soars * 
Seeing Polygons inſcribed are the Chords of the Angles cle A 
at the Center, which Chords are always double the Sine o | 
half the Angle at the Center. Therefore in the Table of Biſe& EC 
Natural Sines, hunt out the Sine of half the Angle at th ucle ſought 

Center, which doubled, is the exact Side of the Polygon 

in ſuch Parts as the Radius contains 10000000, c. DO: make 


A Tal 4 given 
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4 Table for the inſcribing and deſcribing Pages 


T Number | Quantity JAngles [Angles | Angles 
1 of of the | at the at the | at the 
Sides. Side Center. Figure. Triangle. 


3 73205081120 | 60 30 
44 114142135190 [| go 45 
5 81755705} 72 108 54 
6 [0000000] bo | 120 | bo 60 
7 8677674] 515 | 1284 | 647 
8 7653668] 45 135 | 675 
9 6840402] 40 | 140 70 

io | 6180339] 36 | 144 | 72 

11 - | 5634651] 324% | 14755 737 

12 [51763800 30 | 150 + DEE. 


The Uſe. 


To inſcribe a Heptagon in a Circle, whoſe Radius is 00 
ly as Tabular Radius 1000: Tabalar Heptagon 867 : : ſo is 
he Given Radius: Side Heptagon ſought 433. ; 
To deſcribe a Heptagon on a given Line, find the Radius 
oper; ſay as the Tabular Heptagon 867: Tabular Radius 
„o:: ſo is the Given Side 433: to the Proper Radigs 


ught 500. 
Problem VI: 


0 make a Circle (ADG) nearly equal to a 
given Square (AE CF.) 


Draw the Diagonal A C, which divide into 10 equal 


cle ſought : Wherefore in the middle of the Diagonal 
C, and with the Radius of 4 of thoſe equal Parts draw 
| e Circle A D G. W. . D. 


Dr thus more briefly ; | 
Biſect EC in D, and draw AD, the Diameter of the 


icle ſought. 
Problem VII. 


O make an Iſoſceles Triangle (BC E) equal to 
a given Square - BCD.) 
8 2 Extend 


gon 


Tabl 


ts; 8 of them are nearly equal to the Diameter of the Fe 2. * | 
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Extend the Side C D to E, making D E=C D, and Exten 
draw B E, ſowil B C E be equal to A BC D. . iu. l. and R N 
ſo is R P 
To make an Equilateral Triangle equal to a Square ſome = 
adviſe to make the Side of the Triangle one and a half, 
the Side of the Square; but it is ſomewhat too little F 
10 7 
5 Problem VII. give 
Ithin 4 given Triangle (K L M) to mnferibe M Find i 
Square (* O P20 inſcribe ; 
Triangle 


On M ere the Perpendicular M H, equal to L M | 
let fall the Perpendicular K G, then draw G H, cutting With t 
K M in N; through N draw N O, parallel to the Bale HM, u! 


LM, and NQ and OP parallel to K G, ſo is NO Triangle 
the greateſt inſcribed Square. V. W. D. 
Problem IX. ä 
[J Ithin the Square (RST V * to e an Equi JO 1 
lateral Triangle RZ T.) e. 
Draw the two Diagonals 8 T and R Vv; on V. as a Cen Extend 
ter, with the Extent V X, draw the Arch ZX Y; theW other in F 
draw the Lines R Z, Z Y, R V, which form the Triany half A E, 
RAY. V. NM. D. | K, ſo will 
Problem X. 

A BOUT an Equilateral Triang'e (A BC) t0 dt | 
ſeribe a ſquare (4 * D G.) OF e 


Biſc& B C in H, and as AHD; make H D PR" of 44 re 
HC, and biſect A B in E; through E draw F E G at rig 2 bed i . 
Angles, making F E and E G each=E D. then draw HTL i 
Lines A F, F D, D G and A G, forming the Squart 1 
V. V. D. n ever! 


Problem n the Rectan 


gles, ha ve 


1BOUT # Square (L MN 0) to 1 5 gonals, i. 
angle (P O, R) whoſe Angles ſhall be equal _ 72 
the ſeveral 1050 of a Triangle given 05 TV.) DC 54 


Ente 
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and RM LV, then draw the Sides R LP and RM Q. 
ſo is RP Qthlie Triangle. V. . B. 


of Problem XII. 


TO inferibe an Equilateral T riangle (A F 60 ina 
given Pentagon (ABCDE.) 


Find its Center H, and draw the Cirele about it; then Fg. 13. 


inſcribe a Triangle in that Circle, which will alſo be the 
Triangle in the Pentagon. V. H. D. 


1 Or, | 
Ing With the Radius A H, and Center A, draw the Arch 
ll H M, which biſect in K, and draw A K F, the Side of the 


0 Triangle ſought. p x {f | 
roblem Her 5 * 


TO inſcribe the Square (MN O p) in the Penta- 
gon (4 B CD At) 


other in F; make the Perpendicular FI and A H equal to 
half A F, then draw B Hand BI, cutting A Qin L and 
K, ſo will L K be the Side of the Square ſought, 


Problem XIV. 


OF tne given Lines (A B=6, B C9, O D= 8, 
A D=18,) the greateſ being leſs than the Sum 


of the reſt, to make a Dyadrangle which may be in 
ſcribed i in a Circ'e, 


the Rectangles made of the Sides, containing oppoſite An- 
gles, have the ſame Proportion to each other as the Dia- 
Jr zonals, i. e. as, | 


al 1 72: --.308 84 1 
DCB . DAB to AB CNC DA, lo i C A to D 


180 198 134 15+ 
$--3 _ Alſo, 


Extend N O to P Q, then make the Angle RL M=TFig. 12. 


Extend the N A Qand B © till they cut fach g "7" 


In every Quadrangle inſcribed in a Code the Sum of Fig. 1.7 
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Fig. 17. 
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Alſo, 

id 162 48 
ADC-+ABC : BCD+DAB ; : ADxBC--ABXCD : ACH 
198 180 Te 210 1901 

The Root is 13+ | 
| Again, | | 
72 108 144 54 100 48 


BC DT DAB: ADC-+AEC :: ADxBC-ABXCD : BDO 


180 198 210 
The Root is Kt. 


231 


Prom the laft of theſe Proportions find the Diagonal p D; 
with which, and the other two Sides, either B C and CD, 
or A Band A D, form a Triangle, and about it draw the 
Circle A BCD, and in it inſert the other two Sides of the 
9 M. M. D. 


Problem XV. 


TO inſcribe. an Heptagon, Nonagon, or Undecu: 
„os, G 


Having obtained the side of a Polygon, next bigger and 
next leſs, in the ſame Circle, extend the Diameter AB to 
D, and from C extend the ſaid Sides of the Polygon next 
above or under to D and E, which Diſtance biſect in F, 
and draw C F, the Side of the Polygon ſought lies on that 
Line C F, between C and the Circumference. . | 


The Side of a Septagon or Heptagon, is nearly equal to 
riangle, whole Side is 
Radius, or an Hexagon ; ſo the Side of a Nonagon is nearly 
the Perpendicular ot an Equilateral Trang, whoſe Side | is 


the Perpendicular of an Equilateral 


an Octagon, 
Problem XVI. 


T'O decribe a regular Octagon on a given Side 


(A B.) 


On the middle of A B. erect the Perpendicular C E; on 


the Point GC and Difta nce AC, deſcribe the Semi circle ADB; 
on 
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on the Point D, and with the Diſtance D A, draw AEB; 


ſo is E the Center, and A E the Radius of that Circle, 
which contains the Octagon, whoſe Side is A B. V. M. D. 


Problem XVII. 


O deſcribe a regular Nonagon on a given 
Line (AB.) be 


| WY Erc& the Perpendicular F C on the middle of A B; on Fig. 18. 
B, with the Diftance A B, draw the Arch A D, which bi- 
{ in E; on the Point D, with DE., draw the Arch E F; 
ſo is F the Center, and A F the Radius of that Circle 

; W which contains the Nonagon, whoſe Side is A B. J. V. D. 


Problem XVIII. 
TO inſcribe a regular Nonagon in a given 
Cr C le. | | 


Cn B, with the Radius A B, draw DA C and D C, Fig. 19. 
which extend to F; make E F=A B; on E and F draw | 
EG and F G, then draw A G, which cuts the Circle in 

H; ſo is D H the Side of the Nonagon ſought. V. V. D 


ol H B is the Side of a regular Polygon of 12 Sides, and 
«t of the Radius is the Side of a regular Nonagon. 
. Problem XIX. 


TO inſcribe a regular Undecagon in a Cir- 


Divide A B in two at C; on A and C, with the Diftance Fig. 20, 
C; draw the Arch C DI and A D; on the Center land 
Diſtance I D, draw the Arch D O; ſo is C O the Side of 
the Undecagon ſought. 

Some ſay £; of the Diameter is the Side of an Undeca- 
FR don inſcribed, or 4 Diameter more, + of the ſaid g. 

- | | Or 0 | LY % 
Quarter a Circle and inſcribe an Equilateral Triangle, 
that Part of the Side which lies betwixt the Diameter and 
on the Angle of the Baſe is the Side of a regular Undecagon. 
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Fig. 21. 


Fig. 23. 
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Problem XX. 


2 0 deſcribe a regular Dodecagon on a given 
Side (AB. ) | | 


On the Middle of A B, ere& the Feracadiclie CD; 
on A and B, with the Diftance A B, draw the Arches A E 
and B E; on E, with the Diftance A E, draw the Arch 


AD; ſo 1s D the Center of the Dodecagon ſonght : For | 
AE B is the Angle of the Hexagon, and A D P is its hall, | 


the Angle of a Dodecagon. 
Problem XXI. 


0 Na given Line (A B) to deſcribe any Puhgm 


from 6 10 12 Sides. 


Biſect A Bin Q; erctt on Q, the Porpendinulas OT; 


on B; with the Diſtance AB, deſeribe the Arch A C, which 


divide into 6 equal Parts from C, and from the Ts of 
each of thoſe equal Parts draw the Arches PM, EN, F. 
a ſo is 


. ( Hexagon, CCA 

D | Heptagon, DA 

E Octagon, EAT: 

F A Nonagon, e and F A > the Radius. 
G Decagon, „ 
HX J Endecagon, 5 HA 

I . Dodecagon, IA 


Problem XXII. 


T O cut two given Lines (A B and AC ) ito 
four, ſo that all four fhall be continually pro- 


portional, (C F. DF. ED BE.) 


Set A Band AC at b Angles, and draw B 0 biſech 


A B, and draw the Semicircle B D O through D; draw 
he F parallel to B O, and D E parallel to CO; ſo will! 
e, 
B E: ED: : ED: DP 

EP: DPF:: DPF: FC 


Proble- | 


(B E A 


2 Pai 


the oth, 


Make 
where tl 
and dra 
CREST 
FG; fo 


44 the 


and F 


On A 
lar equal 
and E F 
Extreme 


17 
(T 5 
on A 


Mean. 
draw the 


Extreme: 


THE 
BE 7 
vide (A 
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Problem XXIII. 
FRO M a ſtrait Line given (I) to cut off a 


Part (G D) which- ſball be a Mean betwixt 
the other Part and another Line given (H. ) 


Make the Line C D= Lines H and I "given, on E, 
where the two Lines meet, erect the Perpendicular E F, 
and draw the Semi- circle on the Diameter C D. Bifect 
CE=H in B; on B, with the Radius B F, draw the Arch 
F G; ſo will DG: GE: E C=. 


Problem +, +43 & oi 


2 IE N the Sum of the Extremes (A BY and 


the Mean (B D) to find the Extremes (A Fa 
and 2 B) ſeverally. 


Fig. 24 


On A B erect a Seinboiglle; and on B erect a Perpendicu- 
lar equal to B D; through D, parallel to A B, draw E D 
and E F parallel to D B; ſo is A F one and F P the other 
Extreme. 2. E. J. 


1 XXV. 


6 J PE N the Difference of of the Extremes (4 BY 
and the Mean (B C) to find the Extremes 


(B E and B F) ſeverally. 


On AB, RY Dickies erect the Pernlndidulur B * Fig. 26. 
Mean. Biſect A B in D; on D, with the Diſtance C D, 

draw the Semi- circle, Whose Dianeter F E contains the two 
Extremes ſought, :. e. B E and B F. 


Problem XXVI. 


T E 2 of the Diagonal above the Side 


of a Square being given (AB) to o find the 
vide 0 A D). 


Arithe 


Fig, 25. 
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Fig. 28. 


Fig. 27. 


AppENW DI x. 


Arithmetically thus: 


To the Exceſs given A B, and the ſquare Root of double 
the * of the Exceſs for the Side A D ſought, 


Geometrically : 


On B ere& the Perpendicular B C=A B, and draw 
A CD; on C, with the Diftance CB, draw the Arch BD; 


ſo will A D be the Side of the Square, and a E the but | 


nal, which exceeds A D by A B. 
Problem XXVII. 


| G. IVEN the Sum of the Side and Diagonal 
(A B) to find them ſeparately (GAandGB.)| 


On AB draw the Semi-circle A C B: erect C D perpen- 
dicular. Biſect A D in E; on E, and the Diſtance E C. 
draw C F; the Chord C F is the Diagonal ſought, which 


let from B to G; ſo will G A be the Side Sought, 
Problem XXVII. 


6 IE N the Area of a reftangled Paralleli- 
gram, (36) and the Proportion of the Sides, 
as 4 io 1, 1% find the Sides 


Fay 4: 1: : 36: 9, whoſe ſquare Root is 3, the Breadth; 


438 14 998 1445 whoſe {quare Root is 12, the Length 


Problem XXIX. 


2 IVEN the Difrence of the Sides and Sm 
of the Sides of a range Parallelogram, 
to find the Sides. 


To the half Sum add the half Difference for the Length; 
rom the half Sum take the half Difference for the Breadth 


Problem, 


{K&S 


then 


gled Pat 


Divide 


of the Sid 


Divide 
dides, the 
2 Euclid. 


[N an 


give! 


From | 
each, anc 
particulg: 


THE 
_ one 


(B D.) 


AC 
the Quot 


UAC 
the Quot 
CE and 
mainder 


EE. J 


Arp EN D 1 . 
Problem XXX. 


* IVEN the Difference of the Sides, and of 
their Squares, io find the Sides of a redtau- 
gled Parallelogram. 


Divide the Difference of the Squares by the Difference 
of the Sides, the Quotient is the” Sum. 


Or, 
Divide the Difference of the Squares by the Sum of the 
dides, the Quotient is the Difference of their Sides, by 6, 
2 Exclid 


Problem XXI. 


7 N any Triangle, the Sum of every two 84. 


given, . to find them ſeverally. 


From half the Sum of all the given Nuniben; ſubtrack 


each, and the Remainders are the Sides required, i. e. each | 


particularly of the Letter wanting. 


Problem XXXII 


TH E Sides of a T rapezium, (ABCD) and 


one Diagonal (AC) given, 70 find the other 
4 D.) 


ACN B CAB; divide half the Remainder by A C, Fig. 29. 


the Quotient is C E. 


ACA D- CD; divide half the THEFTS by A C, 
the Quotient is A F, by 47. 1. Find B E and DF, add 
CE and A F, and ſubduct the Sum from A C, the Re- 
Tv E F=D G, then. DG. +OBG= QB D. 


problem 
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Fig. 30. 


Fig. 31. 


ſeverally.“ 
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Problem XXXIII. 


I'N a right-angled Triangle (A B C right-an- 
gled at B, is given AC=13, and the Sum if 
AB and B C=17, to find A B and B C apart, 


Make the Square E D=17 for the Side, and 289 will 


be the Area ; from whence take the Square of A C=169, 
the Remainder 120=2 Rectangles E B and BD, cach of! 
which is a Mean betwixt the Square A B and B C, and 


double the Triangle A B C. 


Wherefore take half 17=8.5, whoſe Square is 72.25: | 


from which take 60, and there reſt 12.25, whoſe Square 


Root is 3.5; which taken from 8.5, leaves 5 for C B, and 


added to 8.58, make 12 for A B. 


Like to this is the following. © In a right. angled Tri- 


« angle ABC, right angled at B, is given B C=40, and 
the Sum of A B and A C together 150, to find them 

Square the perpendicular, and divide that Sum 1600 
by double the Sum of A B and B C=300, the Quotient is 


53, which added to the half Sum of A B and B C=;;, | 


gives 803 for the Hypothenuſe A C; and taken from it, 
gives 693 for AB. d 9 
» yp 


From the Square of the Sum of ABand AC 1805 


22500 be ſubtracted the Square of B C 40=1609 and di- 
vide the Remainder=20900 by double the Sum of AB} 


and B C=3co, the Quotient is 693 for A B, e. 
| Problem XX XIV, 


1 the Rectangle (d BCD) are given B E=16 


and E F. Quere the Area. 
Seeing the Angles are right, tis as FE: E D:: ED: EA 


and again, as E D: EA:: EA: EB. And ſeeing E Bi 


the third Number, and E D and E A are two Means pro- 
portional betwixt 2 and 16, reduce cach into their leaſt 


Proportion, which is 1 and 8, and extract the Cube Root of 


8 is 2, which doubled (becauſe 2.16 were halved before) 


Problem 


give 4 for ED; then is EA 8, and conſequently the Arca 
160. | 
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Problem XXXV. 1 
| IN. the T riangle (ABC) are the three Perpen- 


| diculars (A D=$56, B Fro, and E C=64r 3) 
/ given, to find the three Sides. | 


In the Triangle, whoſe Sides are 13, 14, 15, the Per- Fig. 32. 
i pendicular is found to be 12: N ſay, as | 


* — oe rar ene 
— — — — 


of 12: 14: : 460 50 A C Fg 
d bf 7574 B C. | | 
J Problem XXX VI. | | 


el IV an Iſoſceles Triangle (A B O) are two 2 1 

cles touching one another ; and the Sides of the | 
15 Triangle, the Diameter of one is 12 and the other 
4 0. Quere the Sides of the Triangle? 


E H is the Difference of their Radii=2, as E F the Fig. 33. | 
o MF Sum of the Radii= 10,; then ſay, if 2 give 10, what will 1 
E GDs give? Anſwer, 30 for A E; to which add E D= TE 
„L, and it makes 36 for A D, the Perpendicular; then C | 
, A E—-QEG=OA G then, as AG: AE :: AD: Ac | 
AB; then HAC - HA D=C D, which doubled, is B C 

the Baſe. L. E. J. 


1 Problem XXXVII = | * 
BY THE Hypothenuſe A B=48, and the Area Fig | 


right-angled 7 riangle= 384, given to find the | 
Sides A © and C B. 


On A B=48, the Hypothenuſe make a Semi-circle, on Pig. 34. 

whole Center D, ere& the Perpendicular D G; then double | 
che Area given 768, which divide by the Hypothenuſe = 
is 48, the Quotient is D E=16 of the Iſoſoceles Triangle 
o. A EB; through E, parallel to A B, draw E C, Wen AC - 
t and B 2 are the Sides ſought. Q E. J. 4 


e) DODC-C RIJ=D FI, then A DD F=A F, and j 
DA FFC AC JJ, then A BA * B, and | 
os F- Bale one cn. 


Problem 


Fig. 35. 


Fig. 36. 


* H E Diameter. 0 
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Problem XXXVIIL 


T 2 E Diameter of a given Circle = IO, in 


which make the greateſt Rectangle po ble, 
whoſe Length ſhall be double ts a Quære 
the Sides. 


Divide the Square of . Diameter by 5, the Quotient 


is 20, whoſe Square Root is the Breadth : Dedu 20 out | 
of 100, remains 80, whole Square Root is the Lengrh, 


2 E. I, 
problem XXXIX 


ſcribe on the Diameter an Equilateral Trian- 
gle, whoſe Vertex ſhall touch the Mora arg 
Quere its Side. 


Croſs the Circle with the two Diameters, A B, E F; in 
it inſcribe an Equilateral Triangle A C D, 065 Vertex 


ſhall be A, ſo will the Diameter E F eut off the Equilateral | 


AHK. F. V. D. 
To find the Side 
n — 2 a0 A H. 
Problem XL. 


JN the Circle (4 FB G CD) having the Square 
(ABC D) inſcribed, is given each Segment's 


 Area=224 (AB FJ) contained betwixt the Side 


of the Square and the Circumference, to find the 


8 Diameter. 


Eg. 37. 


Supp ole the Diameter=1, the Area will be Th whereof | 


« will be YA EBF, the Area of the Triangle AE B =, 
which 


of a Circle=8, in it to in- 


which ſub! 
8 11: 0 
vhoſe ſqu 
Proportior 
to 22. 


N a C 
Trian 


and (B ( 
DO BD: 


then mul 
products 


LG . 


[N the 

(AB 
that Tri, 
160 Dit 


Find th 
ingles A C 
AE, the 
Then ſeek 
$168; th 
rhich div) 
neter of t 


— ——— A46ͥ2 — — 4% 
: N y 


ATI IMI. 

which ſubtrated from I leaves ,4 for A BF; then fay, 
235334 : (] 1 : : 224 Quantity given: f] Diameter =3136, 
whoſe ſquare Root is 536 Diameter A C, ſuppoſing the 


Proportion of the Diameter to the Circumference, as 7 
to 22. 


Problem XLI. 


Va Circle, whoſe Diameter (B D) =66 is a 
Triangle inſcribed (A BC the Side (A B)=52 


ind (B C56. Quere the Side (A C.) 


D B DOA B= HA D and OB DNR CS c D, Fig. 38. 
then multiply A D by B C, alſo A B by DC; theſe two 
products 3000 divide by B D 65, the Quotient 60= 
A . Q. E. J. £2 | | | 


Problem XLII. 


[N the Circle (ACE B) is inſcribed a Triangle 
(ABC) A B=13, B C=14, A C=1s, and in 

bat Triangle is inſcribed a Circle. Quere the 

no Diameters of both Circles. | 


Find the Perpendicular A F=1 2, then becauſe the Tri- Fig. 3 % 
ingles AC E and AB F are ſimilar, ay AF: AB:: AC: | 
E, the Diameter of the circumſcribing Circle 161. 

Then ſeek the Area of the Triangle=84, which doubled 
$168; then add all the three Sides, they make 42, by 
Fhich divide 168, the Quotient is 4=G D, half the Dia- 
neter of the inſeribed Cirele. | | . 


Then 
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The Proportion of 2 ae and of the riÞ I! 
Regular Bodies, in/cribed therein, from Pet 
Herigon, Curſus Math. Vol. I. p. 779. Þ 


IAMETER of the Sphere 2. Circumſerence of 
1 great Circle 6 28318, Area thereof 3.14159, A 


ot m_ Sphere 12.50637, My of it 4.18859. 


* Tetrae- \Hexae- |Ofae- Dodeca- | !rofche- 
arum. | drum. | arum. | hedrum. drum. 
Side, 1.6229 1.1547] 1.4142] o. 7 1360 1.05 14 
Surface, | 4.61888. 6.92821 10.5146| 9.5745 
Solidity,! © 0.1513 1.5390 1.3333 2.2881 2.5361 


Problem XIII. 


10 N 0 find a Cube nearly equal to a given . 
(ABC p.) : 


Quarter the 8 with A C and B D, and draw A 
which biſect in E; then draw C E, the Side of a Cu 
nearly equal to the Sphere AB C D. V. V. D. | 


Fig. 40. 
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